Statistical Inference 111
Midterm exam I: [+32 points]
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NOTE1: Please write down the derivation of your answer very clearly for all
questions. The score will be reduced if you only write the answer or if the
derivation is not clear. The score will be given even when your answer has a
minor mistake but the derivations are clearly stated.




1. [+10] Exponential family
k

Let pg(x)=C(0)exp{20jTj(x)}h(x), xeN, be a density w.rt a o -finite
j=1

measure .

(1)[+1] Define the natural parameter space.

Answer:

The natural parameter space is

Q:{@:(@l,ez,---,ak ):Ile)@{_zklﬁjTj(x)}h(x)dy(x)<oo}.

(2) [+1] State the definition that a set Q is convex.

Answer:

Q is convex if and only if for all 8,8<Q and O<a<l imply
af+(1-a)d Q.

(3) [+3] Show that the natural parameter space is convex.

Answer:

Forall 0,0'€Q andlet h(x)du(x)=dg(x), we have

Lexph{ae,- +(1-a)8; 1T ( x)}dﬂh( X)

:Lexp{azk_lﬁjTj(X)}exp[(l—a)zk_lem( x)}d,uh( x)

< Lexp{a_zk:HjTj(x) “du, (%)

1 l-a

x1] e (1—a)ie;n<x)}l_“duh(x) <o,

The inequality follows from the Holder’s inequality since
a+(1-a)=1 and = -1 o1
a l-a

Hence we have shown that the natural parameter space is convex. []



(4) [+5] For any function ¢, prove
= 40 exp[z o, (x)}h(x)dy(x) - 2400 exp[z o, (X)}h(X)dﬂ(X) .

Answer:

We first rewrite the integral as follows

L¢(X)e><p{iﬁﬁ,-(X)}h(X)dﬂ(X)

= [ ey x)exp{zklejTj( x)}h( X)du(x) = [ e (),
where
¢(x)em{ie,-n(x)}h(x)du(x)=dul(x>.

Now, let
w(6)=] " Pdu(x).

For all fixed 6, we have

_ 2
=55 V(4)

1

%Lﬂ " )eXp{Z‘giTj (x )}h( X)du(x)

0,6 6,=6)

w(0)-w(8)) _ o w(0")-w(8)

= lim
60 66 oo G0 -0

where 6" - &’ as n—o, and

dey (X)

6 =‘910

Laigl(/ﬁ(X)eXp{gt‘)jTj(x)}h(x) dﬂ(x):.[laigle%m

6,=67

= [ 00" M (x).
X

Therefore, prove the equation
6%1L¢( x)em[geﬁj(x)}h( X )d( x):jla%lqﬁ( x)expLZ_llajTj(x)}h( X )dz( X)

is equivalent to prove

- (6")-y(8 o, (x
i L)) 1206003,
1 1

where 6" —>6° as n—w.



Since

w(6)-w(d) _ Le%md:“i( X) _Leeﬂl(x)dﬂl( X) et _ ()
0, - 910 0, — 910 bt 6, - 810

deg (X).

Consider the inequality
eaz _1 EY

z

|z|<9o.

The proof of the inequality is given in the end of this question. Therefore, for all
|6,—6°|< 5, we obtain

AT (X) _ ABT(X) ST (x)]

y €
o

e e

e(el—ef’ M) _q
| 6-0 |

@‘4$

— 910T1( X)

< eﬂfﬂ(x

< %{e(ef’w)n(x) Fel®-m00

Let 6 be a sequence such that 8™ —@° as n—o, that is, there exists

5>0, nyeN suchthat |6 -6°|<5 forall n>n,. Thus,

") g0 g .
[ Ol= g ‘sg{e“*““ue““m}zg(x)
1 1
and
1 Kk
Lg(x)dyi(x)=5{L¢(x)exp{(elw)n(x)+20,-T,-(x)}h(x)dﬂ(x)
j=2

+L¢(x)exp[(61—§)Tl(x)+Z¢9jTj(x)}h(x)dy(x)}@o.

By the dominated convergence theorem

lim [ £,0)da(x) =] lim £,(x)dss(x)

eef")n(x) _ ¥m(x) oVT(x)
< lim du (% =j|im
b 01(n)_910 1 (X) am
) ™M)~ (6°
o limZa (n? v(6
n—oo 91 _01

eefn( X)

Hl(n) _ 610

dey(x)

- [ 100 x),

Hence we have proven the desired result. [ ]



Proof of the inequality

e5|a|

e -1 ,  forall |z|<§.
o

z

Proof.

Forall |z|<&, and since exponential function can be defined by power series, we

have

=TT = TR

Then we finished the proof. []



2. [+10] MP test
Let X Dbe a random variable with p(x)=P(X=x), xeN=(2,34,5,6).

Consider a test for HO:p(x)=% VS. H1:p(x)=%.

(1) [+2] Derive a MP test with level «=2/5.

Answer:

Consider the critical function
if x=5,6,

1
2 .
X)=<= if x=4,
$(x) :
0 if x=123.

The expectation under the null hypothesis is

EQLH(X ) }=1xPR,(X =50r6) + ZxPr( X =4)

1 1y 2 1 1 1
=Ix| -+ = |[+=x—=—+—
(6 6) 5 6 3 15

Hence ¢(x) isaMP testof level a«=2/5.

(2) [+2] Calculate the power of the above test.
Answer:

The power is the expectation of the critical function under the alternative

hypothesis

E{d( X )}=1xPr(X :50r6)+§xPr1(X =4)

5 6 2 4 55 8
=Ix| —4+— [+=x—=—+—
21 21) 5 21 105 105

3
:



(3) [t+2] Derive a MP test with level a=i/6, ie(l,2,34,5,6).

Answer:
Consider the critical function

1 if x>6-i,
¢(x):{o if x<6-i.

The expectation under the null hypothesis is
E{4(X)}=Pr(X>6-i)=il6, i=12--6.
This can be easily seen as follows:
fori=1Pry( X >5)=Pr,(X=6)=1/6,
fori=2,Pry(X>4)=Pr,(X=50r6)=2/6,

(4)[+4] Derive a power function of the above test (as a function of i)
Answer:

The power function of the test above is
E{d(X)}=Pr(X>6-i).
By observing the following patterns

. 6 6-0
fori=1L,Pr(X >5)=Pr(X=6)=—=——,
1 ( ) =Pr( ) - o1

fori=2,Pr(X >4)=Pr(X =50r6) =>4 0 -0-1,6-0
21 21 21 1
_6x2-(1+0)

21 ’

5 6 6-2 6-1 6-0

—t— = + +

21 21 21 21 21 21

_ 6x3—(2+1+0)

21 '

fori=3,Pr(X >3)=Pr(X =4or5or6)=il+

Therefore, the formula for general i is

gi (i=1+0)xi
-_— - -2 - -
Pr(X >6-i)= 2 B e B €l

21 42 42

Hence we have derived the formula of the power function.



3. [+4] The Neyman-Peason Lemma
Let X~P={R,P} and p, be the p.df. of B, i=12 wrt a common o -

finite measure. Consider a problem of testing H,:PR, vs. H,: P, with level «.
Construct atest ¢ that satisfies

(0<g(x) <1, (ii) E[¢(X)]=«, (iii)¢ is most powerful among all level « tests.
[with proofs of (i)-(iii)]

Answer:

Let a(c)=Pr{p(X)/p,(X)>c} hence «(c) is a survival function of
random variable p,( X )/ p,( X ) and it is non-increasing and right continuous.
Therefore, for all 0<a <1, there always exists c,>c, satisfying the inequality

a(c,)<a<a(c, ). Thus, consider the test

1 if P(x) o
Po(X)

] a-a(cg) o p(x)
)= e —ale) )

0 it P(x¥)
Po(X)

where a(c,)<a<a(c,).Thenthetest ¢ satisfies (i)-(iii).
Proof of (i).

a—a(c)

a(c,)<a<a(c,)=>0<a—-a(c,)<a(c, )—a(c,)=>0< - <1.
a(c, )—a(c,)

Therefore, 0<¢(x)<1 is satisfied.

Proof of (ii).

—1x p.(x) a_a(co) y pl(x):
B3 Pr°{po<x)>c}+a(ca)—a(co) Pr(’{po(x) C}

:a(c)+—a_a(C°) x{Pr{—pl(X)SC}—Pr{—pl(x)<CH
’ a(c, )—a(c,) ’ Po(X) ’ Po(X)

a-a(c)
a(c, )—a(c,)

=a(c,)+ x{a(c, )-a(c)}=a(c))+a-a(c,)

=Q.

Therefore, E{¢( X )}=a is satisfied.



Proof of (iii).
Suppose ¢" is a test satisfying E/{¢#(X)}<a . Now, consider two sets
ST={x:g¢(x)—¢(x)>0} and S ={x:¢(x)—¢'(x)<0}. Then we have
the following two conclusions:
If XeS"=@(x)—¢"(x)>0=¢(x)>0= p,(x)=>c,p,(X).
If XeS™"=¢(x)—¢"(X)<0=¢(x)<0= p(X)<Cc,p(X).
Consider the integral
L{¢(X)—¢*(X)}{pl(X)—CoDo(X)}du(X)
= .. TP() =" (X) H Py (%) = Co P (X) Jdpe(X)

S*US™

= [ L9000 =4 COKP(X) =, o X) Jdu(X)

+ {900 =4 O R P(X) =Py (X) Jdu( x) 2 0.

<0

Then we have
J{o(x) =4 (X) Hpi(X) = CoPo(X) Jdu( ) 20
= [ {600 =4 ()3 () du(x) 2 ¢ [ {(x) =4 (x) 3po(x)due( %)
=Co[ E{#(X)}-E{¢ (X)}]
=Cla—E{¢"(X)}]=0.
Thus, we obtain
J {0 =4 (x)3p(x)du(x) 20
= E{4#(X)}=E{¢(X)}.
Therefore, we have shown that ¢ is most powerful among level o test. Hence

we have construct a test ¢ satisfying (i)-(iii) with proofs. []



[+8] Monotone likelihood ratio (MLR)
(i) [+2] Define the hyper-geometric (HG) distribution.

Answer:

Let X follows the HG distribution with probability mass function

(o)
po(X) =Pro( X =x) =~ "0 %)

vl

(ii) [+2] Show that the HG distribution gives MLR.

where max( 0,n—N+D)<x<min(n,D).

Answer:
Consider the hypothesis testing
H,:D<D, versus H,:D>D,.
For K e N, the likelihood ratio is
Pouc(X) _ Pou(X)  Pous(X)  Pou(X)

Po(X)  Poua(X)  Poa(X) Po(Xx)
Therefore, it is sufficient to verify
[DHIN—D—lj (D+1)! (N-D-1)!
Poa(X) U X n-x ) x(D+1-x)! (n—=x)I(N-D-1-n+x)!
po(x)  (DYN-D)} D! (N-D)!
(xj(n—xj XA(D=x) (n=x)(N-D-n+x)!

_ D+1 N-D-n+x
N-D D+1-x

Then we obtain

0 if x=n—N+D,

Poa(X) | D+1 N-D-n+x

. ifn—N+D+1<x<D,
Po(X) N-D D+1-x

o0 if x=D+1.

Hence py,(X)/ pp(x) is increasing in x. Thus, the HG distribution gives

MLR.
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(ii1) [+2] Show an example of the continuous distribution with MLR (with proof)

(except the normal with known variance).
Answer:
Consider the exponential distribution
f.(x)=1e", x>0, 1>0
and the hypothesis testing
Hy:A<A4, versus H;:A>A4,.
For A'> A, the likelihood ratio

fo(X) _ 2™ an
f.(x) 2™

is increasing in T(x)=—x. Therefore, the exponential distribution is MLR in

T(x)=—X.

(iv) [+2] Show an example of the discrete distribution with MLR (with proof)

(except the binomial, HG, Poisson).
Answer:
Consider the geometric distribution
f.(x)=Pr,(X=x)=p(l-p), x=0,12---, 0<p<l
and the hypothesis testing
Hy:p<p, versus H;:p>p,.

For p’'> p, the likelihood ratio

f o (x "(1-p' )" —pY —p\"

fZ((X)) -y “(ll-f)j Oc(ll—_r?]

is increasing in T(x)=-x since (1-p)/(1-p")>1. Therefore, the geometric

distribution is MLR in T(x)=-X.
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