Final exam, Statistical Inference I: Date 1/11 (2015 Fall): [+40points]
Name: Jia-Han, Shih

Q1 [+18] Let Xl,..,XniEN(f,az), where 0=(£,0°). Let X=Y" X;/n, and

$7=3" (X —X).

a) [+2] Derive the UMVUE of £? (with proof)

Ans:

Since (Y:%ixi,s%i(xi—iﬂ is a complete sufficient statistic for
i=1 i=1

0=(&,0%).

Their distribution are
— o’ 2
X~ N(f'F and P Hitons-
Then we have
2

E(Y2)=E(Y)2+var(f)=§2+%

and

Therefore,

., g2 ., 52 , o2 0_2_ ,
E[X _n(n—l)]:E(X )_E(n(n—l)jZGZ +T_T_§'

2

Since XZ—

(n-1) is a function of complete sufficient statistic. Therefore,
n(n-

2

n(n-1)

—2

is the UMVUE of &2,



b) [+4] For the above estimator, derive the risk R(#,6) under the squared error

loss (include calculation details).

Ans:

Since X is complete sufficient statistic for £ and S? is ancillary for £. By

Basu’s Theorem, X and S2 are independent.

—2 §? 2 2_ VA s’
R(9,5):E{L(9,5)}=E{X —n(n_l)J—f} —Va{x _n(n—l)J

— 5?2
= var( X )+var(n( n—l)j'

For the following computation, | directly use the formula of E(Yk). This

formula will be proved latter.

var(X2) = E(X ' )—{E(X )P =&t + 250 5 § {5 +—2}

_ e, B8 5_0_4_250

n n n’ n

Thus, we have

var[fz— > }zvar(YZ)Jrvar( 5* ]
n(n-1) n(n-1)

4% 20° o’ ( S? J
= + + var| —
o

n n> n?’(n-1)> 2

4507 . 20" N 20"
2 2 '
n n n“(n-1)

Therefore, we obtain

2_2 4

40 20 20
R(0,0)= . +n2+n2(n—1)'

4




c) [+4] Derive the UMVUE of £* if o is known (with proof)

Ans:
If o isknown, we have
o 2 2 4
E(X'y=gi 800 +302
n n
and
o 2 2 22 4
E(x2)=§2+6—:>E(6ix2]=—665 +87
n n n n
Thus,
o 2 4 o 2 o 4
|z[x“—6ix2+302 j:E(X4)—6iE(X2)+3O;
n n n n
6£%6° 30* 607 65" 3c*
:§4+§ ta - 952_2—"2
n n n n n
=&
. —4 6o’—2 30t . . .. .
Since X - X +—- s a function of complete sufficient statistic.
n n
_ 2 4
Therefore, X4—66 X2+362 is the UMVUE of &*.
n n



d) [+2] Derive the UMVUE of ¢&* if o is unknown (with proof)

Ans:

Since X and S? are independent, we have

E(S—zfzJ _ E(S—EJE( X*)=( n—1)(§2 +°’_2j
O O n

2 22 4
E 6S & :609‘ +6o;
n(n-1) n n

and

E(S—i)zvar[s—z}{E(s—zJ} =2(n-1)+(n-1)>=(n-1)(n+1)=n*-1
o

(o2 (o2
4 4
n“(n“-1) n
Therefore,

E(T‘— 65" 2, j:E(Y“)—E( 65 YZJ+E(—2 3% J
n(n-1) n“(n“-1) n(n-1) n“(n“-1)

B 4+6§262 +304 605°,* 60 30
n n’ n n®> n?

= 54
—a4 6S° —2 3s*

Since X - X +—— is a function of complete sufficient
n(n-1) n“(n°-1)

6S? X’ 3s*

+—— is the UMVUE of &*.
n(n-1) n“(n“-1)

.. —4
statistic. Therefore, X -




e) [+6] Under the constraint & =0, derive the best estimator in a class of linear

unbiased combinations of two unbiased estimators. Use the notation
1 T'((n-1)/2)
C,=—F————
J2 T(n/2)

to simplify the results.

Ans:

iid —
If £=0,wehave X,,.,X,~N(&E). Itisclear E(X)=¢&.

Now, let
Y =§—§ ~ Yo > S =82
Then we have
o -1, -y
5(8)= B8 ) = () = e[y Y e
&2 r(nl2) G 1 Y E2YT(nl2)
‘2(“Mr((n—1)/2)£2“’2r(n/2>y © Y (-ni2)
=c, ¢
Therefore,
E(c,S)=¢.

Hence we obtain X and c,S are both unbiased estimator for & . Let
S=aX+(1-a)c.S isunbiased for &.
Then the risk

R(6,8)=E(5-&)? =var(5)=a?var( X )+(1—a )?*var(c.S).

aiR(e, §)=2avar(X )-2(1-a)var(c,S)=0
(94

- var(c,S)
var( X )+var(c,S)’

Since
o 2
var( X )=(’5—
n

and
var(c,S ) = E(c?S? ) E(c,S )* =c2&?(n-1) &
={ci(n-1)-1}"



Hence

o = {ci(n-1)-1}& _ n{ci(n-1)-1}
En+{c’(n-1)-1}* 1+n{c*(n-1)-1}

Thus, the best estimator in the class of linear unbiased combination is

aX+(1-a")c,S,
where

o = n{ci(n-1)-1}
1+n{c’(n-1)-1}




Formula

iid

If X,,--+, X,~N(& o%) with &* is known. The formula of E(Yk) is

—k k [k
E(X ):Z(rjgka(Yf),

where
Y ~N(0,5%/n)
and
) (r=1)(r—3)---3-1-(a*/n)"* wherer >2is even
E(Y")= .
where r is odd.
Proof:

One can write X =Y +¢&. By the binomial theorem, we have

E(X")=E{(Y+¢&)"}

s

k(K
Z(rjgk—rE(Yr )

r=0

Then

E(Y")= e dy.
()= '[y \/ 270%In Xp{zo'zln} d

Using the change of variable y= —u then we can obtain

U
' e d
_'[oy \/271'02/n Xp{zo'z/n} d
exp -1 G—zuz 2 du
\/272'6 /n 20%/n n Jn

fau

1[5
(%j N7 xp{—;f




Then consider the integral

I el 7 fo

If r isodd, itisan integral of an odd function over a real line. Hence it is zero. If

r is even, consider the change of variable u= Jw , then we have

2o 2o

zzj(M)rﬂexp{‘(*/zz_W)} L ow

; o r 1 2
_2 jwz 2e7dw = —— 2 F(§+l)

Jr - Jr

1 g(r=1yr=3) .31
:J;z(zj(zj 22V
=(r-1)(r-3)---3-1.

Therefore, we obtain

E(Y')= (r-=1)(r—3)---3-1-(a?/n)"? wherer >2is even
0 where r is odd.

Hence we have shown the formula of E( X" ).



iid
Q2 [+22] We obtain independent observations X,,., X, ~N(&6°) and
iid — m — n
Y, Y, ~N(@7,7%) , where 6=(&,0%n,7%) . Let X=>"" X,/m,Y=>"Y/n,

Sp=>. (X;=X)*,and S;=3" (Y,-Y).

a) [+3] Derive the UMVUE of &' (with proof)

Ans:

(X,Y,S2,S2) is complete sufficient statistic for 6=(¢&, o2, 77,7%).

Now, let
82 2 1/2
W:G—>;~;(df:m_1:>S:oW :
Then we have
0 m-1 —-W
E(S} )= E(a'W™) =0 E(W") = o [W"? 1 w? e?dw

20 D2P((m=1)/2)

0

1 m+r-1 -w

o 2M2P((m+r-1)/2) 7
- (m-D72 _ J. CE=EVE B w
2MIRL((m-1)/2) 32 r((m+r-1)/2)

o2 T ((m+r-1)/2)

r'((m-1)/2)
Here we define
__ I'((m-1)/2)
"2 ((m4+r—1)/2)
Therefore,
E(K,..Sx)=0".
Since K, .Sy is a function of complete sufficient statistic hence K__, .S; is

the UMVVUE of o'.



b) [+4] Derive the UMVUE of z"/c" (with proof)

Ans:

Since 7'/o" =7r"c". Similarly, we have

E(K,,,Sy)=1"

This formula is also correct for negative in the constraint
m>—r+1.

This is because the gamma function T'(« ), where « > 0. Therefore,

E(K S )=0".

m-1, —r

Also X and Y are independent. Thus,

E(K, 1 SK,y Sx)=t'c".
Since K, ,S/K,, Sy is a function of complete sufficient statistic hence
Koa Sy Ky Sy isthe UMVUE of 7' /o',

c) [+2] Derive the UMVUE of &/o  (with proof)

Ans:
We have

E(X)=¢
and
E(K,..Sy)=0"".
Since X and S? are independent, we have
E(XK,, 1S5 ) =E(X)E(K,, .S)=¢&lo.

Since YKmflﬁlS;l is a function of complete sufficient statistic hence

XK, , S isthe UMVUE of &/o.

10



d) [+4] Derive the UMVUE of &' when z? =0 (with proof)

Ans:

If 72 =07, then we have

iid

Xy X, ~N(&,6%) and Y, ,Y N(n,a ).

Then
P(X,Y)
l m
(272'0 )m’2(27r0 )"’zeXp{ZO-ZIZ_l: Z(Y 77)}
1 m n m
(2707 )™ Xp{ (le ;yi) %Zl:x + L ;Y & +’7}

Since @:{[ 12, & 1 j £eR,peRand o’ >0} contains a 3-dimensional
202" o' 6°

open rectangle hence it is full rank. Therefore,
[ZxﬂZyﬁZXwZYij
i=1 i=1 i=1 i=1
is a complete sufficient statistic for 6=(¢&,7,06°).
(X,Y,52=S2+52)

is also a complete sufficient statistic for 9=(¢&,7,0%).

Now, let
82 2 1/2
W :?~de:m+n—2 :>S =oW™".
Then we have
E(S")

m+n-2 j
—E(GrW”Z) rE(W1/2 J‘Wuz — 1 W 2 e?
(mn-22P((m+n-2)/2)

_ar2(m+”+"2)’21“((m+n+r—2)/2)

S 2MmA2P((mn—2)/2)
0 1 m+n+r—2_ﬂ
XIZ(”‘*””2)’2F((m+n+r—2)/2)w Coetdw
0

o 2"’ T((m+n+r-2)/2)

~ I((m+n-=2)/2)

Therefore,

11



Since K S" is a function of complete statistic hence K S" is the

m+n-2,r m+n-2,r

UMVUE of o'.

e) [+5] Derive the UMVUE of ¢ when =75 and o°/7° =y is known (with
proof).

Ans:

If £=n and o°=y7’, then we have

iid iid
Xy X, ~ N( &, yr*) and Y, Y, ~N(&, 7).
Then

Pe( X, Y)

1 1o
=(2727/2_2)m/2(27n_2)n/zexp{zyz_zz( —é) Z(Y éf)}

i=1

1
= }/m/Z( 272_2_2 )(m+n)/2

Xexp{ (ZX2+J/Zy.j+—(ZX +;/ZYJ 5(“7)}

2y7?
Since O= {(_—12 izj &eRand 7% > O} contains a 2-dimensional open
2yt yT

rectangle hence it is full rank. Therefore,

(T ZX +7/Zy,, Zx +yZYj

is a complete sufficient statistic for 9= (&,7%).

Thus,

E(mX +mY )=(m+m)éE= E( LE jzf.
M-+

. T. . . . . . T. .
Since 2 is a function of complete sufficient statistic hence 2 is the
m+m m+m

UMVUE of ¢&.

12



f) [+4] Find an unbiased estimator of & when &=n (with proof).

Ans:
Since y isunknown, we can estimate y by

2

. G
4 P
S2 S2
where 6% =—*_ and #*=-"Y"are unbiased.
m-1 n-1
Then
E(mx +{nYJ:E( mXA J+E( myY J
m-+ 7 m+n m-+
Let
a= and 1-4 =
m+n m-+ 7
Therefore,
E(MJ: E(4X)+E((1-G)Y)
m+
=E(a)+{1-E(a)}
= ¢,
Hence mX =+ ny is an unbiased estimator of ¢.

m+ /n



