Supplement_3 Survival Analysis |
NAME: JIA-HAN SHIH
Problem 1. (Exercise 4, p.31)

Suppose that data (t,d,x ), i=12,...,n, follow the model S(t|x )=exp(—Ate” ),

where 2>0 and —oo< <. Let m=X" 6 be the number of deaths.

(1) Write down the log-likelihood function ¢( A, #)=IlogL( A4, #) (under the Clayton

copula with dependent censoring).

Solution (1).

The Clayton copula is defined as
C,(wv)=(w*+v“-1)"  0<w,v<l, a>0.

We assume the common margins for survival time (T ) and censoring time (U ), that is

S;(t1x)=5,(t]x)=exp(—Ate™).
Then, the joint survival function is
St (tu)=C S (t]x), Sy (ux)I={S (t]x)™+S, (u|x)™ -1}

={exp( atte”™ ) +exp( aue™ ) -1}«

The sub-density functions are (they are the same due to the common margins assumption)

_ Aep( px+aite”™)
{2exp( alte™ ) -1}/’

0
fT#a t = fU#a t :__STUa t,
LX) =15, (t[x) & <L Yy]x)

y=t

Therefore, based on data (t;,d5,,% ), i=12,...,n,the log-likelihood function is

K(l,ﬁ):ié‘i log fT#,a(ti | X )+i(1_é‘i )log fU#,a(ti | ):iIOQ fT#,a(tilxi)

=nlog 4 +ﬂz X; +aﬁztieﬂxi _“_Jrlzbg{ 2exp( adte™ )-1}.
i1 i1 a g



(2) Derive the score functions o/( A, f)/0A and o/( A, B)Iop.

Solution (2).

By straightforward calculations, we have

a+1 20t exp( B, +aite”™ )

a ,Z::‘ 2exp( aite” ) -1
a+13 20t x, exp( px, +aite™ )
a ,Z::‘ 2exp(aite™ )-1

(4, B) =l ) = T+ a e -

S,(2 B) =002, f) =Y % +arY txe™ -
op =) =
Thus, the score vector is

S(4, B)=[S.(4 B),S,(4 BT
(3) Derive the fixed-point iteration algorithm and apply it to the data in Example 1.

Solution (3).
One can obtain the maximum likelihood estimator (MLE) by applying the fixed-point

iteration algorithm as follows:

Algorithm 1:  The fixed-point iteration algorithm
Step 1 Choose initial value A© and p©.

Step 2 Update the value A by

. A

e _ & +1Zn: 20, exp( SYx "'ail(k)tieﬁ( * ) _Zzn:t_eﬂ‘k)m _
an T 2exp(aite’ ) -1 ns"

Step 3 Update the value g by A% which is the solution of equation

n n n (k+1) (k+D)¢ AP
ig( AN By =3 X +a kDY e _a+122a/1 G, EXp(kﬁi(iJfO@ te™) _o
8,8 i=1 i=1 o o 26)(p( aﬂ( - )tieﬁxl )—1

Step 4 Repeat Step 2 and Step3as k=0,12,....

® If max{| A% 19| p%P - % 13<10° thenstopand (A%, 8% ) isthe MLE.

® The equation in Step 3 is solved by R function uniroot.



We apply Algorithm 1 to the data in Example 1 with the initial value given by
(A?, g)=(0.000,0), (0.00,0), (0.00L,0) for «=0.012,8, respectively. The
results are given in Table 1. It shows that the case « =0.01 produces a larger log-likelihood

value. This may indicate that the dependence between survival time and censoring time is

weak.

Table 1. The results (Algorithm 1) based on the data in Example 1 under «=0.01, 2,8.

a 3 i Log-likelihood n:;rs:':’(”k)
0.01 0.000746 10.407045 84.07 19
2.00 0.001171 10.448781 84.85 29
8.00 0.001417 10.406267 8431 20

(4) Derive the Hessian matrix of /( A, ).

Solution (4).

By straightforward calculations, we have

B ____a+1 0, 20’t” exp (2% +aite™ )
a4 F)= g(/l A) a 2 2exp( ate” ) -1

i=1

. a+1i Ao’t? exp( 2%, + 202t )
a = {2exp(aite™)-1¥
1 20t % exp( A +alte™ )(1+ aite™)
A B)=—u(a, txeh - 2T X o i
Mol P)= G005 4 )= “Z" p Zl: 2exp(atte” ) -1
. a+1z4a2ti2 exp (A +aite™ )(1+ Ax )
a = {2exp(aite™ )-1¥
0 a+18 20t x exp( S +alte™ )( x +aitx.e” )
H 2/, :_g 2/, — 7% i i i 17
(4 F) op° (45)==, ,Zﬂ: 2exp( ate”™ ) -1
n 212422 Bxi
+a/12tx oh _a+1z4a A0X; exp(2,6’xi.+2aﬂ£ie ).
i a i {2exp(atte™ )-1}




Thus, the Hessian matrix is

H(M):{Hnu,ﬁ) leﬁ(/l,ﬁ)]

H,l(4, ) Hypl(4, B)

(5) Derive the Newton-Raphson algorithm and apply it to the data in Example 1.

Solution (5).

One can obtain the MLE by using the Newton-Raphson algorithm as follows:

Algorithm 2:  The Newton-Raphson algorithm
Step 1. Choose initial value (A?, g©).

Step 2. Repeat the Newton-Raphson iteration

{;(;i))} :{Z(:)}_ H(AY, % )15 A%, pY Y,

where the expressions of S( A4, #) and H(A, #) aregivenin (2) and (4).

® If max{| A%V - | %Y - p®|}3<10° thenstopand (A%, p%) isthe MLE.

We apply Algorithm 2 to the data in Example 1 with the initial value given by

(A?, g)=(0.000,0), (0.00,0), (0.00L,0) for «=0.012,8, respectively. The

results are given in Table 2 and it agrees with Table 1.

Table 2. The results (Algorithm 2) based on the data in Example 1 under «=0.01,2,8.

a B yi Log-likelihood fteration
number (k)
0.01 0.000746 -0.407042 -84.07 11
2.00 0.001171 -0.448782 -84.85 4
8.00 0.001417 -0.406265 -84.31 4




(6) Derive the Newton-Raphson algorithm under the transformed parameter P =log( 1)
and apply it to the data in Example 1.

Solution (6).

Under the transformed parameter, the log-likelihood becomes

WA, B)=1(e", B).

By applying the Chain Rule, the score vector becomes

57, 5= {J(e ) Zae, ﬁ)} :[ae%ﬁ(e?ﬂ)a%eZ sz(e?ﬁ)}

=[S,(e*, B)e* S, (e*, BT

Similarly, the Hessian matrix becomes

0 i 0 i i 0 7 i
- ~ ~ ﬁg(e B) W ( ﬁ) ~{81(e B} _ﬂsl(e , B)e
H(4. /)= 0 7 0 - 6
_628ﬂ€ e, B) 55(9  B) %S(e ﬁ)e 22(e  B)
[0« T pvel PN T oavai
— asl(e ,ﬂ)e TSl(e:ﬂ)ﬁze le(e ﬁ)e
i |‘|1z(ei B e’ zz(e ' B)
6i (e ,B) e gt +S(e ﬂ)ei eZle(eZ,,B)
=| ge j
L € le(e/1 B) 22(6/1”8)
:'Hn(e%)e”w(e B)e Hy(et, Bet
L H,(e*, g)e* H,,(e*, B)

Then, one can obtain the MLE by the Newton-Raphson algorithm with transformed parameter

as follows:

Algorithm 3:  The Newton-Raphson algorithm with transformed parameter
Step 1. Choose initial value (A, 8@ ).

Step 2. Repeat the Newton-Raphson iteration



PR

o If ma{|A%Y —a®||p%Y - % |3<10° thenstopand (AX, %) is the MLE.

We apply Algorithm 3 to the data in Example 1 with the initial value given by
(A9, p©)=(0.000,0), (0.004,0), (0.00L,0) for «=0.01,28, respectively. The

results are given in Table 3 and it agrees with Tables 1 and 2.

Table 3. The results (Algorithm 3) based on the data in Example 1 under «=0.01, 2,8.

a F: i Log-likelihood n:;rs::’(”k)
0.01 0.000746 10.407045 84.07 9
2.00 0.001171 10.448782 84.85 3
8.00 0.001417 10.406265 8431 4

(7) Compare the numbers of iterations in all the three algorithms

Solution (7).
Among these three algorithms, the convergence speed of fixed-point iteration algorithm is the
slowest. The Newton-Raphson algorithm with the transformed parameter converges slightly
quicker (0 - 1 iterations) than the untransformed algorithm.

In the aspect of convergence speed, one may think that there is only small improvement
by using the Newton-Raphson algorithm with the transformed parameter. However, it can
reduce the sensitivity of the initial value. For example, Algorithm 3 can converge properly

under the choice of (A?, B®)=(1,0) butAlgorithm 2 cannot.



Appendix 1 R codes for Algorithm 1

logL.func = function(para) {

beta.para = para[l]
lambda.para = para[2]

C1 = alpha*lambda.para*sum(t.event*exp(beta.para*x))
C2 = (1/alpha+1)*sum(log(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(n*log(lambda.para)+beta.para*sum(x)+C1-C2)

}
opt.logL.func = function(para) {

beta.para = para[1]
lambda.para = para[2]

C1 = alpha*lambda.para*sum(t.event*exp(beta.para*x))
C2 = (1/alpha+1)*sum(log(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(-(n*log(lambda.para)+beta.para*sum(x)+C1-C2))

}
fpl.func = function(para) {

beta.para = para[1]
lambda.para = para[2]

C3 = alpha*sum(t.event*exp(beta.para*x))
c4 = 2*alpha*t.event*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*x)

C4 = (1/alpha+1)*sum(c4/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(1/(C4/n-C3/n))



fp2.func = function(beta.para) {

C1 = alpha*lambda.para*sum(t.event*x*exp(beta.para*x))

c2 =
2*alpha*lambda.para*t.event*x*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*
X)

C2 = (1/alpha+1)*sum(c2/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(sum(x)+C1-C2)

t.event = ¢(1650,30,720,450,510,1110,210,1380,1800,540)
x=¢(0,0,0,0,0,1,1,1,1,1)

n = length(t.event)

epsilon = 1le-6

#alpha = 0.01; ini.para = ¢(0,0.0001)
alpha = 2; ini.para = ¢(0,0.001)
#alpha = 8; ini.para = ¢(0,0.001)

k=0

para.old = ini.para
para.new = ¢(0,0)
repeat{

cat("k =" k,", para = ",round(para.old,6),", log.L = ",round(logL.func(para.old),2),"\n")
para.new[2] = fpl.func(para.old)

lambda.para = para.new[2]

para.new[1] = uniroot(fp2.func,c(-1,1))$root

if(max(abs(para.new-para.old)) < epsilon) {break}
k=k+1
para.old = para.new




Appendix 2 R codes for Algorithm 2

logL.func = function(para) {

beta.para = para[l]
lambda.para = para[2]

C1 = alpha*lambda.para*sum(t.event*exp(beta.para*x))
C2 = (1/alpha+1)*sum(log(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(n*log(lambda.para)+beta.para*sum(x)+C1-C2)

}
opt.logL.func = function(para) {

beta.para = para[1]
lambda.para = para[2]

C1 = alpha*lambda.para*sum(t.event*exp(beta.para*x))
C2 = (1/alpha+1)*sum(log(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(-(n*log(lambda.para)+beta.para*sum(x)+C1-C2))

¥

score.func = function(para) {

beta.para = para[1]
lambda.para = para[2]

C1 = alpha*lambda.para*sum(t.event*x*exp(beta.para*x))

c2 =
2*alpha*lambda.para*t.event*x*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*
X)

C2 = (1/alpha+1)*sum(c2/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

S1 =sum(x)+C1-C2



C3 = alpha*sum(t.event*exp(beta.para*x))
c4 = 2*alpha*t.event*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*x)
C4 = (1/alpha+1)*sum(c4/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

S2 = n/lambda.para+C3-C4

return(c(S1,S2))

¥

hessian.func = function(para) {

beta.para = para[1]
lambda.para = para[2]

C1 = alpha*lambda.para*sum(t.event*x"2*exp(beta.para*x))

c21 = 2*alpha*lambda.para*t.event*x*(x+alpha*lambda.para*t.event*x*exp(beta.para*x))

c22 = exp(beta.para*x+alpha*lambda.para*t.event*exp(beta.para*x))

c23 = 2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1

c24 = 4*alpha”2*lambda.para”2*t.event"2*x"\2

c25 = exp(2*beta.para*x+2*alpha*lambda.para*t.event*exp(beta.para*x))

C2 =
(1/alpha+1)*sum((c21*c22*c23-c24*c25)/(2*exp(alpha*lambda.para*t.event*exp(beta.para*
x))-1)"2)

H1=C1-C2

C3 = alpha*sum(t.event*x*exp(beta.para*x))

c41 = 2*alpha*t.event*x*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*x)

c42 = 1+alpha*lambda.para*t.event*exp(beta.para*x)

c43 = 2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1

c44 =
2*alpha*lambda.para*t.event*x*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*
X)

c45 = 2*alpha*t.event*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*x)

C4 =
(1/alpha+1)*sum((c41*c42*c43-c44*c45)/(2*exp(alpha*lambda.para*t.event*exp(beta.para*
x))-1)"2)



H2 = C3-C4

c51
2*alpha""2*t.event"2*exp(alpha*lambda.para*t.event*exp(beta.para*x)+2*beta.para*x)

c52 = 2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1

€53
4*alpha”2*t.event"2*exp(2*alpha*lambda.para*t.event*exp(beta.para*x)+2*beta.para*x)

C5
(1/alpha+1)*sum((c51*c52-c53)/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1)"2)

H3 = -n/lambda.para*2-C5

return(matrix(c(H1,H2,H2,H3),2,2))

#library(numDeriv)
#t.event = ¢(1.2,2.2)

#x =¢(0.3,0.5)

#n = length(x)

#alpha = 2

#para = ¢(0.7,0.5)
#score.func(para)
#grad(logL.func,para)
#hessian.func(para)
#hessian(logL.func,para)

t.event = ¢(1650,30,720,450,510,1110,210,1380,1800,540)
x =¢(0,0,0,0,0,1,1,1,1,1)

n = length(t.event)

epsilon = le-6

#alpha = 0.01; ini.para = ¢(0,0.0001)
#alpha = 2; ini.para = ¢(0,0.001)
alpha = 8; ini.para = ¢(0,0.001)



k=0
para.old = ini.para
repeat{

cat("k =" k,", para = “,round(para.old,6),", log.L = ",round(logL.func(para.old),2),"\n")
para.new = para.old-solve(hessian.func(para.old))%*%score.func(para.old)

if(max(abs(para.new-para.old)) < epsilon) {break}
k=k+1
para.old = para.new




Appendix 3 R codes for Algorithm 3

t.logL.func = function(para) {

beta.para = para[l]
lambda.para = exp(para[2])

C1 = alpha*lambda.para*sum(t.event*exp(beta.para*x))
C2 = (1/alpha+1)*sum(log(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(n*log(lambda.para)+beta.para*sum(x)+C1-C2)

}
t.opt.logL.func = function(para) {

beta.para = para[1]
lambda.para = exp(para[2])

C1 = alpha*lambda.para*sum(t.event*exp(beta.para*x))
C2 = (1/alpha+1)*sum(log(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

return(-(n*log(lambda.para)+beta.para*sum(x)+C1-C2))

¥

t.score.func = function(para) {

beta.para = para[1]
lambda.para = exp(para[2])

C1 = alpha*lambda.para*sum(t.event*x*exp(beta.para*x))

c2 =
2*alpha*lambda.para*t.event*x*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*
X)

C2 = (1/alpha+1)*sum(c2/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

S1 =sum(x)+C1-C2



C3 = alpha*sum(t.event*exp(beta.para*x))
c4 = 2*alpha*t.event*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*x)
C4 = (1/alpha+1)*sum(c4/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1))

S2 = lambda.para*(n/lambda.para+C3-C4)

return(c(S1,S2))

¥

t.hessian.func = function(para) {

beta.para = para[1]
lambda.para = exp(para[2])

C1 = alpha*lambda.para*sum(t.event*x"2*exp(beta.para*x))

c21 = 2*alpha*lambda.para*t.event*x*(x+alpha*lambda.para*t.event*x*exp(beta.para*x))

c22 = exp(beta.para*x+alpha*lambda.para*t.event*exp(beta.para*x))

c23 = 2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1

c24 = 4*alpha”2*lambda.para”2*t.event"2*x"\2

c25 = exp(2*beta.para*x+2*alpha*lambda.para*t.event*exp(beta.para*x))

C2 =
(1/alpha+1)*sum((c21*c22*c23-c24*c25)/(2*exp(alpha*lambda.para*t.event*exp(beta.para*
x))-1)"2)

H1=C1-C2

C3 = alpha*sum(t.event*x*exp(beta.para*x))

c41 = 2*alpha*t.event*x*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*x)

c42 = 1+alpha*lambda.para*t.event*exp(beta.para*x)

c43 = 2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1

c44 =
2*alpha*lambda.para*t.event*x*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*
X)

c45 = 2*alpha*t.event*exp(alpha*lambda.para*t.event*exp(beta.para*x)+beta.para*x)

C4 =
(1/alpha+1)*sum((c41*c42*c43-c44*c45)/(2*exp(alpha*lambda.para*t.event*exp(beta.para*
x))-1)"2)



H2 = lambda.para*(C3-C4)

c51
2*alpha""2*t.event"2*exp(alpha*lambda.para*t.event*exp(beta.para*x)+2*beta.para*x)

c52 = 2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1

€53
4*alpha”2*t.event"2*exp(2*alpha*lambda.para*t.event*exp(beta.para*x)+2*beta.para*x)

C5
(1/alpha+1)*sum((c51*c52-c53)/(2*exp(alpha*lambda.para*t.event*exp(beta.para*x))-1)"2)

H3 = lambda.para™2*(-n/lambda.para”2-C5)+t.score.func(para)[2]

return(matrix(c(H1,H2,H2,H3),2,2))

#library(numDeriv)
#t.event = ¢(1.2,2.2)

#x =¢(0.3,0.5)

#n = length(x)

#alpha = 2

#para = ¢(0.7,0.5)
#t.score.func(para)
#grad(t.logL.func,para)
#t.hessian.func(para)
#hessian(t.logL.func,para)

t.event = ¢(1650,30,720,450,510,1110,210,1380,1800,540)
x =¢(0,0,0,0,0,1,1,1,1,1)

n = length(t.event)

epsilon = le-6

alpha = 0.01; ini.para = ¢(0,l0g(0.0001))
#alpha = 2; ini.para = ¢(0,log(0.001))
#alpha = 8; ini.para = ¢(0,log(0.001))



#alpha = 0.01; ini.para = ¢(0,0)
#alpha = 2; ini.para = ¢(0,-3)
#alpha = 8; ini.para = ¢(0,-4)

k=0
para.old = ini.para
repeat{

cat("k =" k,", para = ",round(c(para.old[1],exp(para.old[2])),6),
", t.para = ",round(para.old,6),", log.L = ",round(t.logL.func(para.old),2),"\n")
para.new = para.old-solve(t.hessian.func(para.old))%*%t.score.func(para.old)

if(max(abs(para.new-para.old)) < epsilon) {break}
k=k+1
para.old = para.new




