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Q2  

Let 𝑋1, … , 𝑋𝑛 𝑏𝑒 𝑖𝑖𝑑 𝑓(𝑥|𝜂) = −𝜂 exp(𝜂𝑥) , 𝜂 < 0, 𝑥 > 0. 

(1) Derive the MLE 𝜂̂ of η. 

(2) Calculate the bias 𝐸𝜂[𝜂̂] − 𝜂. 

(3) Show that 
𝑋𝑛

𝑋1+⋯+𝑋𝑛
 is an ancillary statistic for η. 

(4) Calculate 𝐸𝜂[
𝑋𝑛

𝑋1+⋯+𝑋𝑛
] (need proofs) 

 

Solution: 

(1) 

L(X|𝜂) =∏−𝜂 exp(𝜂𝑥𝑖) = (−𝜂)𝑛exp (

𝑛

𝑖=1

𝜂∑𝑥𝑖)

𝑛

𝑖=1

 

logL(X|𝜂) = 𝑛𝑙𝑜𝑔(−𝜂) + 𝜂∑𝑥𝑖

𝑛

𝑖=1

 

𝜕𝑙𝑜𝑔𝐿

𝜕𝜂
=
𝑛

𝜂
+∑𝑥𝑖 = 0

𝑛

𝑖=1

⇒ −∑𝑥𝑖 =
𝑛

𝜂
⇒ 𝜂 = −

1

𝑥̅

𝑛

𝑖=1

 

𝜕2𝑙𝑜𝑔𝐿

𝜕2𝜂
= −

𝑛

𝜂2
< 0 , ∀𝜂 (∵ n > 0) 

Therefore, 𝜂̂ = −
1

𝑥̅
 𝑖𝑠 𝑡ℎ𝑒 𝑀𝐿𝐸 𝑜𝑓 𝜂. 

 

(2) 

E (−
1

𝑥̅
) = −𝐸(

𝑛

∑ 𝑥𝑖
𝑛
𝑖=1

) 

𝑋𝑖~𝐺𝑎𝑚𝑚𝑎(1,−
1

𝜂
) ⇒∑𝑋𝑖~𝐺𝑎𝑚𝑚𝑎

𝑛

𝑖=1

(𝑛, −
1

𝜂
) 

∫
1

𝑡

1

г(α)βα
𝑡𝛼−1𝑒

−𝑥
𝛽 𝑑𝑥

∞

0

=
г(𝛼 − 1)𝛽𝛼−1

г(𝛼)𝛽𝛼
∫

1

г(𝛼 − 1)𝛽𝛼−1
𝑡(𝛼−1)−1𝑒

−𝑥
𝛽 𝑑𝑥 =

1

(𝛼 − 1)𝛽

∞

0

 



−E(
𝑛

∑ 𝑥𝑖
𝑛
𝑖=1

) = −𝑛𝐸 (
1

∑ 𝑥𝑖
𝑛
𝑖=1

) = −𝑛
1

(𝑛 − 1) (−
1
𝜂)
= (

𝑛

𝑛 − 1
)𝜂 

∴ Bias 𝐸𝜂[𝜂̂] − 𝜂. = (
𝑛

𝑛 − 1
)𝜂 − 𝜂 =

1

𝑛 − 1
𝜂 

 

(3) 

𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑋𝑖~𝐺𝑎𝑚𝑚𝑎 (1,−
1

𝜂
) , ∑𝑋𝑖~𝐺𝑎𝑚𝑚𝑎

𝑛

𝑖=1

(𝑛, −
1

𝜂
) 

We can know 

2𝑋𝑖

−
1
𝜂

~𝜒2
2  𝑎𝑛𝑑 

2∑ 𝑥𝑖
𝑛
𝑖=1

−
1
𝜂

~𝜒2𝑛
2  

⇒
𝑋𝑛

∑ 𝑥𝑖
𝑛
𝑖=1

=

2𝑋𝑛

−
1
𝜂

2∑ 𝑥𝑖
𝑛
𝑖=1

−
1
𝜂

=
𝜒2
2

𝜒2𝑛
2  𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝜂 

Therefore, 
𝑋𝑛

𝑋1+⋯+𝑋𝑛
 is an ancillary statistic for η. 

 

(4) 

Because L(X|η) =∏−𝜂 exp(𝜂𝑥𝑖) = (−𝜂)
𝑛exp (

𝑛

𝑖=1

𝜂∑𝑥𝑖)

𝑛

𝑖=1

 

𝜂 < 0 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑎𝑛 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓 𝑅 

∴∑𝑥𝑖

𝑛

𝑖=1

 𝑖𝑠 𝑐𝑠𝑠 𝑜𝑓 η. 

E(𝑋𝑛) = 𝐸[
𝑋𝑛

𝑋1 +⋯+ 𝑋𝑛
∙ (𝑋1 +⋯+ 𝑋𝑛)] 

By Basu Theorem,
𝑋𝑛

𝑋1 +⋯+ 𝑋𝑛
 is independent with 𝑋1 +⋯+ 𝑋𝑛   

⇒ E(𝑋𝑛) = 𝐸 [
𝑋𝑛

𝑋1 +⋯+ 𝑋𝑛
∙ (𝑋1 +⋯+ 𝑋𝑛)] , 𝑤ℎ𝑒𝑟𝑒 𝑋1 +⋯+ 𝑋𝑛~г(𝑛,−

1

𝜂
) 

= ∫ 𝑥(−
∞

0

η) exp(ηx) dx = E[
𝑋𝑛

𝑋1 +⋯+ 𝑋𝑛
]
𝑛

−η
 



⇒ −
1

𝜂
= E[

𝑋𝑛
𝑋1 +⋯+ 𝑋𝑛

]
𝑛

−η
 

⇒ 𝐸𝜂[
𝑋𝑛

𝑋1 +⋯+ 𝑋𝑛
] =

1

𝑛
 

 

Q4 

Let 𝑋1, … , 𝑋𝑛 𝑏𝑒 𝑖𝑖𝑑 𝑓(𝑥|𝜃) = 2𝜃2𝑥−3𝐼(𝑥 ≥ 𝜃), 𝜃 > 0. 

(1) Derive a size-α LR test for testing 𝐻0: 𝜃 ≤ 𝜃0 𝑣𝑠. 𝐻1: 𝜃 > 𝜃0. 

(2) Derive the power function. 

(3) Draw figures of the power function under 𝜃0 = 1, 𝛼 = 0.5, 𝑛 = 1 𝑎𝑛𝑑 2 

(details). 

(4) Derive a (1 − α) one-sided CI by inverting a test 𝐻0: 𝜃 = 𝜃0 𝑣𝑠. 𝐻1: 𝜃 > 𝜃0. 

 

Solution: 

(1) 

L(θ|X) = 2𝑛𝜃2𝑛(∏𝑥𝑖)

𝑛

𝑖=1

−3

𝐼(𝑥(1) ≥ 𝜃), 𝜃 > 0. 

𝜃 = 𝑥(1) 𝑢𝑛𝑑𝑒𝑟 𝐻 

𝜃0̂ = {
𝑥(1), 𝑥(1) ≤ 𝜃0
 𝜃0, 𝑥(1) > 𝜃0  

under 𝐻0 

λ(x) = {

1                 , 𝑥(1) ≤ 𝜃0

2𝑛𝜃0
2𝑛(∏ 𝑥𝑖)

𝑛
𝑖=1

−3

2𝑛𝑥(1)2𝑛(∏ 𝑥𝑖)
𝑛
𝑖=1

−3 , 𝑥(1) > 𝜃0
= {

1      , 𝑥(1) ≤ 𝜃0

(
𝜃0
𝑥(1)

)2𝑛, 𝑥(1) > 𝜃0
 

λ(x) ≤ c ⇔ (
𝜃0
𝑥(1)

)

2𝑛

≤ 𝑐 & 𝑥(1) > 𝜃0 

⇔
𝜃0
𝑥(1)

≤ 𝑐
1
2𝑛 ⇔ 𝑥(1) ≥ 𝜃0𝑐

−1
2𝑛  

α = 𝑃𝜃0 (𝑥(1) ≥ 𝜃0𝑐
−1
2𝑛) = (𝑃𝜃0 (𝑥(1) ≥ 𝜃0𝑐

−1
2𝑛))𝑛 = (∫ 2𝜃0

2𝑥−3𝑑𝑥)
∞

𝜃0𝑐
−1
2𝑛

𝑛

= 𝑐 

⇒ c = α 

∴ Rejection region ∶ R = {𝑥: 𝑥(1) ≥ θ0𝛼
−
1
2𝑛} 

  

 

 

 

 



(2) 

β(θ) = 𝑃𝜃 (𝑥(1) ≥ 𝜃0𝛼
−1
2𝑛) = (𝑃𝜃 (𝑥1 ≥ 𝜃0𝛼

−1
2𝑛))𝑛 

=

{
 
 

 
 (∫ 2𝜃2𝑥−3𝑑𝑥)

∞

𝜃

𝑛

, 𝑖𝑓 𝜃0𝛼
−1
2𝑛 ≤ 𝜃 

(∫ 2𝜃2𝑥−3𝑑𝑥)
∞

𝜃0𝛼
−1
2𝑛

𝑛

, 𝑖𝑓 𝜃0𝛼
−1
2𝑛 > 𝜃

 

= {
1      , 𝑖𝑓 𝜃0𝛼

−1
2𝑛 ≤ 𝜃

𝛼(
𝜃

𝜃0
)2𝑛, 𝑖𝑓 𝜃0𝛼

−1
2𝑛 > 𝜃 

 

 

(3) 

Let 𝜃0 = 1, 𝛼 = 0.5, 𝑛 = 1 𝑎𝑛𝑑 2 

β(θ) = {

1

2
𝜃2𝑛, 𝑖𝑓 𝑋(1) > 𝜃0 𝑎𝑛𝑑 𝜃0𝛼

−1
2𝑛 > 𝜃

1   , 𝑖𝑓 𝑋(1) < 𝜃0 𝑎𝑛𝑑 𝜃0𝛼
−1
2𝑛 ≤ 𝜃

 

When n=1. 

𝛽1(𝜃) = {
1 , 𝑖𝑓 𝜃 > √2

1

2
𝜃2  , 𝑖𝑓 0 < 𝜃 ≤ √2

 , 

𝛽1
′(𝜃) = 𝜃 𝑎𝑛𝑑 𝛽1

′′(𝜃) = 1 

When n=2, 

𝛽2(𝜃) = {
1 , 𝑖𝑓 𝜃 > 2

1
4

1

2
𝜃4  , 𝑖𝑓 0 < 𝜃 ≤ 2

1
4

 , 

𝛽2
′(𝜃) = 2𝜃3 𝑎𝑛𝑑 𝛽2

′′(𝜃) = 6𝜃2 

 

 



Rcodes: 

library(ggplot2) 

a=alpha<-0.5 

b=theta0<-1 

n<-c(1,2) 

powerfunction<-function(theta,i=1){ 

  ifelse(theta>b*a^(-1/(2*n[i])),1,a*(theta/b)^(2*n[i])) 

} 

 

powerfunction1<-function(theta,i=2){ 

  ifelse(theta>b*a^(-1/(2*n[i])),1,a*(theta/b)^(2*n[i])) 

} 

 

curve(powerfunction(x),0,2,lty=2,lwd=4,col=4,xlab=expression(theta),ylab=expressio

n(beta(theta))) 

curve(powerfunction1(x),0,2,add = T,lty=3,lwd=4,col=2) 

abline(v=10,lty=2,lwd=2) 

abline(h=0.05,lty=2,lwd=2) 

legend("topleft",c("n=1","n=2"),col=c(4,2),lty=c(4,2),lwd=3) 

 

 

(4) 

R(𝜃0) = {X|𝑋(1) ≥ 𝜃0𝛼
−
1
2𝑛} 

⇒ A(𝜃0) = {X|𝑋(1) < 𝜃0𝛼
−
1
2𝑛} 

⇒ C(X) = {θ|𝑋(1) > θ𝛼−
1
2𝑛} = {𝜃|𝑋(1)𝛼

1
2𝑛 < 𝜃} 

⇒ (𝑋(1)𝛼
1
2𝑛, ∞) 𝑖𝑠 𝑎 (1 − 𝛼) 𝐶𝐼 𝑓𝑜𝑟 𝜃 

 

 

 

 

 

 

 

 



Exercise 9.54[p.461] 

Let X~n(μ, 𝜎2), but now consider 𝜎2 unknown. For each c ≥ 0, define an interval 

estimator for μ by C(x) = [x − cs, x + cs], where 𝑠2 is an estimator of 𝜎2 

independent of X, 
ν𝑆2

𝜎2
~𝜒𝜈

2 (for example, the usual sample variance). Consider a 

modification of the loss in (9.3.4), 

L((μ, σ), C) =
𝑏

𝜎
𝐿𝑒𝑛𝑔𝑡ℎ(𝐶) − 𝐼𝐶(𝜇) 

(a) Show that the risk function, R((μ, σ), C), is given by 

R((μ, σ), C) = b(2cM) − [2P(T ≤ c) − 1] 

Where T~𝑡𝜈 𝑎𝑛𝑑 𝑀 = 𝐸𝑆/𝜎. 

(b) If b ≤
1

√2𝜋
, show that the c that minimizes the risk sastisfies 

b =
1

√2𝜋
(

𝑣

𝑣 + 𝑐2
)
(𝑣+1)
2  

(c) Reconcile this problem with the known 𝜎2 case. Show that as ν → ∞, the 

solution here converges to the solution in the known 𝜎2 problem. (Be careful of 

the rescaling done to the loss function.) 

 

Solution: 

(a) 

c(x) = [x − cS, x + cS], 𝑐 ≥ 0 

length(c(x)) = 2cS 

𝑃𝑢(𝑢 ∈ 𝑐(𝑥)) = 𝑃𝑢(x − cS ≤ u ≤ x + cS) = 𝑃𝑢(−𝑐 ≤
𝑥 − 𝑢

𝑆
≤ 𝑐) 

= P(T ≤ c) − P(T ≤ −c) = [2P(T ≤ c) − 1]  

R((u, σ), c) = E(L(u, σ), c) = E [
𝑏

𝜎
2𝑐𝑆 − 𝐼𝑐(𝑢)] = 𝑏2𝑐𝑀 − 𝐸(𝐼𝑐(𝑢)) 

= b(2cM) − 𝑃𝑢(𝑢 ∈ 𝑐(𝑥)) 

= b(2cM) − [2P(T ≤ c) − 1], 𝑇~𝑡𝑣 𝑎𝑛𝑑 𝑀 =
𝐸(𝑆)

𝜎
 

 

 

 

 

 

 

 



(b) 

Let Y =
𝑣𝑆2

𝜎2
~𝜒𝜈

2 

E(√𝑌) = ∫ 𝑦
1
2

∞

0

1

г(
𝑣 + 1
2 )2

𝑣+1
2

𝑦
ν+1
2 𝑒

−𝑦
2 𝑑𝑦 =

г(
𝑣 + 1
2 )2

1
2

г(
𝑣
2)

 

E(√𝑌) = E(√
𝑣𝑆2

𝜎2
) = √𝑣𝐸 (

𝑆

𝜎
) =

г(
𝑣 + 1
2 )2

𝑣+1
2

г(
𝑣
2)2

𝑣
2

 

⇒ M =
г(
𝑣 + 1
2 )

г(
𝑣
2)

√2

√𝑣
 

Let t be p.d.f of t distribution 

𝑑

𝑑𝑐
𝑅((𝜇, 𝜎), 𝐶) = 2𝑏𝑀 − 2𝑡(𝑐) 

= 2b
𝜎г(

𝑣 + 1
2 )

𝜎г(
𝑣
2)

√2

√𝑣
− 2

г(
𝑣 + 1
2 )

г(
𝑣
2)

1

√𝑣𝜋

1

(1 +
𝑐2

𝑣 )
𝑣+1
2

 

= 2√2
г(
𝑣 + 1
2 )

√𝑣г(
𝑣
2
)
[𝑏 −

1

√2𝜋
(

𝑣

𝑣 + 𝑐2
)
𝑣+1
2 ] 

If b >
1

√2𝜋
,
𝑑

𝑑𝑐
𝑅((𝜇, 𝜎), 𝐶) > 0, ∀𝑐, 𝑡ℎ𝑒𝑛 𝑅((𝜇, 𝜎), 𝐶) 𝑖𝑠 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑎𝑡 𝑐 = 0 

If b ≤
1

√2𝜋
,
𝑑

𝑑𝑐
𝑅((𝜇, 𝜎), 𝐶) = 0 ⇒ b =

1

√2𝜋
(

𝑣

𝑣+𝑐2
)
(𝑣+1)

2  

𝑑2𝑅

𝑑𝑐2
= 2√2

г (
𝑣 + 1
2 )

√𝑣г (
𝑣
2)

(−
𝑣 + 1

2
)
1

√2𝜋
(

𝑣

𝑣 + 𝑐2
)

(𝑣+1)
2

(−𝑣(𝑣 + 𝑐2)−2 ∙ 2𝑐) 

= 𝑣−1(𝑣 + 1)
𝑐

√2𝜋
(

𝑣

𝑣 + 𝑐2
)

(𝑣+1)
2

> 0 ∀c 

Therefore, if b ≤
1

√2𝜋
, the c that minimizes the risk sastisfies b =

1

√2𝜋
(

𝑣

𝑣+𝑐2
)
(𝑣+1)

2 . 

 

 

 

 

 



(c) 

First, we consider when 𝜎2 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 

c(x) = [x − cσ, x + cσ], c ≥ 0 

length(c(x)) = 2cσ 

R((μ), C) = E(L(μ), C)) = E(
𝑏

𝜎
𝐿𝑒𝑛𝑔𝑡ℎ(𝐶) − 𝐼𝑐(𝜇)) 

=
𝑏

𝜎
𝐸(2𝑐𝜎) − 1 ∙ 𝑃𝜇(𝑢 ∈ 𝑐(𝑥)) = 2𝑏𝑐 − 𝑃𝜇(𝜇 − 𝑐𝜎 ≤ 𝑥 ≤ 𝜇 + 𝑐𝜎) 

= 2bc − 𝑃𝜇 (−c ≤
𝑥 − 𝜇

𝜎
≤ 𝑐) = 2𝑏𝑐 − [2Φ(𝑐) − 1] 

𝑑

𝑑𝑐
𝑅((𝜇, 𝜎), 𝐶) = 2𝑏 − 2𝜙(𝑐) = 2[𝑏 −

1

√2𝜋
𝑒−

𝑐2

2 ] 

If b >
1

√2𝜋
,
𝑑

𝑑𝑐
𝑅((𝜇), 𝐶) > 0, ∀𝑐, 𝑡ℎ𝑒𝑛 𝑅((𝜇, 𝜎), 𝐶) 𝑖𝑠 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑎𝑡 𝑐 = 0 

If b ≤
1

√2𝜋
,
𝑑

𝑑𝑐
𝑅((𝜇), 𝐶) = 0 ⇒ b =

1

√2𝜋
𝑒−

𝑐2

2  

𝑑2𝑅

𝑑𝑐2
= 2𝑐𝜙(𝑐) > 0 ∀c 

Then we consider the solution of (b) when 𝑣 → ∞, 

lim
𝑣→∞

𝑏 = lim
𝑣→∞

1

√2𝜋
(

𝑣

𝑣 + 𝑐2
)
(𝑣+1)
2 =

1

√2𝜋
lim
𝑣→∞

exp(
ln (

𝑣
𝑣 + 𝑐2

)

(
2

𝑣 + 1)
)

=
1

√2𝜋
exp( lim

𝑣→∞

𝑣 + 𝑐2

𝑣 (
𝑐2

(𝑣 + 𝑐2)2
)

−
2

(𝑣 + 1)2

)

=
1

√2𝜋
exp ( lim

𝑣→∞
−
𝑐2(𝑣 + 1)2

2𝑣2 + 2𝑣𝑐2
)

=
1

√2𝜋
𝑒−

𝑐2

2  (By L′Hospital′s Rule) 

Therefore, when 𝑣 → ∞, the solution of (b) converges to the solution in the known 

𝜎2 problem. 

 

 

 

 

 

 



Exercise 9.55[p.462] 

The decision theoretic approach to set estimation can be quite useful (see Exercise 

9.56) but it can also give some unsettling results, showing the need for thoughtful 

implementation. Consider again the case of X~n(μ, 𝜎2), 𝜎2 unknown, and suppose 

that we have an interval estimator for μ by C(x) = [x − cs, x + cs], where 𝑠2 is an 

estimator of 𝜎2 independent of X,
ν𝑆2

𝜎2
~𝜒𝜈

2. This is, of course, the usual t interval, 

one of the great statistical procedures that has stood the test of time. Consider the 

one of the great statistical procedures that has stood the test of time. Consider the 

loss 

L((μ, σ), C) = b 𝐿𝑒𝑛𝑔𝑡ℎ(𝐶) − 𝐼𝐶(𝜇) 

Similar to that used in Exercise9.54, but without scaling the length. Construct 

another procedure 𝐶′ as 

𝐶′ = {
[𝑥 − 𝑐𝑠, 𝑥 + 𝑐𝑠] 𝑖𝑓 𝑠 ≤ 𝐾
∅            𝑖𝑓 𝑠 ≥ 𝐾

 

Where K is a positive constant. Notice that 𝐶′ does exactly the wrong thing. When 

𝑠2 is big and there is a lot of uncertainty, we would want the interval to be wide. But 

𝐶′ is empty! Show that we can find a value of K so that 

R((μ, σ), 𝐶′) ≤ R((μ, σ), C) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 (𝜇, 𝜎) 

With strict inequality for some (𝜇, 𝜎). 

 

Solution: 

𝑅((𝜇, 𝜎), 𝐶) = 𝐸[𝐿(𝜇, 𝜎), 𝐶] 

= E[𝐿(𝜇, 𝜎), 𝐶|𝑆 < 𝐾]𝑃(𝑆 < 𝐾) + E[𝐿(𝜇, 𝜎), 𝐶|𝑆 > 𝐾]𝑃(𝑆 > 𝐾) 

= E[𝐿(𝜇, 𝜎), 𝐶′|𝑆 < 𝐾]𝑃(𝑆 < 𝐾) + E[𝐿(𝜇, 𝜎), 𝐶|𝑆 > 𝐾]𝑃(𝑆 > 𝐾) 

= 𝑅((𝜇, 𝜎), 𝐶′) + E[𝐿(𝜇, 𝜎), 𝐶|𝑆 ≥ 𝐾]𝑃(𝑆 > 𝐾) 

Where 𝐶′ = ∅, 𝑖𝑓 𝑠 ≥ 𝐾 

E[𝐿(𝜇, 𝜎), 𝐶|𝑆 > 𝐾]𝑃(𝑆 > 𝐾) = 𝐸(𝑏𝐿𝑒𝑛𝑔𝑡ℎ(𝐶) − 𝐼𝐶(𝜇)|𝑆 > 𝐾)

= 𝐸(2𝑏𝑐𝑆 − 𝐼𝐶(𝜇)|𝑆 > 𝐾) 

 > 𝐸(2𝑏𝑐𝐾 − 1|𝑆 > 𝐾) (𝑠𝑖𝑛𝑐𝑒 𝑆 > 𝐾 𝑎𝑛𝑑 𝐼𝐶(𝜇) ≤ 1) 

= 2bcK − 1 

Therefore , we can find a value of K ≥
1

2𝑏𝑐
 s. t  

R((μ, σ), 𝐶′) ≤ R((μ, σ), C) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 (𝜇, 𝜎)  

 

 


