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Problem 1.

Please derive the mean and variance under the Weilbull distribution.

Solution 1.
Let random variable T follow the Weilbull distribution with survival function
S;(t)=exp{—-(At)"}, A>0, v>0, t>0.

Its probability density function is
(1) =~ S (1) =vAt ep{~(4)'}

By straightforward calculations, the k-th moment of T is
E(TH )=jtkva exp{—(At)" }dt =Iv/1vtk”’lexp{—(lt)v Mt .
0 0

We consider a change of variable x=t" (t=x"") andthen dx=vt"dt. Thus, the integral

becomes
Iivxk’” exp{ — A'x }dx = ﬂvjxk’”l‘l exp{—A'x}dx=2" L‘;;ﬁ)
) . (A")
I'(k/v+1)
:—ﬂ’k .

Then second equality follows from the gamma integral. Then, the mean and variance are

(1/v+1)

E(T)=—"—

and

var(T )=E(T?)—{E(T)¥ = F(Z/Hl)_g(l/””}z ,

respectively. On the other hand, the median of the Weibull distribution is obtained by solving

B ( |Og 2 )1/v

exp{—(Atys ) }=1/2 =ty 2



Problem 2.
Suppose the median survival times of male and female are 70 and 80, respectively. Please

derive the mean survival times of male and female (including parameters A and /) under

the Weibull model by specifying a reasonable v .

Solution 2.  Under the Weilbull model, human survival time follows
S (t|x)=exp{-(At)e*}, A1>0, v>0, BfeR, t>0,
where the covariate x=1 indicates male and x=0 indicates female. The formulas in

Problem 1 can be applied with 1 replaced by Ae”’". Here, we set the shape parameter
v =2 for convenience (see NOTE).

If the median survival times for male and female are 70 and 80, respectively. We have

( Iog 2 )1/2

and 70= P

1/2
50 (1092)
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Solving these two equations, we obtain

B ( |Og 2 )1/2

A =0.0104 and  B=log log2)-2log( 704)=0.2671.

Then, the mean survival times for male and female are

r(1/2+1) r(1/2+1)

PP =7451 and

=85.16,

respectively. These results seem more reasonable than the exponential model.

NOTE: The hazard function of the Weibull distribution is

_fT(t)_ viv-1
hT(t)_ST(t)_vm .

Thus, if v >1, the hazard function is increasing in t. This may represent that the probability

of a person dies in old age is higher than he (or she) dies in young age.



