Midterm exam, Statistical Inference I: Date 11/6 (2015 Fall): [+30points]
Name: Shih Jia-Han

iid
Q1 [+4]. Let X,,.., X, ~U(0,8)
1) [+1] Find a sufficient statistic for 6 [with proof].
Ans:

n

fOn %) =[[H04) =[] 51(0<x <0)

i=1

1
:EI(0<X1,---,XH<6?)

1
:?I(0<x(l))l(x(n)<¢9)
=9,(T)h(x),
where gg(x):%l(x<0), h(x)=1(0<x,) and T =x,,.

By the factorization criterion, T =X, is sufficient statistics for 6.

2) [+3] Prove that the statistic is complete and minimal for 4.
Ans:

By 1), T=X,, issufficient statistics for 6.

Since
F(t)=Pr(T st):Pr(X(n) <t)
=Pr( X, ---, X, <t)=Pr( X, <t)"
t n
:(—J , O<t<é.
o
Then

n-1
fT(t):%FT(t):% 0<t<o.

n H

Therefore, if E,[ f(T)]=0, for all 8, we have

n-1

nt
0

Tf(t) - dt=0:>:0[f(t)t”1dt:0
:>i{f+(t)—f‘(t)}t”‘ldt=0

4 0
:>jf+(t)t“-1dt=j f-(t)t"dt
0 0



:ij fr(t)t"dt —if f(t)t"'dt
do+ do?

= f7(0)0" =1 (0)0""
= f(8)=1(0)
= f(6)=0, for all 4
= f(t)=0, for all t.
Hence we obtain if E,[ f(T)]=0, for all 6= f(t)=0, for all t.

Therefore, T =X, is complete and minimal for 6.



iid
Q2 [+4]. Let X,,.., X, ~ p,(x), where the density (w.r.t. the counting measure) is
n
Py (X)= (XJHX(].—H)”X, x=01..,n 1>6>0.

1) Express the density as the canonical form (specify all the components).
Ans:

f(xll"'1xn):ﬁ[fi(xi ):ﬁ[[z'jexi(l_e)nxi

" n Z:'Xi nz—iizl:xi
:H(x.] 0= (1-0)

i=1 i

0 Z (N
(%) wor [y
—exp! 3% log[ 2 |+ n?log( 1-0) [ "
—exp{glxi og(mjm og( 1- )}H(Xj

=exp{m(0)T,(x)—A(n)Ih(x)
is the canonical form, where

r={0,L---,n}x---x{0,1,---,n} and ®@={n|n >0}.

2) Find a complete and sufficient statistics (with proof).
Ans:
By 1),
FOx - %) =exp{m(0)T(x) - A(77) }(x).
Since the natural parameter space ®={r, |7, >0} contains an one-dimensional

open rectangle (e.g., (1,2)e®). Hence it is full rank.

Since itis full rank, T,(x) = in is a complete and sufficient statistics.
i=1



Q3 [+12] Let Xl,..,XnﬁfN(f,az),where 0=(,,0%).

1) [+3] Let 5=n—_182, where S? is the sample variance, be an estimator of
n

o’. Derive the risk R(6,5) under the squared error loss.
Ans:

Since

(n-1)s* ,

2 ~ Xdf-

Therefore, we have

4
E(S?)=0? and var(S®)= rfal'

Thus, the risk R( 8, 5) under the squared error 10ss is
2 2
R(6,5)= E{(n—_lJSZ _Gz} _ E{(n—_ljsz _[n—ljaz J{n—l}yz _Gz}
n n n n

- E{(”—‘lj(sz—az )—“—2} =(”—‘1j E(s?—0? )+
n n n n

n—1Y o’ n-1\’ 26 o
:(—j Var(82)+—2:(—) +—
n n n n-1 n

3 26 (n-1)+o* 3 2no* - o'
n’ n’

2) [+3] Verify that the above risk is smaller or larger than the risk of &' =S?.
Ans:

Therisk R(4,6") under the squared error loss is

4
R(6,5)=E(S?—o? )szar(SZ):ial.
Compare R(6,6) and R(6,0")
4 4 4
R(0,5')—R(0,5):20 _2na2 o
n-1 n
B 2n’c* -2n’c* +2nc* +no’ - o
(n-1)n?
4 4
_dno o,
(n-1)n’



Hence
R(6,5)>R(6,5).

3) [+6] Let )?=Zinzlxi /n and §=(X)* be an estimator of £2. Derive the risk

R(6,6) under the squared error loss.

Ans:
Since
— 1 — )
X:HZXi:X~N(§,a ).
i=l
Therefore,
X-¢
—=~N(0,1
oln (0.1)
— 2
X-&|
3(0/\/HJ Xdf=
n J—
:>_2(X_§)2~Zdzf:1
(o2
n <z 2 V2 2
:?(X +&E7 25X ) ~ K
Hence
E{lz(?2+§2—zgf)}=1
O
—2 2 2 0_2
=S>E(X )+&-2& :T
o 2
:E(Xz):§2+%
and

var{iz(i2 L 228X )}:2
(o2

= var( X' —2&X ) =

20"
n2
20°
n2

—var( X )+4&%var( X ) =

4&%60°  20°
n n

20" 4&0°
N  n

—var(X )+

= var( X )=




Thus,

R(@,@:E{Yz—(é%?

- E{Yz —(fz + o’
n

4

—2 (e

=var( X )++—
n

B Klon ~ 48%6°
n? n




Q4 [+10]
[+7] State and prove Basu’s Theorem
Ans:

Basu’s Theorem
If T isancomplete sufficient statistics for & and V isancillary for 4.
Then T LV.

Proof:
Let
P,=Pr,(VeA)

Since V isancillary for 4, we have

P,=Pr(VeA).
Let
na(t)=Pr(VeA|T =t), te{supportof T}.
Then,
P,=Pr(VeA)=E,[P(VeA|T)]=E,[n.(T)]
Hence

E,[7,(T)-P,1=0, for all 6.

By the definition of completeness,
n.(t)—P,=0, for all te{supprotof T}

=n,(t)=P,
=Pr(VeA|lT=t)=Pr(VeA)
=TL1V.

[+3] State how the sufficiency is used in the proof.

Ans:
Since

X LY

S Pr(XeAYeB)=Pr(XeA)Pr(YeB), for all A B

PrXE€AYEB) prxcA) foral AB
Pr(Y eB)

< Pr(XeAlYeB)=Pr(XeA), for all A B.

Hence

X1Y<Pr(XeA|lYeB)=Pr(XeA), for al A B.



