Statistical Inference 11, 2013, HW6

Random vectors Xiz[ ”}, i=1..,n follow (iid) bivariate normal distribution
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where pz[ﬂl} and ):ztﬂ Z”} and the parameter 0= (u, 1y, 051,0%,0,,)" s
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1. Show that the score function is written as
S,(0)=Y_U,(0),
i=1

where U, (0) = (U,,(0),..,U,;(8))" has zero mean (show).
2. Derive the Fisher information matrix 1 (n, X)=nl,(n, ) (explicitly).
3. Find c(0)=Pr(X,;<X,,).
4. Find the asymptotically pivotal quantity (p.495) for c(0) and then derive the

(1-«a)-asymptotic confidence interval for c(0).



Answer:

1. Let |X|=0}0s, —0, and

Di(n, X) = {GZZZ(X“ mu o2 f _Iﬁé)l(xi2 A _ﬂ2)2}= (X, —p) (X — ).

The log-likelihood is
n 1& e
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n 13
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Note that
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2. Note that
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Thus, the Fisher information matrix is

92 % 0 0
| X |>23|
e Zu g 0 0
|Z] X ) , ,
_ ) O 01,0
W E)= O 21Lf  2]zf  |=f
0-122 0'141 _0-120_121
o 0 21zf  2Izp |Zf
0 0 0,0 222 _ 0'120'121 0'1210'222 + 0'122
L | | |

3. c(0)=Pr(X,<X,)= @[%J .

oc(0)
00
Since \/ﬁ(é—e) —4 N(O,1,(n, )™) (exactly), the delta method leads to

4. Let ¢(0)=

Jn(c@)—c(0)) —, N(0,¢(0)" I,(, £)¢(8)), and so

\/H(C(O)_C(e)) is the asymptotically pivotal quantity. Hence, the asymptotic
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confidence interval is
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