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NOTE1: Please write down the derivation of your answer very clearly for all questions. 

The score will be reduced when you only write answer. Also, the score will be reduced if 

the derivation is not clear. The score will be added even when your answer is incorrect 

but the derivation is correct. 
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1. Bayes interval 

Let ),(~),...,( 2

1 NXXX
iid

n , where 2  is known, and ),0(~ 2 N .  

1.  Find 1  HPD confidence interval for  . 

2. Compare the length of the HPD confidence interval with that of the usual 1  

confidence interval. 

3. Calculate the coverage probability ))(( XCP B , where )(XCB  is the HPD 

confidence interval. 
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2. Goodness-of-fit test  

Consider 0100 :      vs.: FFHFFH   based on iid data FXX
iid

n ~),...,( 1  for a 

continuous c.d.f. F . 

(a) Show that the distribution of the Cramér-von Mises statistc 

  )(})()({)( 0

2

00 xdFxFxFFC nn  

does not depend on 0F . 

(b) Express the Cramér-von Mises statistc in terms of V-statistic. 

(c) Show that the distribution of the Kolmogorov-Smirnov statistic 

|)()(|sup)( 00 xFxFFD nxn   

does not depend on 0F . 

(d) Derive the c.d.f. of )( 0FDn . 
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3. Data ),...,( 1 nXX  follows independently and identically a Weibull distribution with 

)()(})/(exp{)( ]0,(),0( xIxIxxXP c

i    , where 0  is unknown and 0c  is 

known. Derive a level (1- )  -UMA confidence set for some set  . 
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4.  Likelihood based interval 

Let )(~),...,( 1 PoisXXX
iid

n , where   is the mean parameter. Find 1  

confidence sets for   by inverting the LR, Wald and Score tests. (explicit solution 

whenever possible) 
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5.  Confidence band 

Let ),0(~),...,( 1 UXXX
iid

n . Find the ( 1 ) confidence band for the c.d.f. 
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Answer 1: 

1. Note that ),(~|
22

22

22

2










 n
x

n

n
NX . Then, the HPD confidence interval is 
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n
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2. For the usual 1  confidence interval, 

n
zXC

2

2/12)}({length


 . 

On the other hand, 

n
z

n
z

n
zXCB

2

2/122

2

2/122

22

2/1 2
/

22)}({length









  





 . 

Hence, the HPD is shorter than the usual confidence set. 

3. 









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n
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Especially, when 2 , then 1a . Therefore, 




))((lim 2 XCP B
       12/12/1 zz . 
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Answer 2 

(a) Notice that 



n

i

i

n
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in xFUI
n

xXI
n
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1
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(c)  
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(d) As discussed in class, 

})(),(max{)( FDFDFD nnn

 , 

where  
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where 10 )1()()1()0(  nn UUUU   are order statistics for the uniform random 

variables. Then,  
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
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             (*) 

Now we find })(Pr{ tFDn   in three cases: 

Case i) 1t : 1})(Pr{  tFDn  since 1)( FDn  by definition. 

Case ii) 
n

t
2

1
 : Then, 

n

i
tt

n

i 1
 . Hence, the last equation in (*) is zero. 

Case iii) 1
2

1
 t

n
: 

The p.d.f. of ),,( )()1( nUU   is )10(! 1  nuuIn  . It follows that 
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where 1 inj . 

Therefore by Cases (i)-(iii), 
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Answer 3: 

Since )log/exp()()( ),0(

1  cxxIcxxf cc

i

c

ii  

 , the p.d.f. of full data is 

)}()()(exp{)log/exp()()(
1

)1(),0(

1

1   






 XYncxxIxcxf c
n

i

c

i

n

i

c

i

n , 

where c /1)(   is strictly increasing and 2

2~)2/exp()/2Pr(  xyX cc

i  . 

Hence, 2

2~/)(2 ndf

cXY  . Solving 


  )
22

()(
00

00 cc

dY
PdYP , 

2/2

1,20   ndf

cd . Hence, by Corollary 6.1, the UMP for 0100 :     vs.:   HH  is 

))(()( ),( XYIXT d 


, where 2/2

1,20    ndf

cd . 
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The acceptance region is 









 



 2/:)( 2

1,20

1

0  ndf

c
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c

iXXA . 

By inverting the test, 
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1,2

1

2

1,2

1

c
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n

i

c

i

c

ndf

n

i

c

i XXXC   . 

Let }:{   , where ),( 00
  . Then,  

),(}:{)},(:{   . 

 

 

Answer 4: 

 nXnX
i

i   loglog)(log  , 

n
Xn

sn 









 )(log)(  , 

MLE is X̂ . 

1) LR test: 2

1)()log(log2)}(log)({log2  dXnXXn   . 

 nXXXXC /)()log(log2)( 2

1,1   . 

2) Wald test: 2

1

22 /)()ˆ)(ˆ(  dXXnI  . 

 2

1,

2

1,2 )/(,)/()(   nXXnXXXC  . 

3) Score test: 2

1

22 /)()ˆ(/)(  dn XnIs  : 
















2

22

1,

2

1,

2

1,

2

22

1,

2

1,

2

1,

2
4

)(

2
,

4

)(

2
)(

nn
X

n
X

nn
X

n
XXC

 
. 
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Answer 5: 

Note that the c.d.f. is 




















t

tt

t

tF

,1

0,/

0,0

)( , and thus, 

)()(
21

21

21 tFtF
tt




  . 

It follows that 

))()()(Pr()Pr(1
)(

/1
)()(

/1

)( tFtFtFXX
n

n
n XXn

n

n  

 . 

Therefore, the ( 1 ) confidence band for the c.d.f. is  )(),(
)()(

/1 tFtF
nn

n XX
. 

 

 

 


