Statistical Inference 11

Mid-term exam: 2013/4/16 (Tue)
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NOTE1: Please write down the derivation of your answer very clearly for all
questions. The score will be reduced when you only write answer. Also, the score
will be reduced if the derivation is not clear. The score will be added even when
your answer is incorrect but the derivation is correct.
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LLet Xpp X~ 1 (x), where

f ()= 22 exp{—w}l(xz,u)
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Is a left-truncated normal distribution, truncated at unknown value xeR.

1) Find the MLE under H,:u=0.
2) Find the MLE 0 =(2,67).
3) Find the likelihood ratio A(X) for H,:u=0vs. H,: u#0.

4) Find the form of the likelihood ratio test using some cut off value c.



2. Let (X,,...,X;)=(56,7,2,4) be a realization from iid discrete uniform
distributionon {1,2,...,6} where 6>2 is an integer.

(a) Write down the likelihood function and then find the MLE 4.

(b) Find the likelihood ratio (LR) test for H,:0<6, vs. H,:0>6, and show

that the size is zero (i.e., supP,(Reject H,)=0).

0<6,
(¢) Findthe LR testfor H,:0=6, vs. H,:0=6, with Type |l error «.

(d) Test H,:0=8 vs. H,:60+#8 with a=1/32.

(e) In this example, neither the Wald test nor Score test for H,:0=6, is

applicable. Give a reason.



3. Let (X, X},), jefl...,n} be a realization from iid bivariate normal

distribution

1 1 el
f, = (X) ZWGXD{—E(X—H) )2 (X—H)},

X 2
where x{ 1] and the parameters uz{ﬂl} and Z{Gﬂ %} are unknown.
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Also, let
Z(le_il)(sz_)zz)
W=—— — —
\/Z(le_xl)ZZ(sz_Xz)z

be the estimator of the correlation coefficient. Consider testing

0. 0.
Hy:—%—=0 vs. H,:—2—=0.
0110 0110

1) Find the MLEs underH, UH, and under H,, respectively (only answer).
2) Find the maximized likelihoods underH, W H, and H,, respectively.

3) Write the likelihood ratio statistic in terms of W .

4) According to the LR test, we reject H, when |W |>c. Find the critical value

based on the asymptotic approximation.



Answers: This is a simplified answer. In the exam, you need to write more
detailed calculations.

Answer 1
A A2 1 s 2
1) 4,=0, ao=52xi :
i=1

.. ) 1 2) n 1
S)Under H,:u=0, E(O,az):—ilog[;)—zlogaz—2 DI

i=1

Solving

oo’ 207 263’ 5

2
86(0,0‘): n 1 zxizzo,

2 1S
we have 67 ==>"X".
Nz

1 n
A ~2 2
2) f=Xy, 6 :H;(Xi_xm) :

1 2 n 1
) Let /A(u,0?)=—=log| = |-—logo®— X. —u)* . Then,
) Let (ot g(ﬁ] oy’ 51 (X, - )
U(p,0%)<U(Xyy,0°) forany o
(X, 00) n 1 Q&
Solvin W= 7 __ - X —X.)2=0,
g 0o? 20°  2(c?)? ,2:1:( ' (1))

2 13
& =EZ(Xi—Xm)2-
i=1

A2

n/2
(o2
3) /I(X):[A—ZJ 1(Xy >0)
Oy
6-2
A2

4) A(X)<ce —5<c or X, <0 forsomec_1.
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Answer 2

a) (()=0"1(Xs<0), hence O=X4 =7.

MaX_; 3.4, £(0)
MaXy_z3.. 0(0)

LR =

=1(Xg <6,) . We reject Hy:0<6, when X, >6,,

which has the size B,(Xg >6,)=0 Vv#<6,.



iff X <Cor Xg>6,
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c) LR= 0 =X /6,)1(X5 <6,)<C
T e A

Solving =P, (X <C or X >6)=P, (X <C)=(C/6,)° , T=6,a"" .
We reject H,:6=6, when X <6a'® or Xy >6,.

d) X =7>8%(1/32)"(1/5)=4. Accept the null hypothesis.
e) The likelihood function is not differentiable. Hence, the score function and

Fisher information matrix are not obtained.
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