Homework#2 Statistical Inference 11

Name: Jia-Han Shih

Problem 2.1

Referring to Example 1.5, suppose that X has the binomial distribution Bin(n, p)

and the family of prior distribution for p is the family of beta distribution

Beta(a,b).

(@) Show that the marginal distribution of X is the beta-binomial distribution with

mass function

n) I'(a+b) I'(x+a)['(n—x+b)
x)T(a)(b) TI(n+a+b) '

Solution:

The density function of X |p~Bin(n,p) and p~Beta(a,b) are
n X n—x
FCxip)=| [p"(1=p)"™", x=0.1-n

and

_ I'(a+b)

= T(a)r(b) P (1-p), O<p<l.

z(p)

Therefore, the joint density function is

f(x p):mpm_ D e ™

— n r(a+b) x+a-1 _ n—x+b—1
_[xjr(amb)p (=p)

(1-p)™*



Then we obtain the marginal distribution of X by integrating the joint density

function

; n F(a+b) i x+a-1 n—x+b-1
f(x)=£f(x,p>dp=(xjm£p (1-p)™*"dp

(M) I'(a+b) I'(x+a)(n—-x+b)
“\xJr(a)r(b) T(n+a+b)

(b) Show that the mean and the variance of the beta-binomial is given by

E(X)=—2 and var(X)=n( a j( b J(‘”b*”j.
a+b a+b la+b )\ a+b+1

Solution:

It is easy to obtain

E(X)=E{E(X|p)}=E(np)=nE(p)=%.

Similarly,

var( X )=var{E( X |p)}+E{var( X |p)}
=var(np)+E{np(1-p)}=n’var(p)+nE{ p(1-p)}
) ab ¢ T(a+b)
~ +nf
(a+b)(a+b+1) ¢I(a)f(b)
2 ab n I'(a+b) T'(a+1)I'(b+1)
(a+b)*(a+b+1) T(a)(b) T(a+b+2)
) ab ab
n +n
(a+b)*(a+b+1) (a+b)(a+b+1)

_of 2 b Ya+b+n
~la+bla+bNa+b+1)

=n p*(1-p)°dp




Problem 3.1 [p.285]

For the situation of Example 3.1:

(@) Verify the Bayes estimator will only depend on the data through Y =max X,.

Solution:
According to Example 3.1, we have
X, |6~U(0,0), 0<x <@ for i=12,---,n

and

1/6 ~Gamma(a,b), 1/6>0,where a,b are known.

Therefore, the joint density of X is

n

f(% %%, 10) =[] 1(x10) =[5 1(0< % <0)

i=1

1

=EI(0SX1' Xpy o0y X, < 6)

n

1 1
=—|(maxx <0< =—|(y<f<w).
1 (maxx <0<o0) =1 (y <0 <)

Here we define z=1/6 and make a transformation

dz

g:l:ﬂ:l: =67,
z 6 |do
Then the density function of & is
1 1
fla,b)=r,(1/6]a,b)d?=————e
my(0la,b)=x,(1/6]a,b) F(a)bo""

This is the density function of inverse gamma distribution.



Now we can derive the posterior distribution

1
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1
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Therefore, the Bayes estimator is

© 1 _i . 1 _i
J09n+a+1eb9|(yS9£w)d9 JWe bod o
o, =E{7,(0]x,a,b)}=L o 1

9n+a+l

N
e *do

I 6n+a+l

0

T T
eMl(y<f<w)dd |
y

Hence the Bayes estimator is only depend on Y =max X,.

(b) Showthat E{~7,(&|x,a,b)} can be expressed as

1 Pr( ZZZ(ma—l) < 2/by)
b(n+a-1) Pr( gym.. <2/by)

E{7,(0]x ab)}=

where x> is a chi-squared random variable with v degrees of freedom. (In this
form, the estimator is particularly easy to calculate, as many packages will have the

chi-squared distribution built in.)

Solution:

By (a), we have

* _1

Ienlﬁe ’do
E{7,(01xa,b) b= ———.
J. n+a+1eb9d0
, 0




First, we consider a transformation

s:izds——%de .
bo bo

We apply this transformation to the numerator, we have

0 0 0 n+a—2
j L owgp-_R7_L bﬂ(—ijde— b j(EJ $™+% 2

9n+a 2 f 0n+a 2 b02 2 2oy 2
2/by 1

=b™* ' (n+a-1
( )-([ 1“(n+a—1)2n+al

=b™* T (n+a—1)Pr( z;p.aq <2/bY).

n+a -2 gds

Similarly, we apply this transformation to the denominator, we obtain

© 1
[t e P40 =b™*T(n+a)Pr( Zp.s) <2/bY).

0n+a+1

Therefore, the Bayes estimator can be expressed as

o0

E{;z' (9| X a b)}— ')[ema - bn+a-11"(n+a—1)Pr(}(22(n+a_l) <2/by)
’ ’ ’ o= - n+a
gn}aﬂ eiédé’ b™*T(n+a)Pr( 2.0y < 2/bY)
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Problem 3.9

For the natural exponential family p,(x) of (3.3.18) and the conjugate prior
z(n|k, 1) of (3.3.19) establish that:
(@ E(X)=A(n) and var(X)=A"(n), where the expectation is with respect

to the sampling density p,(x).

Solution:

The natural exponential family p,(x) of (3.3.18) is
p,(x)=e"""Ph(x), —o<x<oo.
Since it is a density function, we have
jp (x)dx=1= Ie’” AR X )dx = 1:> _[e”x AR(x)dx =0
=N j %e’”“‘(”)h( x)dx=0= [o {x— A7) 3" (x)dx=0

N j xe” ADh( x )dx = A'(1) j e™ ADh(x)dx = E( X )= A().

Similarly,
Ip,l(x)dx 1= jeﬂ* ADR( x )dx = 1:> jeﬂx ADR(x)dx =0
:j e’l* ADR( x )dx = o:>j {x A'(17) Je™ AR x )dx =0
= I [-A(m)+{x=A@) ¥ e *h(x)dx=0

= T{ x—A(n) ¥e™ *h( x)dx = A"(n) Te””‘"’)h( x )dx = var( X ) = A"(n).



Hence we have shown

E(X)=A(7) and var(X)=A'(7).

(b) E{A(n)}=p and var{ A(n)}=E{A’(n)} k, where the expectation is

with respect to the prior distribution.

Solution:
The prior distribution of (3.3.19) is
w(n|k, i) =c(k, p)e 0,
Suppose the support of 7 is (a,b),then e ™ 50 as n—aorb. Let
u=c(k, u)e"” =du=c(k, u)kee""dn, v= _rle‘k‘\(”) =dv=A(7)e*"dp.

Therefore, by the method of integration by parts, we have

E{A(17)}= [ A(n)e(k, u)e" *dn
:Iudv
=[u? —Ivdu
b
{%c( K, y)ekﬂﬂk’*(ﬂ)} +I%-kﬂ6( K, g1 )e 4y

_ ﬂjc( K, 1 )e g p

=/Ll'

Hence we obtain the result

E{A(7)}=n



We have
var{ A(17)}=E[{A(n)-u¥]
= I{ A,(U)_,U}ZC( K, Iu)ekrw—kA(n)d,7
=I{ A1)+ 12 =2N(n)uYe(k, p)e gy
=IA’(77)ZC( K, 1) N dp 4 12 2,2

:J.{A/(U)Z_%Aﬂ(n)}c(k“u)ekn,ukA(7])d77_/J2+ E{ Ak(77)}
Let
u=c(k, u)e"" =du=c(k, u)kee"dn,
l i —kA(77) i 2 1 " —kA(77)
V:—KA(U)E =dv= A(ﬂ) _EA(U) e d77

Therefore, by the method of integration by parts, we have

J{ A = KD fetk we oy -+ AL

k
- Judu— - ELA )}

—[UV]b IVdU E{A”(U)}

b

|- EACe(k ﬂ)ek'”'—k’*(")}

+J’_ kA (m7)c( K, u)e"”“ kA(")d?] E{ A"(77)}

ZﬂIA'(n)C(k,u)ek””‘k’*(”)dn—y2+ E{ L(U)}

:'le_ﬂ2+E{AL(n)}

_E{A'(1)}
)}

Hence we obtain the result

var{ A(n)}=E{A"(77) }/k



Problem 6.4 [p.295]
(@)
Let
X, |0~N(0,5°), o° isknownand &~N(0,z*), 7% isunknown.

Then the marginal distribution (6.6.4) is

m(x|z*)
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P 1
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2mo pr +o 20° 3 20°(plo”+1/77)
P 1
1 )2 o’ 2 -1 2 X*plz?
= e X —X ) —
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P 1
1) o° 2 1 & (x —X%)? px>
= exps — ! .
210 pr’+o’ Xp{ 2 (,Zl“ o’ i pr’+o’

Hence we obtain the marginal distribution

P 1
oy (12 o ) “1f& (% -x)? px?
m(xz )_(Zﬂdj (pTZ-FO'ZJ exp{Z (,Z_l: o’ +prz+0'2 '




