Chapter 3, Exercise 3.7 (p.89); Appendix A Example A.1 (p.444)

3.7 (a)

To estimate the distribution of the ages at which postmenopausal woman develop
breast cancer. The samples of eight 50-year-old women were given yearly

mammograms for a period of 10 years.
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birth 50 51 52 53 54 55 56 57 58 59 60 Years
(study start) (study end)

1. 8

2.

3. L

4. 8

5. ® (censor)

6. ® (censor)

7. ® (censor)

8. ® (censor)

8 : the presence of a tumor e :absence of a tumor
(55, 56], (58, 59], (52, 53], (59, 60], > 60, > 60,> 60,> 60.
Because study start is fixed
If some woman death before 50 years old, then she can’t enter the study
(i)Left truncated occurs
Because onset time of breast cancer is that it occurs between examinations.
(ii)Interval censor occurs
If some woman presence of a tumor after 60 years old, then we only know X >60
(iii)Right censor occurs
3.7 (b) X : the age at which breast cancer develops X ~Weib (d,|1)

L(e, A) = Pr(55< X <56 X >50)Pr(58 < X <59 X >50)Pr(52 < X <53| X >50)x
Pr(59 < X <60| X >50)Pr(X >60|X > 50)*

_ {5(55) - S(56)HS(58) - 5(59)}{5(52) —5(53)}{3(59) - 8(60)}{8(60)}4

S(50) S(50) S(50) S(50) S(50)
,where S(t) =exp(—At”*), survival function of X

={exp(—A55%) —exp(—156”) }H{exp (—158“) —exp (—159%)} x
{op(-252") —exp(~A53“)Hexp (—-159) — exp (—160”) Hexp (—-160)} /
{op(-250")}



3.8 X:timetodeath X ~expi) C:right-censoring C ~expgd) , X LC
1 if X<C

Let T=min(X,C)and ¢ = )
0 if X>C

(@) Pr(6=1)=Pr(X<C)= ﬁ/lexp(—ix)eexp(—ec)dcdx

Aexp(—Ax)@exp(—6c)dedx = T/I exp (—Ax){exp (—6x) Jdx

Il
O3
Ot 8 X *——38

= Al exp{—(1 + ) xJdx

A
A+6

=0~ bernulli( A )
A+0

(b) Pr(T <t)=Pr(min(X,C) <t)=1—Pr(min(X,C) >1)
=Pr(min(X,C)<t)=1-Pr(X >t,C>t) --X L1C
=1-Pr(X >t)Pr(C > 1)
=1-exp(—At)exp(—&)
=1l-exp{-(1+0)t}

T~exp(A+6)

(c)

Fr st =F @) =FK0GD),

where G(1)=Pr(6<1) o6~ bernulli( 4 j
A+60

FT,5 (t,0) = jS(X)g(X)dX,

where S(t)is survival function of X, g(t)is density of C

= j'exp(—/lx)eexp(—éb()dx = ﬁj. exp{-(4 +6)x}dx

0
=7 [1-ep{-(1+0)}]
=G(0)F (1),

where G(0)=Pr(6<0)

v Fr s (t0) = R (1)G(0) and F (t1) = F; (1)G(2)



TLS
(@)1 ~oP(1+0) 5~bernu|li( A j
A+0

F(OuS) = ( / ][ij (2 +0)op{—(1+0)t}

A+60) \1+60
j+2(1—6.)log( 0
o i ' A+0

=5 log(4)+n |og(l;:9j—z§i I0g(0) +nlog( 4+ 0) ~ Y. (4.+ ),
= Z@ log(1) +n |og(9)—25i log( &) —Z(/l +O)t,

I(a) = log L(oz):Zé‘i Iog(l;1 ]+nlog(/1+<9)—z:(/He)ti

2.5
|'(a)=iT—Zti=o

2.8
=>l=d—

%

2.5

"(@) = -

D6
E(1) = E(ZT' } = E(Z&)E[ZTJ OALT

A 1
=n El=|.,S= )T,
A+6 (S) Z'

T T T, ~ep(A+6) = DT, ~Gamma(n, 4+ 6)

(5t AT O) o (2+6) T(n-1) (/1+9)“ tm s
( ] f () exp{s(1+0)}ds = ) (/1+0)"1I exp{s(A + 6)}ds

0
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Example A.1

X ~Weibull (e, 4 =1)
To find the maximum likelihood estimator of «
Data: 2.57, 0.58, 0.82, 1.02, 0.78, 0.46, 1.04, 0.43, 0.69, 1.37

f(x;a) = ax“ " exp(—x%)
l(a) = log L(x) = nIoga+(a—1)ZIog(xi)—Zx“

() =%+Zlog(xi)—2xialog(xi) -0

(@) =% = > x“{log(x )y <0

® Bisection method:

Algorithm stop ,when |I'(r)| < 0.01

step | o, Ay ay I'(c,) (e, ) I'(cy)

1 1.500000 | 2.000000 | 1.750000 | 1.797531 -2.588883 -0.386642

2 1.500000 | 1.750000 | 1.625000 | 1.797531 -0.386642 0.6966227

3 1.625000 | 1.750000 | 1.687500 | 0.6966227 -0.386642 0.1542948

4 1.687500 | 1.750000 | 1.718750 | 0.6966227 -0.1161722 | -0.1161722
5 1.687500 | 1.718750 | 1.703125 | 0.01904024 | -0.1161722 | 0.01904024
6 1.703125 | 1.718750 | 1.710938 | 0.01904024 | -0.04856852 | -0.04856852
7 1.703125 | 1.710938 | 1.707031 | 0.01904024 | -0.01476511 | -0.01476511
8 1.703125 | 1.707031 | 1.705078 | 0.002137278 | -0.01476511 | 0.002137278
> . = 1705078
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16 18
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® secant method:

Iteration:

iy =q

stop ,when

(@) <0.01

_Ir(ai) (ai _ai—l)

I"(er) =1"(e4)

step | @iy

Q;

'(e.4)

I'(er)

.

i+1

'(e.1)

1 1.000000

1.500000

7.065037

1.797531

1.670624

0.300472

2 1.500000

1.670624

1.797531

0.300472

1.704870

0.003936636

= @, =1.704870

75

-8.0

-85

-9.0

95

® Newton - Raphson:

Iteration:

stop ,when |I'(a)|<0.01

step | &y

'(e;4)

()

.

'(e.1)

1

1.500000

1.797531

-8.946896

1.700911

0.03820069

2

1.700911

0.03820069

-8.654888

1.705325

1.759597e-06

= @y, =1.705325
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