Quiality control 2013 Spring, Final Exam [+50 points]

Not only answer but also calculation

Proof and calculation must be clear

1. Basic control charts [+10]

2. Control ellipse [+12]

3. Multivariate chart for n [+8]

4. LR-Chart for = [+10]

5. |s|-Chart for = [+10]

Your Name:



1. Basic control charts [+10]

1) [+2] An engineer designs a 3-sigma X -Chart with the consumer’s risk below 0.20.
Using some approximation, find the sample size n under x—u, =1 and o =1. Here, w4,
and u represent the in-control and out-of-control means.

2) [+2] An engineer designs a 3-sigma p-Chart with the consumer’s risk below 0.50.
Using some approximation, find the sample size n under p, =0.01 and p =0.04. Here,
p, and p represent the in-control and out-of-control fraction nonconforming.

3) [+2] A manufacture conducts a waterproof testing for 5 electric boards. The number of

defective circuits on the board is recorded as follows:

Board ID 1 2 3 4 5
The number of defectives circuits 20 20 23 25 12
The number of circuits 200 200 200 200 200
Defect rates

Draw a p-control chart.

4) [+2] Remember that the p-Chart uses an approximation S Sl S N(0J1) ,

\Pod=py)/n

where p=D/n, D ~ Bin(n, p,). Explain the reason why this approximation holds (with

mathematical proof).
5) [+2] Discuss whether the normal approximation in the data of 3) is suitable or not

(with some theoretical or numerical explanations).



2. Control ellipse [+12]

id 1 5 -4
Consider data X,,..., X;s ~ N, (n,X), where p= (J z :( j

o 16
(1) [+2] Derive the distribution of X = %in
i=1
( Hint: use the moment generating function or characteristic function )

1
(2) [+2] Define a control ellipse for monitoring p = (J

(3) [+6] Draw a control ellipse for o =0.010.
_ (X 1/4
@ [+2]1Is X :[){j :( 1/4) in-control? Verify your answer.
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3. Multivariate chart for p [+8]

The data below are generated from the bivariate normal distribution with

50 200 100
N, p= X = ,n=25and m=15.
30 100 100

K X, X¢ T?
1 (58, 32)
2 (60, 33)
3 (50, 27)
14 (75, 45)
15 (55, 27)

From the above data, we obtained
= |55 200 130
X= , S= )
30 130 120
1) [+4] Draw y?-chart with o =0.01.

2) [+4] Draw Hotelling T ?-chart with o =0.01(you can assume that m is large enough).



4. LR-Chart for ¥ [+10]
k=1..,m are generated from the bivariate normal distribution

The data X,,..., X

-

. 1& 1 n . =\
Let X, =Hink and S, == 1Z(xik—xk)(xik—xk) .
i=1 L=z

with Nz(p.

200 130
130 120

D,n:25andm:15.

k Rk Sk Wk |Sk|
. 58 30 200 100
(58, 32) 100 100
. 4220 [150 100 ]|
(42, 20) 1100 130 |
15 55, 27 180 1301
(55, 27) 1130 140 |

Based on group k™ data, engineer wish to test H,: ==, vs. H,:% =%, with & =0.01.

1) [+3] Derive the formula of the maximized likelihoods L, (ji,,Z,) under H, and

Lk(ﬁ,i) under H, U H, interms of A =(n-1)S, and X,.

2) [+3] Derive the formula of the LR statistics W, in terms of A =(n-1)S, and X, .

Then, describe the “convergence” of W, (no need proof, but clearly state).

3) [+4] Draw the likelihood ratio LR-chart.




5.|S|-Chart for £ [+10]

Consider the same data structure as Question 4.

1) [+4] Derive the mean and variance of |S, |.

2) [+4] Draw | S | -chart with & =0.01.

3) [+ 2] Which is better between LR-chart and | S |-chart? Give theoretical or practical

%9 ¢

reason [your reason must be scientific; don’t use words such as “easy”, “convenient”, etc.]



Answer 1 (basic chart):

1) Note thatd = u—u, =1 and o=1.Then, k=6/0c=1.

0.2=dB-nk) = n={3-0(0.2)} ={3+0.84} =14.45

<. n=15
*
2) If p=UCL = p,+ 3,/p°(n Po) then 5= 0.5. Hence, 0.04=0.01+3 /—0'01n0'99
s n=99
3) p= 20+20+23+25+12 _o1
200x5

ucL=p+3/PA=P) _g1,3(299 164

n 200
LoL=p-3,/PA=P) _g1-3 %% _p 0364

n 200

005

4) One can write D ZZY. , where Y,,..., Y, Bln(l p). By the CLT,

i=1

b F =3 Y~ Py —J_Z YoPo 0 ,N(O1), nose.

\ po(l_ po)/n 14/ po(l po 14/ po(l po

5) For instance, the normal approximation is good if np, >5 & n(1—-p,) >5(p.105 of

Casella and Berger, 2002). Other criterion is that the normal approximation is good if

p>0.1&np>10 holds (Montgomery, 2009). In this example, np =200x0.1=20>5.

Hence, both conditions are satisfied. Hence, it is appropriate to use the normal

approximation.



Answer 2 (Control ellipse):

(1) Note that the m.g.f. of X, is E[exp(t'X,)] =exp{t’u+%t'2t]

The m.g.f. of X is

E[exp(t'X)] = E[exp(%it’xi )] = f[ E{exp{(%) X, H

z[ex{(z)wz(z} z@ﬂ el {2
n 2\n n 2 \n
This is the m.g.f. of N,[u,=/n]. Therefore,
_ 1 5 -4
X~ N, L .
1)16\-4 5

-1, —

_ 1(5 -4)] (X, -1
2) Note that (X, -1, X, —1)| — A B P
@ (XL X ){16(—4 5}} [Xz—lj Aotz

and x2_o o040 = 9.21. Therefore, the control ellipse is

oo 1w L5 (%)L
C ={(X11 XZ)(X1_17X2_1)|:E(—4 5 j:| [)?2 _:J<Za0.010,df2}
:{(K' X)) 5(X, ~1)” +8(X, ~1)(X, ~1)+5(X, ~1)° < 9x1%21}

5 -4
(3) Eigenvalues and vectors of ( 45 ] are

A=9, elzi[l}and A =1, ezzi{l]
J2[-1 V21

Radius of principal axis is 4,72 oo /N ~/9x9.21/16 =2.28,

Radius of its orthogonal axis is \/Qljzo_omydf:z In ~+9.21/16 =0.76.

2 2 2
0,0, —03, =9



® On principal axis:

: 1] 1[17] [261]

n+ \/j’llzx:0.0lO,df:Z Ine, = 1] + 2'283__1 - 1-0.61
1] 1[17 [-061]

u_\//’il;(§=0.010,df=2 Ine, = 1 _2'283 __1:| - | 2.61 | .

® On its orthogonal axis:

H+\/ﬂ~2;(2_0010df_2/n62: 4—0.76i . = 1.54 .
o 1] V2|1 L4
1] 1 [1] [0.46]
u_\//lzlizo.mo,df:z/nez = 1] _0.76E_1_ = 046 .
® If X, =1,
2 2 2 2
UCL, =u, + 0,0, _ Oy Xa=0010,df=2 14 g% =202
2 oy n 5 16
2
LCL, =u, + 0,03 2_0'122 X a=0010,df =2 1 99.21 _ 0.02
2 o; n 5 16
o If X,=1,
2 2 2 2
UCL, =, + 0,0, _ O3y A2=0010,df =2 14 g% 200
1 oF n 5 16

o, n

(4) Let (X,, X,) = (1/4,~1/4). The chi-square statistics is

sean % ] emsfal (2
16\-4 5 X,-1 16\-4 5 -5/4

5 —4\'(-3) 1 5 4\ -3
- (-3,-5)(_4 ; j (_ 5) =§(-3,-5)(4 5)( 5) =290/9=32.22> 12 o010 arr = 9:21

*. out-of-control.
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Answer 3 (Multivariate Chart):

UCL= x2 010410 = 9-21 for (1) and (2)

. 50 200 100 B 1 100 -100 111 -1
SinceN,| p= , 2= , X = — =— .
30 100 100 10000 | -100 200 | 100|-1 2
.= |55 200 130 B 1 [120 -130] 1 [12 -13
Since X = , S = , ST E=—— =— .
30 130 120 7100 | -130 200 | 710 -13 20
For k=1,
-1(8 12 -13]3
=—(8 2 ! _10, T?=-2(32) _BX32 4997,
-1 22 710 -13 20 |2| 710
Similarly, we obtain as below:
k X, X, X¢ T?
1 58 32 10.00 (out) 1.127
2 60 33 14.50 (out) 3.169
3 50 27 4.50 3.169
14 75 45 81.25 (out) 52.817 (out)
15 55 27 18.25 (out) 6.338
Codes:
n=25

x1=c(58,60,50,75,55);x2=c(32,33,27,45,27)

m=length(x1)

X_mat=cbind(x1,x2)

Mu=c(50,30)
Sigma=matrix(c(200,100,100,100),2,2)

X2=NULL

for(k in 1:m){
x_vec=c(x1[k],x2[k])
X2[k]=t(c(x_vec-Mu))%*%solve(Sigma/n)%*%c(x_vec-Mu)

qgchisq(1-0.01,df=2) ### UCL

Mu=c(55,30)
Sigma=matrix(c(200,130,130,120),2,2)

T2=NULL

for(k in 1:m){

x_vec=c(x1[k],x2[Kk])
T2[k]=t(c(x_vec-Mu))%*%solve(Sigma/n)%*%c(X_vec-Mu)
}

qgchisq(1-0.01,df=2) ### UCL
round(T2,3)
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Answer 4 (LR-chart):

25

5
—_— —255.
(27[)25 | Ak |25/2 exp{ }

1) L(, Zo) = exp{—%tr(EolAk)} (I ﬁl) =

1

) L) A
A - 2525 Z 25/2
L (n,2) | Zo |

exp{—%tr(ﬁolAk) + 25} :

W, =-2log M =-25 Iog(w] +50log 25 +1tr(Z;'A)-50—2—> 42 . (n—> o).
L (1,2) |2, |

3) UCL= 1 o1 ars =11.34.

. 200 130
Since X = ,
130 120
2 , 112 -13
|2 |=200x120 -130° = 24000 —16900 = 7100, X" =——
7101 -13 20
For k=1,
200 100 200 100 , (200 100 )
S, = , A =24x , | A =247 % =24°%10000 .
100 100 100 100 100 100

|A| 24>x10000 247 x100
=] 7100 71

TIA 24 | 12 13| | 200 100 24 | 1100 -100
= — X = — .
710(-13 20 100 100| 710|-600 700

=-25log| —— |+50log 25+ tr(X, -50=-25log 27)+50log 25+ ——x —
W, =-25I :Qk: 50log 25+ tr(Z,"A ) —50 = —25log(811.27)+50log 25 72140 1800-50

0

=4.32<11.34 (in-control)

=811.27,

For k=7 and 15,
W, =5.61<11.34 (in-control),

W, =1.55<11.34 (in-control)
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Answer 5 (S-chart):

1) Note that | S, |~ 1)2 H 72

ElS = H(n—l) b [Z],

(n —1)p

ElS, - (n'fl')zpﬁE(zﬁ_i)Z— 2L Ten- )+ =)=

Var(|S, |) =

1)sz(n_')H(2+n i)— [ 1)pl_[(n—l)}
s 1)sz(” |){H(2+n i)— H(n o} b, |

2) 2,5 = 25015 = Zyoos = ©(0.995) = 2.58 (by Table).

200 130 2
2| _ 200 x120 —1302 = 24000 —16900 = 7100 .
130 120
f o BD25-2) 230
B-1° 24
b, = (25(2?(23 2) 127 ~1)(27 - 2) — (25— 1)(25— 2)} = ﬁgg 0.163.

Center=Db, | £ |= 7100 x0.958 = 6801.8.

UCL=h, |Z|+2,,, x+/b, | |=6801.8+2.58+/0.163 x 7100 =14197.37 .

LCL=b, |2|-z,,x,/b, | < |=6801.8—3.294/0.163 x 7100 = -593.77 .

| S, [=10000 (in - control)

| S, |=9500 (in -control)

| S5 [=8300 (in -control).
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