Statistical inference I, 2012 Fall, Homework#3

iid _
1. Xy X, ~N(u,0%), 0=(u,0%). Let 9=p" and T,=X?> be an estimator

of §.Find mse; (0)=E(T, —3)* and compare it with the asymptotic MSE.

iid
2. X=(X,., X,)~N(u1), where uelc,d]=0 and let
T,(X)=cl(X <c)+ XI(c< X <d)+dI(X >d) be an estimator of .
a) Calculate F; (x)=P(T,(X) <x) using the standard normal c.d.f. ®(x) .

b) If ¢ >0, show that E[T,(X)]= T[l— Fr ()]dx.

c) Obtain E[T,(X)] in terms of an integration of ®(X).

3. X =(X1,..,Xn)iEN(,u,1), where peR. Let $=P(X,<c)=®(c—pu), where
® isthec.d.f.of N(01) and c is a fixed constant. Let T,, =F,(c), where F,
is the empirical c.d.f., and T,, = ®(c—X).

a) Find the asymptotic MSE’s of T, ad T,,.

b) Which estimator is asymptotically more efficient?

3. Exercise 122(2" ed., J. Shao, p.159):

iid
XX, ~Bin(n=1, p). Let a and b be positive constants. Find the asymptotic

relative efficiency of (a+nX)/(a+b+n) wrt. X.



This is a simplified answer. In the exam, you need to write more detailed
calculations.

Answer 1

va 2
Note that ¥ ~ y&_, . This leads to

E{(X —u)’}=c*/n and Var{(X — x)’}=2c"/n*. Hence,
E(X - p)* =Var{(X - )" }+{E(X - p)*¥ =3c" In’.

Therefore,

mse; (0)

= E(X? = 1*)? = E{(X -+ p1)* - *¥ = E{(X = )" +20(X — p)¥’
= E(X = )" +4uE(X - )’ + 44 °E(X - p)?

=30* In?+ 44262 In

i)If %0, By deltamethod, ~n(X?- %) —, N(0,4u%c?).
amse; (0) =4u’c’/n.

i) If =0, VnX/o=N(01),and nX?/o?=y% . Hence,
n*E[X‘1/o* = E[(x4.)°1=3,and amse; (§)=E[X*]=3c"/n’.
Answer.

® mse (0)=3c"/n’+4u’c’In

B 4u*c?In (u=0)
* am]seT”(e)_{%"‘/n2 (u=0)
Answer 2
1 (x>d)
a) F()={0o{n(x-p)}  (c<x<d).
0 (x<¢)
b)

T[l— Fr (X)]dx = ]2 P(T,(X)>x)dx = TTdFT1(y)dx

B ﬁdXd R (y)= T ydF; (y) = E[T,(X)].

Vn(d-p)

) E[T,(X)]= j[l F, (0ldx=d - jcb{f(x ,u)}dx d-L [odt.



Answer 3

Since V/n(T,, —9) -, N(0,9(1-9)),

amse, (u)=9(L-9)/n.

By /n(X —u)—, N(0,)) and the delta method for g(x)=d(c—x),
In(T,, =) >4 N(O.¢* (¢~ 1))

Hence, the asymptotic relative efficiency of T,, w.rt. T, is

amse; (u)=g¢*(c—-u)/n.

¢’ (c—p)
O(c—-u){l-d(c-x)}

Hence, T,, isasymptotically more efficient than T,,.

e 5, M(p)= <1. (see Figure)
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func=function (u) {
dnorm (u) *2/pnorm(u) / (1-pnorm(u))
}

curve (func, -2, 2, xlab="c-mu", ylab="e T1,T2")



Answer 4

By CLT, Vn(X -p)—>,Y =N(0, pl-p)).
Let T(X)=(a+nX)/(a+b+n). Then,
Vn(T (X)-p)

=avn/(a+b+n)+n{nX /(a+b+n)— p}
—o(t)- X n(a-+b)/(a+b+n)j+n(X - p)
=0, (1) +Vn(X - p)

-, Y

amse; (p) = amsey (p) = p(1-p)/n.

Hence, ARE is 1.[]]



