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Summary of section2.3 in
Emura T & Chen YH (2014), Gene selection for survival data under dependent
censoring, a copula-based approach, Statistical Methods in Medical Research, DOI:

10.1177/0962280214533378

Section2.3 provides an analytic framework to study the bias when the dependence is
modeled via copulas.

The cause-specific hazard
h*(t]x; ) =P(t<T <t+dt, T <U|T >t,U >u, x; )/dt
describes the “apparent” hazard rate for death in the presence of dependent censoring

(Kalbfleisch and Prentice).

We formulate the effect of dependent censoring under the copula models as
P(T=t,U>u|x;)=C{S;(t]%;),S,(ulx;)},

where S;(t|x;)=P(T>t|x;) and S (t|x;)=P(T>t|x;) are the marginal

survival functions, and « is the dependence parameter. As indicated in Rivest and

Wells, the casue-specific hazard becomes h’(t| X;)=r,(t]x;)h(t]x; ), where

Co"{Ss (%), Sy (t1%;)3S: (tlx;)
C. LS, (t]x;), Sy (tlx;)}

ra(tlxj ):

and CI*°(u,v)=06C_(u,v)/éu.

We can obtain this result by the following computation.



h*(t]x; ) =P(t<T <t+dt, T<U|T >t,U >u,x;)/dt
_P(t<T <t+dt, T<U, T 2t,U 2u|x; )/dt
P(T>t,U>ulx,)
_P(t<T <t+dt|x; )P(T <U,U zu|x;)/dt
P(T>t,U>ulx;)
_P(T<U,Uzulx)
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B P(T <U,U >u|x;)
P(T>t,U>ulx;)
B P(T <U,U 2u|x; )P(T >t[x;)
P(T>t,U2>ulx;)
_CIMOES (t]%,), S,y (t]%,) 38, (t]x;)
C o CAS(tx) Sy (tlx)}
=1, (t]x;)h(t]x;).

P(t<T <t+dt|x;)/dt

P(t<T <t+dt, T >t|x)/dt

P(t<T <t+dt|T >t, x; )/dt

h(tlx;)

Then we can define the “apparent effect” of gene x; as

h*(t|x. =1 h(t|x. =1 r(t|x, =1
L (U] X )—Io (t]x; )+Io L(tx;=1)

ﬂa(t)fmgm_ h(t|x,=0) r,(t]x;=0)

This equation shows that the apparent effect can be partitioned into the true(net) effect
and bias due to dependent censoring.

Then we can conduct numerical analysis to gain insight into how dependent censoring

affects the apparent effect under several copulas.



Derivation of apparent effect

h(t]x; =1) o r,(t]x; =1)

ﬁa(t)EIOgm m

We set marginal distribution as
S(t]x;) =S (t]0)™V, sy (t]x;)=5S,(t]0)*" and
Sy (t]x;)=S;(t] 0)P"*P where p,x100 (%) is the censoring percentage.

Then consider the bias part,

CL NS, (t]x;=0), Sy (t]x; =0)35,(t|x;=0)
Ca{ST(tlxj:O)’Su(t|szo)} l

r.(t]x=0)=

Under the Clayton copula model and only consider « >0, we have
C.{S;(t]x;=0),S,(t|x;=0)}=C,{S;(t|x;=0),S,(t|x;=0)*""P}
(S, (1]0)“ 4, (£]0) R 1)
and

C,EleO]{ST(tlxj =0),SU('[|XJ- =0)}

o d
ds, (t]0)

1

{5, (1]0) + 5, (t]0)* -1}«
:_;l{sT(uorwsu(uora—1}al~{—asT<t|0)-“-1}

-1
=
={Sp(t]0)“+S;(t]0) P —1}« 'S (t]0) ™

Therefore, we have

-1
- P _qva —a-1
ra(t|xj=0):{ST(t|0) +S;(t]0) 13« 'S (]0)“'S, (t]0)

1

S (1]0)“+S,(t]0) "% —1}«
_ s, (t]0) |
S (t]0)™ +S, (t]0) "% —1




Similarly, we can obtain

1

C S (t1%;=1),5y(t]x;=1)}={S; (t[1)™ +S; (t|1) """ _13e
and
Cz[xl’O]{ST(tlxj =1), Su(tlxj =1)}

=_;1{ST(t 1)+ S, (t]1)™ —1}5’1-{—asT(t 1)}

-1
=
={Sp (1) + S (1) P —1}e S (t]1)

Therefore, we have

-1

- —ape /1-p; __ ;_1 -a-1
Ira(tlszl):{ST(tll) +S;(t]1) 1} ST(tll)l S, (t]1)

£Sr(H1) ™ +S, (t[1) P —13
_ S, (t]1)
S (t|1)™™ +S,(t |1) ®e/tPe 1

Hence

(1% =1) _ S (t]1)“{S;(t]0) " +5,(t]0) " 1}
r(t1x;=0) S (t]0)“{S (t|1) +S,(t[1) ™7 -1}’

Then we fix t bysetting S;(t|0)=05 and S,(t|1)=0.5""".

Finally we have

r,(t] X; = 1) B 0.5_0’6Xp(l){ 0.5%+(0.5) ™ 1-p, _1}
r,(tIx;=0) 057 0.5 M | (0.5) “PMpAp _11°

Therefore we can analysis the relation between apparent effect and «, under several

P
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Fig.1 is set as net effect is 1 and Fig.2 is set as net effect is -1. From the result we can
noticed that if the censoring probability is high (60%), the apparent effect is

significantly different form the true(net) effect.



R code

HiHHHHEHEHE Apparent effect function #HHHEHEHH

beta_ae=function(alpha,net_e,pc) {

ST1=0.5"exp(net_e)

ST0=0.5

P=pc/(1-pc)
r1=ST1"-alpha/(ST1"-alpha+ST1”(-alpha*P)-1)

r0=STO0"-alpha/(ST0"-alpha+STO0”(-alpha*P)-1)

net_e+log(rl/r0)




HiHHHHHIHE Plot net effect=1 ###H#HH#HHIH
g=seq(0,4,by=0.01)

beta_alphal=c()

beta_alpha2=c()

beta_alpha3=c()

for (i in 1:length(q)){

beta_alphal[i]=beta_ae(q[i],1,0.4)
beta_alpha2[i]=beta_ae(q[i],1,0.5)

beta_alpha3[i]=beta_ae(q[i],1,0.6)

plot(g,beta_alpha3,type="I1",ylim=c(-1,1.3),col=4,lty=2, main="Fig.1" xlab=expressio
n(alpha),ylab="Apparent effect”,lwd=2)

lines(q,beta_alpha2,col=2,Ity=2,lwd=2)

lines(q,beta_alphal,col=3,lty=2,lwd=2)

abline(h=1,lwd=2)

legend(0,0,c("Not censored"”,"40% censored","50% censored","60%

censored"),lty=c(1,2,2,2),lwd=2,col=c(1,3,2,4))




HiHHHHHAHE Plot net effect=-1 ####HH#HHIH
g=seq(0,4,by=0.01)

beta_alphal=c()

beta_alpha2=c()

beta_alpha3=c()

for (i in 1:length(q)){

beta_alphal[i]=beta_ae(q[i],-1,0.4)
beta_alpha2[i]=beta_ae(q[i],-1,0.5)

beta_alpha3[i]=beta_ae(q[i],-1,0.6)

plot(g,beta_alpha3,type="I1",ylim=c(-1.2,0),col=4,lty=2, main="Fig.2" xlab=expressio
n(alpha),ylab="Apparent effect”,lwd=2)

lines(q,beta_alpha2,col=2,Ity=2,lwd=2)

lines(q,beta_alphal,col=3,lty=2,lwd=2)

abline(h=-1,lwd=2)

legend(0,0,c("Not censored"”,"40% censored","50% censored","60%

censored"),lty=c(1,2,2,2),lwd=2,col=c(1,3,2,4))




