Quiz 1, Statistical Inference I: Date 10/1 (2015 Fall)
Name: __Shih Jia-Han

iid
1. Let X,,.,X,~N(&0%) and X =(X,.. X,).
1) Show that the joint density of X =(X,..,X,) forms an exponential family by

specifying all necessary components (e.g., dimension s, natural parameters,
parameter space, T functions, support, etc.).

2) Prove that the family is full rank.

3) Prove that the family is not full rank if £ =0 is assumed.

Ans:
1)

Xl,..,XniEN(g,GZ), X =(X,.. X,) let 9=(& c%).
PH(X):ﬁfi(Xi)

g -1 ,
g exp{zaz (%-<) }

1y (19 )
:(27[0'2) exp{ZaziZl“(Xi_ég)}
(Aol e L e (&
_(Zﬂj exp{ > %, ZO'ZZXi 2(02+Ioga j}

0 ia i1
Let
771(9):%’ 772(9)2_—12, Tl(X)=Zn:Xi, TZ(X)=Zn:xi2,
(o2 20 — —
B(9)=2(i—i+logazj and h(x):(%jz_
Therefore,

Pg(x)zexp{im(e)ﬂ(xi)—B(e)}h(x)

i=1
is a two-dimensional exponential family with y=(-o,»)" and

©=(~0,0)x(~00,0).



2)

2r i=1

pg(m:(iyexp{gixi_ijzix;_g(%.ogazj}

202" 202

-1
@:{( 3 j; §eR,o-2>O}={(771,772); nmeR,n,<0}.
® contains a two-dimensional open rectangle hence (e.g., A(L1-1), B(1,-2),

C(2,-1), D(2,—-2) then ABCD is an two-dimensional open rectangle

contained by ©) hence it is full rank.

3)
Let &£=0°.
12 (1¢ 1.8 , n ,
PB(X)—(EJ exp{ggxi—z—ézgxi —E(l'i‘logé: )}

Since ®:{[%.2_—;;j; §>0}:{(771’772); m>0,1,<0}.

Therefore, ® does not contain a two-dimensional open rectangle hence it is not

full rank.
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2. Let X, X,~Poisson(4) and X =(X,,X,).
1) Derive the canonical form of the joint density of X =(X,,X,) by specifying

all necessary components.

Ans:
P(x)= L et L e
X, ! X,!
1

— ﬂlerxz e—ZA
X 1X,!

exp{log A(x +Xx,)—-21}.
X 1X,!

Let n(4A)=Ilog A, we have

p(x|7) =——ep{n(2)(x+%,)-2¢"}
X!, !

=exp{n(A)T(x)—A(7)}h(x)
is the canonical form of a one-dimensional exponential family, where
1

n(A)=logA, T(X)=x+X,, A(n)=2e", h(x)= ,
X !X, !

2={0,1,---}x{0,1,---} and ®=(0,0).

2) Prove that the family is full rank.
Ans:
By 1)
p(x|7)=exp{n(A)T(x)—-A(7)3H(x).
Since ®={#n; n>0} contains an one-dimensional open rectangle (e.g.,
(1,2) is an one-dimensional open rectangle contained by ®) hence it is full

rank.



3. Let p(x|n)=ep{mx—A(n)}, xeX, be a density w.rt. the Lebesgue
measure u(X) =m(x). Derive the form of A(r) and the natural parameter
space ® when X=[0,0).

Ans:

Since
p(x|n)=exp{mx—A(7r)}.
Hence

J, pCxim)dx =1
= [ ep{m-A(7)}dx=1
:>J. exp{ nx Jdx = e < oo,
V4

When X=[0,), consider two different cases of >0 and 7<0.
If n>0:>j:exp{nx}dx=oo.

If n<0= .[:exp{nx}dx < o0
Therefore, the parameter space ® =(—x,0).

Then

Lw exp{ 7x Jdx = e

jleﬂx =eA(77)
T o
—0-LToet
n
o1
n

= A7) = Iog(_—l}
n
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4. Let X =(X,.,X,), where in~fg(xj):exp{in{(e)Ti'(xj)—B’(H)}h’(xj),

j=1.,n . Show that the joint density of X =(X,,..X,) forms an
exponential family by specifying all necessary components (e.g., dimension,
natural parameters, parameter space, T functions, support, etc.).

Ans:
iid S

XJ.~fa(xj)=exp{zni’(6)Ti'(xj)—B’(H)}h'(xj), j=1.,n and X =(X,..,X,).

R, () =[] f,(x)

= f[exp {Z i (O)Ti(x;) = B'(G)}h'(xj)

=exp{n (0T (% )+m,(0)T, (% )+-+n,(0)T(x)
m(OT(X, ) +m(0)T, (X, )+ +n (O)T(X,)

m(O % ) +75(0)T, (% ) -+ 1. (0)T (%, )—nB’(Q)}f[h'(X,-)

i1

exp{n{(e)im B EADNACSERRTA) RAES )—nB'(a)}ﬁ ()

i=1

exp{i(n{( 0)YTI(x, )]— nB'(e)}f[ (%)

=exp{im(0)n(x)—B(@}h(x)

i=1
is a s-dimensional exponential family with

1(0)=1(0), T(0)=XTI(x,), B(9)=nB(0), h(x)=[N(x,),

i=12---5s @:{(771,...,775); Lexp{ini(ﬁ)Ti(X)}h(X)<oo} with

support y=R".



