Exercise 2.1-2.20 (Klein & Moeschberger, p.57-61)
2.1

X is from exponential distribution with 4 =0.001
(@) E(X)= L =1000
A
Mean of X is 1000.

(b) S(t,5) = %, where S(.) is survival function of X .
1
=>S(t,5) =exp(-0.001xty.) = 5
1
=>-0.001xt,, = Iog(aj

=>1t,, =—1000 Iog(%) ~301.03

..median of X is 301.03
(c) Pr(X >2000) = S(2000) =exp(—0.001x 2000) ~ 0.13534
2.2 X ~Weibull (¢ =2,4=0.001) the pdfis given by
f(X) = ax“ " exp(—Ax*), x>0
,and the survival function of X is

S(t) = j XL exp (—AX“)dx =— exp(—/Ix“):o = exp(~At%)
t

(a) Pr(X >30) = exp(—0.001x 30%) ~ 0.40657
Pr(X > 45) = exp(~0.001x 452) ~ 0.13199
Pr(X > 60) = exp(~0.001x 60°) ~ 0.02732

(b) E(X)= T XL IX L exp (—AX” ) dx

let X*=u du=ax*dx




r[;ﬂj ;r@j 1z
—> E(X)= - =2 _~28.02496

1

1
0.0012  0.0012 0.0012

(c) The harzard function is that
h(x) = f(x) _ a X exp (—Ax%)
S(x) exp (—Ax“)
=> h(30) =2x0.001x30°™" ~0.06
h(45) = 2x0.001x 45" ~ 0.09
h(60) = 2x0.001x60°™" ~0.12

— aﬂxa—l

1

d) S(t,.)==

(d) S(tys) >
sy 1
=>exp(—0.001xt,, )_E
:>—0.001><t0.5 =1og(0.5)

1

=>1,. ={-1000l0g(0.5)}? ~17.35022

-.median of X is 17.35022

2.3
~ log logistic(a =1.5,1 =0.01), the pdf is given by
a-1
F=-2%__ x>0
1+ Ax*)
Toaxt 1 1
@) I(l+ﬂx“) :_1+/1x“| Tt
t t
1
=> Pr(X >50) = S(50) = ————— ~ 0.22048
( )=3(0) 1+0.01x50"°
Pr(X >100) = S(100) = L — ~0.09091
1+0.01x100"
Pr(X >150) = S(150) = L — ~0.05162
1+0.01x150"

(b) S(to.5)=%



1 1

> . 15 o
1+0.01xt,, 2
=>2=1+0.01xt,"

1

=>t,, =1005 = 21.54435

.. median of X is 21.54435
(c) The hazard function is that

h(x) = f(x) _ axe™
S(x) 1+ Ax”
h(x) = a(a—DAX?(L+ AX*) — adX“ H(aix“™)
(L+ Ax%)?
o H(a -1+ AX*) - aix“}
- 1+ Ax%)?
oo+ alx® -1- X —aAx}
- (1+ Ax*)?
B axX {a-1-x"}
L+ Ax9)?
let h'(x)=0
_ ax* {a-1-x"} 0
1+ Ax“)?
—>{a-1-2x“}=0

1
(a—l)a
A

1
If x> (“T_lj then h'(x) <0
1

If x < [“T_lj then h'(x) >0

H‘H
[8;]

1
h(x) is increasing when 0 < x < (a _1j“ _ (1.5—1j _
A 0.01

1

h(x) is decreasing when x > (aT—lja ~13.57209

~13.57209
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Black pointis x = (aT—l]a ~13.57209, also the maximum of hazard function which

A=00La=15.

(d)
Tooaxet
E(X) =J.dex

0
1
L o {l(u-l—l)}“
+ AX® A
a-1
_dex
1+ Ax*)

Letu=
1

=>du=

11

1
l 0

0

1

= }L“B(—£+l,£+lj, where B(.) is beta function
a a
given that ¢ =1.5,4=0.01
_1
E(X)=001 58—~ 11 41
15 15

~52.10283



2.4 X isarv,with survival function that
S(x) =exp[1-exp{(1x)“}]
=> f (x) = =S'(x) = —exp[1- exp { ()} [-exp{(Ax)“}Hex(Ax)*" 2
= exp[1-ep{(2)“ Hexp{(Ax) Yol x*"

=100 = £ 0 =ep{(207yar x"

(a) The hazard function is that
h(x) = exp{(Ax)*}aA*x**

h'(x) = exp{(AX)* YA x“ ot x“ + exp{(AX)* Yo (o — 1) A“X 2
= exp{(X)“ Yo (@ — D) A" X* 2 (X" +a 1)

Casel:given a=0.5

Let h'(x)=0

=> h'(x) = exp{(1x)*°30.5(0.5 - 1) >°x**?(0.54°x** +0.5-1) =0
=>(0.52°°x°° +0.5-1)=0

1
=>X=—

A

1 :
If x>I then h'(x)>0.

1
If 03x<I then h'(x) <O.
.. . 1

h(x) is increasing when x > R

h(x) is decreasing when 0 < x < % :

(b)

Casell:given o =2

h'(x) = exp{(AX)*32(2 - D) A*X* ?(2A°x* +2-1) >0 ,¥vx >0
h(x) is monotoneincreasing for all x>0
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Black pointis X = Z = E' also the minimum of hazard function which

A=2,a=05When A=2,a=2ofthe hazard function is monotone increasing.
2.5

X ~log normal(u =3.177,0 = 2.084)

=>X =¢' ,where Y ~ N(u=3.177,0 = 2.084)

(@)

E(X)=Ee’ =M, ()| _,with M, (t) is mgf of normal

:exp(y+%0'2j ~ 210.2985

u=3.177,0=2.084

, with @(.) is cdf of N(0,2).

u=3177,0=2.084

Pr(X <t)=Pr(log X <logt) =Pr(Y <logt) = CD(k)gt—ﬂJ
(o2

logt,. —3.177) 1
:>F(t°'5):®( 2,084 jzi
_ (Dl(lj _ logtys—3.177

2 2.084

=>3.177 =log t,
=>1,, =exp(3.177) =~ 23.97472
Mean of X is 210.2985 and median of X is 23.97472
(b)
S(100) =1- F(100) ~ 0.24658
S(200) =1—-F(200) ~ 0.15436
S(300) =1—-F(300) ~0.11267



(c)

1 logx—3.177
¢[ g

h(x) = f(x) _ 2.084x 2.084 j ‘where f (x) = F'(x) = 1 ¢(Iogx—3.177j,
S(x) 1_CD(I09><—3-177j 2.084x 2.084
2.084

with ¢(.)is pdf of N(0,1)
(x) = F/()S() — FOO{= (X)) F'O)S(x) - F ) F()} f'(x)+{f(x)}2

80 S S SR
where f/(x)=— % 2¢(Iogx—3.177)+ 1 ¢(logx-3.177)[_ Iogx—3.177j 1
2.084x 2.084 2.084x 2.084 2084 )2.084x

2
z( 1 Jq{logx—&l??j —2.084—('09)(_3'177}
2.084x 2.084 2.084
__ 1 _2'084_(Mj f(x)
2.084x 2.084

1 {_2_084_(|ogx—3.177j}f(X) 2
2.084x 2.084 00

S(x) {s(¥

h'(x) =

seth'(x)=0

1 _2.084_(I0gx—3.177) N f(x):0
2.084x 2.084 S(x)
o h(x)= 1 5084 + log x —3.177

2.084x 2.084

—sx=hY —L _J2084+ (M) 1)
2.084x 2.084

But X is hard to compute,| just set X, is the solution of equation (1).

=>

X, is a critical point.

Set h'(x)>0
_ 1 _2.084_(Iogx—3.177) N f(x) -0
2.084x 2.084 S(x)

=>h(x) <

1 5084 + logx—3.177
2.084x 2.084

VS L DY (M)
2.084x 2.084

=>h(x)is increasing when 0< X< X,

Similarly h'(x) <0 => x> X,
By the previous results,we can know that h(x) first increasing then decreasing change
in the time X, .



| use the bisection iteration to find the change point x, =0.3470216.
The following is the algorithm:
Step 1. Find two initial point X, and xgsatisfy h'(x_ )h'(x;) <0

Step 2. Set x :XL;XR if h'(x

)h'(x;) <0 thenset x =x

New New New

otherwise set Xz = Xy,
Step3.if |x, —Xgz| <&, where & is very small value then stop

otherwise goes to stepl.
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Black point in the graph 1is x, =0.3470216.



2.10

(a)

X is ar.v with hazard function
0 t<x<t

0, ,t<x<t,

0, ,t,<x<t

h(x) =1
O L, <X<t;
6, t <X
_f_d
h() =3 5 dx{ log S(x)}

for t , <x<t ,1<n<k

tn

| %{_ log S(x)jdx = tjnendx =0,(t, —t,4)

tn—l

=>—logS(t,) - {~logS(t_,)}=6,(t —t )
=>—logS(t)=0,(t, —t ) +{-logS(t )}
= en (tn _tn—l) + en—l(tn—l _tnfz) + {_ Iog S(tnfz)}
== 6, (t, -t )+6,,(t , —t )+..+{-logS(t)}
=0 (t,—t ) +6, ,(t ,—t )+..+6,( —t)+{-logS(t)}t,=0
= Hn (tn _tn—l) + gn—l(tn—l _tn—z) toot 91t1
=>S(t)=exp[-{6,(t, —t, )+ 6, (t_, —t ) +..+6t]]
eXp[_ {01)(}] ’to < X<t1
eXp [_ {HZ(X _tl) + gltl}] ! tl S X< t2
=>S(X) =qexp [_ {Hs(x —1,)+6,(t, —t) + Hltl}] L SX<t

EXP [_ {ek (X=t ) +6  (t s —t )+t eltl}] <X

2.11

S(x) = {eXp {_ Ax-9) } X=¢ is the survival function of X .
1 X< @

(@

f (X) = _S'(X) _ {(‘)ﬂa(X - ¢)a71exp {-Xﬂ;();' ¢)a’} X2 ¢

m_{-m(x-wl X2 ¢

") =5x " 10 X<



(b)

Pr(X —¢g>t)=Pr(X >t+¢)=exp(-At”)
S X —¢~Weibull(e, 1)
E(X)=E(X-¢+9)=E(X-9)+¢
F(1+1)

= —%—2+¢ (by 22(b))

ﬂa
Given that =1, 1=0.0075and ¢ =100

F(1+1)
1

1
0.0075t
by 2.2(d)
Y ~Weibull(a, 1)

E(X)= +100 ~ 233.333

1
median of Y is (-llog l)a
A T2

1
) ; 1 1\e
=>median of X is|-=log=| +
( p gzj ’

given that « =1, 4 =0.0075and ¢ =100

1

median of X is -#Iogl ' +100 ~192.41962
0.0075 ~2

2.19
There is a bivariate survival function :
S(x,y)=(0-x)1-y)1+05xy) O0<x<1,0<y<1
(a) The marginal survival function of X andY are
S(x)=S(x,0)=1-x
S(y)=S(0,y)=1-y
2.20
There is a bivariate survival function :
S(x,y)=exp(—x—-y—-0.5xy) 0<x ,0<y
(a) The marginal survival function of X andY are
S(x) =S(x,0) =exp(—x)
S(y)=5(0,y) =exp(-y)



® HW for Newton Raphson
1(2) =log L(2) = D log{exp(-A1,) —exp(=4r)}
i=1
So the first order of loglikelihood is that
, ologL(4) ~&H—lexp(—=Al)+rexp(-Ar

04 1 ep(-4l)-exp(-4r)
The scecond order of loglikelihood is that
d°logL(A)

N
_ Z”:{liz op(=AL) - ° exp (=) Hexp (=4l,) —ep (=5} -{-1 ep(-4l,) + rep(-Ar)¥
i=1 eXp(_/ui) _eXp(_/ui)

Using Newton-Raphson technique to get MLE of A

1"(1) =

Newton-Raphson:
First choose a initial point A, then updated A by the following iteration

A =4 =T "(%).

Stop when [x;,; — X| <&, where& is very small value.

i+1

Given the data [0,7], [0,8], [0,5], [4,11]
l,=0,1,=0,l,=0,1,=4
n=7r,=8r=5r=11
Choose initial value 4,=0.2 £=10"°

So that

A

Aue =0.3060561 by Newton-Raphson technique.

log_likelihood

T T T T T
0.0 0.5 1.0 15 2.0

lamda

~

Black pointis A4,, . =0.3060561.



