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Motivations

@ National economical, trade and financial situation will be reflected in
the exchange rate, that is, exchange rate movements can see the
country in a given period of the financial situation.

@ The financial situation of each country must be among the
dependence, but not know the extent of dependency.

@ In the simple case, we do exchange rate research for the two
developed countries.

@ Using Copula function to describe the correlation of these two

countries, and then write down their joint model, can predict the
future of exchange rate movements for these two countries.
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Introduction of Model Assumption

@ Marginal processes: Stochastic model, Geometric Brownian
motion.
Fork =1,2,
AYys = ppdt + o dWiy

v uy and oy are unknown parameters, Wy, is a Brownian motion.
Discretize = Yj,; — Y +—1 = ppAt + ok V Ateg;, where

ekt ~ N(0,1).

v Note Y3 =In St —In Sk +—1 and Sy is the exchange rate at
time ¢.

@ Dependence structure: Copula function.
Including Normal copula, t copula, ...
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Figure: Proposed Method 1
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Figure: Proposed Method 2
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Sklar's theorem in 2-dim case

Let F(z,y) be a joint c.d.f with marginal c.d.f F; and F5. There exists a

copula C such that for all real (z,y),

F(z,y) = C(Fi(z), Fa(y)) (1)

If F1 and F5 are continuous, then the copula is unique; otherwise, C' is
uniquely determined on (range of F}) x (range of F5). Conversely, if C'is
a copula, Fy and F; are c.d.fs, then F(z,y) = C(Fi(z), F2(y)) is a joint
c.d.f with F; and F, as margins.
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Introduction of Proposed Methods

9 Marginal processes:
We use Markov Chain Monte Carlo (MCMC) in Bayesian method.

v Priors: pg ~ Normal(fiy,, 72) Lo ~ IG(au, Br)

v Likelihood function: yr:|ykt—1 ~ N(yk,—1 + ,ukAt,a,%At) for
t=2,..,T and yp1 ~ N(upAt, o At)

Fyiclie, o) =f (ks oo e |iw, o7) (2)
=F (Yt | Ykt oos Yht—15 Moy O) -+ F (Y |k, 07) (3)
r 1 &
:(2770,3At)*5exp{—@ ;(ykl = Yki-1 — ,MkAt)Q}
(4)
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v Gibbs sampler:

5 T — 2 2 2
2 T At Z,i=1(yki—yk,i—l)'f'#kAwk T Tk At
Mk'ykv O ~ N( T(A)ZT +Atgi ’ T(At)2T£+AtUi )

T _
Tl e ~ TG(§ + an, [5x7 Doimy (ki = Ynsio1 — A + 5-171)
@ Dependence structure: Let U = F(Yy;) and V = F(Ya;)

(i) Normal copula :

’LL rs 2
CN (u,v;7) f )f W@xp{—ﬁ}dsdt
(i) t copula :
Hu s“—2rs -
C*(u,v;r,v) ft )f 27“/1142{1 + ‘zy(%_frj)tz} 2 dsdt
v MLE:

Estimate the parameters in copula function taking the parameters
estimated in marginal processes as given.



Review on the Proposed Methods
000000e

@ Joint Distribution Function:
For kK = 1,2, the estimated marginal processes,
dYye = fixdt + 61,dWie. Then,
U= f?‘l(YM) = <I>1(1A/1t) or tLl,(Ylt) and
V = Fy(Ya;) = ®o(Yas) or tz,u(YQt)-
Hence, the joint distribution, F'(y1¢,2:), is as the following.
F(yi, yar) = CN@L 03 7)
_ fylf fym exp{— 5% —2pst+t? }dsdt

0027r1r2 2(1-72)

F(yltayQt) = Ct(u 057, v)
Y 2, —v
_ fiju Y2t 2‘”\/1 T2{1+ S U—(%fj;‘,z-ist } +2d8dt
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Data analysis

@ Number of data: 534

Figure: Statistics for daily log exchange rates of USD and EUA after taking

logarithm.
Exchange Rate usb EUA
Mean 3.471287 3.773706
Variance 0.001133057 0.004005752

Covariance 0.001039131
Correlation 0.4877559
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Figure: The original USD data after taking logarithm.
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Figure: The original USD data after taking logarithm and differencing. i.e. Y1,
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Figure: The empirical cdf of two marginal processes. Left figure is USD; right

figure is EUA.
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Figure: The scatter plot of two marginal empirical density function.log(B1):
USD; log(B2): EUA.
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@ Priors:

v p1 ~ N(—0.0002281511,0.000008423065) and
p2 ~ N(—0.0001691731,0.00006136552)

v 0?2 ~ 1G(3,0.02) and 07 ~ IG(3,0.04)
@ Estimated parameters:

v (i1, 02) = (—0.0002408598, 0.09961398) and
(2, 02) = (—0.0001806745, 0.04986858)

@ mean of SSR; = 13.42913 and mean of SSRy = 0.03303209
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Figure: The Gibbs Sampler.
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Figure: The Gibbs Sampler.
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Figure: The Gibbs Sampler.

[scale=0.35]Figure(USD)(1).eps
[scale=0.35]Figure(USD)(2).eps

[
— o o =
= o
7S} ° @
(= e o g o <]
S o o & o o © o o
o o o
2 o o o ° [} oo o o
. o | @ ° oo o ° o @ o o o o
o = o o o
=] s o o = o° o ©
£ o o ° L0 P g ° o
o v % o o 0 00
» 21 %0 < o o oo
o o =)
o © @ o o
o o o oo
f=) ° o
z o]
o @ <
T T T T T T
0 20 40 60 80 100
Index

[scale=0.35]Figure(USD)(4).eps



Data Analysis
000000e00000

Figure: The Gibbs Sampler.
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Figure: The Gibbs Sampler.
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Figure: The Gibbs Sampler.

[scale=0.35]Figure(EUA)(1).eps

muf5, 700:1000]
-002 -001 000 001 002
1

T T T T T T T
0 50 100 150 200 250 300

Index

[scale=0.35]Figure(EUA)(3).eps
[scale=0.35]Figure(EUA)(4).eps



Data Analysis
0000000e0000

Figure: The Gibbs Sampler.
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Figure: The Gibbs Sampler.
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Figure: The estimated difference of log(exchange rate) of USD.
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Figure: The estimated difference of log(exchange rate) of USD.
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Figure: The estimated difference of log(exchange rate) of USD.
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Figure: The estimated difference of log(exchange rate) of USD.
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Figure: The estimated difference of log(exchange rate) of EUA.
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Figure: The estimated difference of log(exchange rate) of EUA.
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Figure: The estimated difference of log(exchange rate) of EUA.
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Figure: The estimated difference of log(exchange rate) of EUA.
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@ Using MLE to estimate parameter of copula function as follows:

@ Estimated parameter of Normal copula: # = 0.9865621

Z/%t 2ry1eyae + Z/zt}

1
Sy Ty =)

@ Estimated parameter of t copula: 7 = 0.9985747

COIFL(y1e), Fa(yae);r] =

2 2
] 1 . Y1t 27"y1ty2t+y2t}%+2

LI (10, Pa(y2); 7] =
012[ 1(y1t)7 Q(yQt)ar 27‘(@ 1/(1_7"2)
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Joint distribution function: let Y7; be USD and Y5; be EUA.

Yir = —0.0002408598dt + 0.09961398d W1, and
Yar = —0.0001806745dt + 0.04986858d Wy,

Using Normal copula,
0 = Fl(Ylt) = (I)l(Ylt) and V = FQ(}/?t) — @2(Y2t)
Fy1s, o7 = 0.9865621) =

Yie o ry2e 82 —2pst+t>
J2% I s erp{ =S5 st

Using t copula,

U= F1(Y1t) = tl,u(fflt) and V = FQ(YQt) = tQ,V(Y/?t)-
F(yre,yael? = 0.9805021) =

JUL P A (1 4 SR T dsd
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Conclusion

@ In the fitted model, we could predict the future exchange rates and
see USD how to effect trend of EUA. According to the results, we
can see the two exchange rates decrease simultaneously.

@ |t means that economical situation in the two regions are not well
and influence each other probably .

@ The two exchange rates seem to decline especially in the last
months. However, there is no much information to judge the trend
in the future.
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Future Work

@ We can extend (u,0?) to (ut,0?) in marginal processes. That is, it
is a better method to modelling as y; and o7 depend on time t.

@ We can choose another copula functions to describe dependence
structure like as Gumbel copula, Frank copula,..., and so on.
Because there is no elliptical pattern in their scatter plot, we do not
use elliptical copulas to link it.

@ Besides, we should make a test for our copulas to choose a suitable
copula.
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