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Problem1.

4.26

X and Y are independent random variables with X ~ exp( A ) and Y~ exp(u).

It is impossible to obtain direct observations of X and Y. Instead ,we observe the
random variables Z and W ,where

1 ifZ=X

0 ifz=Y

(This is a situation that arises, in particular, in medical experiments. The Xand Y

Z=min{Xy}  and w={

variables are censored.)
(a) Find the joint distribution of Zand W
(b) Prove that Z and W are independent.(Hint: show that P(Z=z|W=i) = P(Z=z) for

i=0or1.)
Solution:
o1 1 2 =
(@) P(Z=<z,W=1)=P(X=z,X=Y) = f J, == evre’ dydx
_(PLHGHD o -Z@%)
= fO —e WA dx= /1+u(1-e Wy
. 7,011 2=
Similarly, P(Z=z, W=0)=P(Y=2z,Y=X) = [, fy TLete A dx dy
_ JI( + —Z( +2)
= [{2e” WP dy= L (e W)
So, f(z,w=1) = < P(z=z,W=1)= z exp(-z(3+l)) z=0
7’ ’ dZ — 7’ I,l u A 7’ —
f(z,w=0) = < P(Z=z,W=0) = E exp(-z(1+l)) z=0
! dz -7 A pooA Tt
1\ 1-w A\w 1,1
Hence, f(z,w) =(X) (E) exp(—z(; + I)) ,z=0,w=00r1
(b) P(Z=2) = PZ<z, W=1) + PZ<2, W=0) = 1-e “&*P
P(ZSz,W=1)  P(Z<z,W=1)
< = = =
Plz=z|w=1) P(w=1) p(X=Y)
z(l+l) -
Ta(l—e WA co o
l+p z 11 u
= A P(X<Y) = L1 e dydx= 2
== (PX=Y)=f) [ T3 eve dydx= 7))
=1- e_z(_ Do P(Z=2z)



Similary, P(Z=z | w=0)=P(Z=2)
So, Zand W are independent.

Problem2.

7.14

Let Xand Y be independent exponential radom variables, with
fix| A)= — e’ x>0 , flyly) = ﬁeTy ,y>0

we observe Z and W

Z = min{X,Y} and W-{ Ly z=X

10 ifz=vY
In exercise 4.26 the joint distribution of Z and W was obtained.Now assume that
(Z,W)) , i=1,...,n, are n iid observations. Find the MLEs of A andyu

Solution:

f(z,w) =(l) 1-w (l)""exp(—z(l +3)) z=0,w=0o0r1
’ A u W 1 y 6=V,

Iet T= ((Zliwl)l(ZZIWZ)I""/(ZmWn))

L(U, A | T ): (%) Tl—Z?=1 wi (ﬁ)z:?:lWieXp('Z?:l Zl(ﬁ + %))

In(L(w, A1 T))= -(Ziey Wi)lnu- (n-XiZ; Wi)ln L - ?=1Zi(ﬁ+%)

0 -y wi i, Zi
o5 I, A1 T) = === 2= 00
= C[ = Zn?zlzi'
‘ i=1 Wi
0 —(n-Yi, Wi i Zi
= in(L, A | T)) = TEEEED L 2B et g
"L Zi
|:> _— =1
2 n—Yyi, wi
92 _on=YL wi 2% Zi
92 In(L(.uI A- I T )) - 22 - 13
92 YR wi 2%k, Zi
auz In(L(UI A- | T )) - IJ-Z - IJ-3
02

575 In(L(w, A1 T) =0



n ; n :
i=1 wi _ 22i=1 Zi

H }\- _ uZ u3 0
(UI )_ ( 0 n—2?=1Wi _ 22?=1Zi)
22 23
) ) —-Z%;;VVL 0
[y =
MOt AT =0 )
A2
Xy _ cXawio o n-Yi Wi 5 <
) H () = =5—x" - —5 =0
So, H is negative semidefinite
n L Zi n rLZi
Hence, [i= S—— = —==L—— s the mle estimator
Wi n-Yi_, Wi
Problem3.

Do the same exercise for the Weibull with the common shape parameter 7 for X
and T.

Solution :

fixAy) = £ x/a)rte” @ X = 0
—_2yv

flypy) = L (y/N)" te W ,y = 0

oo ¥ _ X
PZ=z,W=0)=Pz=z,Y=X)= [7["LL /01 y/W" e W’ e=@" dudy =

Y
uY+AY

(1-exp(-Z" G5 + =)

¥ 11
.. < - — U _ 7T (4
Similary, P(Z=z,W=1) %Y (1-exp(-Z (,w + ,u/))

d rz1 1 1
= = — < = = 7T (— —_— >
f(z,w=0) — P(Z=z, W=0) 7 exp(-Z T uy)) ,2=0
d z"1 1 1
= = — < = = 7T (— —_ >
f(z,w=1) — P(Z=z,W=1) PTG exp(-Z ot uy)) ,2=0

rz’"

f(z,w) = ( TG

w2 T N ew rel 1
) (M,,) exp(-Z A—y-i'ﬁ)) z=0,w=0o0r1



Then, check Z and W are independent.
Sol:

PZ=2)=P(Z=z,W=1)+P(Z=2z, W=0) = 1-exp(-Z" (57 + :—y)

P(Z=z ,W=1) _ P(Z=z,W=1)
Pw=1)  p(X=Y)

PZ=z|w=1)=

Y 1,1
Fear(1=exp(-2" Gy+p)

uY
uY+AY
0 oy y -1 _1 G -Gy - M
(because P(X=Y)=[ [ Au(X/A)y /MDY e v e A dydx _Mv+;w)

1 1
L-exp(-Z" (55 + ﬁ)

P(Z=2z)
Similary , P(Z=z | w=0)=P(Z=2)
So, Zand W are independent.

Then, find the MLEs of A and pand y.
Sol :
let T = ((Zliwl)l(ZZIWZ)I""/(ZmWn))

1

LY @ W) = T3 (™) T () ™) expl-Biky 217 (5 + )
In(L(A, g,y | (20, Wh)))
(1= WOINE) 4L, Wi i) B, 247 G + )

2 - _ .
—_ |n(L(7\;”:V|(ZmWn)))= 7)/ ?=1 Wl + % ?’zlzly :SEt O

y+1

on LAY @ZWa) = L B, (1= WD) + I B, 217 =% 0

> In(L(A ¥ | (Za,Wh))) = IPAY T Wi+§+2?=1 InZi-ning - Inpy =, Wi =s¢t 0



n

ninp' -y, ani—ln% Wi

Problem4.
exercise 7.50 (a) Details including the calculation of E(S)=, (b) Details including the
calculation of a, (c) Detailed formulas to apply the Factorization thm and verify the

complereness

Solution :
(a)
(n—-1)s°
Not — %(n-1)
(n-1)S?
letT= o2
) ()n_—l n-1 -t
o 1 ()2 t 2 e 2
EWT) = _
n-1
_ 9z 21
" T J, t77 ez dt
n-—1
@z I3
= TEn Xz
2 ()2
_ re)
r(*)Nz
Vn=1$ r&
= E = 2
IO COK:
Jalds
> E(s)= —— 2

Then, E(ax +(1-a)CS) = aE(x ) + (1-a)CE(S)
=af +(1-a)0
=0
(b)
Var(ax +(1-a)CS) = a?var(x)+ (1 — a)?C?var(S) + cov(ax, (1-a)CS)

@ £+ (1-a)%C? (E(S)- (E(S)? )

a_92 _N\2,2 2_9_2
n+(1 a)-C- (0 Cz)

(L+(1-a)%c® (1-a)? ) 67


https://gss0.baidu.com/94o3dSag_xI4khGko9WTAnF6hhy/zhidao/pic/item/b3119313b07eca80e5efedf8972397dda04483c3.jpg

= min{ a?z+(1 —a)?c?- (1—-a)?}

> (L4t -a)2c? (1-a)? ) =5 0
da*n

nc?-n

= 2=

1+nc?-n

(—+(1 —a)?c?- (1—a)?)= % +2¢%-2 > 0 (because ¢ >1foralln 2 2)

da2

A~ nc?-n . . .. .
= So, A= P — produces the estimator with minimum variance

(c)

fx18) = 577 expl; (xi — 6)?)
LOIX) = ()7 expls Ty (xi — 6)?)

= ()2 O explos (B, (xi — ¥)% = n(6 — 1))

(n 1)52 n(9 -x)?

=) Q)" expl )

-(n-1)§? | n(6-x)2
262 T 262

leth()= ()2 and g(T(x, )= ()" exp( )

By factorization thm, (x,S?) is sufficient statistics
EX)=8 and E(S) =

Let g(x) =X-CS
= E(g(x))=E(Xx)—-E(CS)=6—06 =0
Butg(x)=X-CS # 0

So, (x,S?) is not a complete sufficient statistics.



Problemb5.

exercise 7.51(a)-(d). Prove your answer by formulas (not just words).

Solution :

(a)
E(6 — alX — a2(CS))? = var(d — alX — a2(CS)) + (E(8 — a1k — a2(CS)))>?
= (al) 2 var(x)+ (a2)?c?var(S) + 62 (al + a2 — 1)?

= 092 + (a20)? - a226? + 6%(al +a2 — 1)’
2
= (- + (a20)? - a2%0% + (al +a2 — 1)?) 67

2
> min(“-+ (a2c)? - 22267 + (al +a2 —1)?)

2
o 9 (ﬂ + (a2c)? - a220% + (al +a2 —1)?) = 2a1 | 2(a+ar-1) =% 0
dal 'n ”
2
= aaﬁ (% + (a2c)? - a220% + (al +a2 — 1)2) = 2a,c? +2(as+a,-1) -2a, =¢10
al+aln+a2n—n=20
= { !
a2c“+al—-—1=0
o= L ~ 1
v (n+1)cz-n a= (n+1)c2-n

(b)
BX(T*)= (E(T*—0))? = (al+a2—1)% 62

a1? 2 (2 2
Var(T*)=(T+ az2c (cc—1)) 6

MSE(T*) = ((al + a2 — 1)2+(“le+ a22 (c2—1))) 62

(2= +(c2-1)+n(c?-1)?
- ( ((n+1)c2-n)?

) 67

_ [c2-1)(c2(n+1)-n)
_( ((n+1)c2-n)2

) 6°
E(T)=6 B*T)=0

Var(T) = (%2+(1 —a)?c? - (1—-a)?) @2



MSE(T) = (S+(1 — a)2c2 — (1 — @)?) ©?

n(c?-1)2
(1+nc2-n)2

=1{( )+(1—a)*(c* - 1)} 62

n(c?-1)%2+c%-1
(1+nc2-n)2

= ) 67

(c2-1)(n(c?-1)+1)
(1+nc2-n)2

= )6

(c?2-1)(c2(n+1)-n) 02
MSE (T+*) _( ((n+1)c2—n)2 ) _ (c2(n+1)-n)(1+n(c*-1))?

MSE(T) _((szlli(n(zci—)lz)ﬂ))eZ - ((n+1)c2—n)2(n(c2—1)+1)

n(c?-1)+1
(n+1)c2-n

_ n(c?-1)+1
n(c2—-1)+c?
So, the MSE of T* is smaller than the MSE of the T .
(c)
Fre(t) = P(T™ = t)
= P(max{0,T*}=t)

<1 (because c¢? > 1 foralln > 2)

0 t<0
={P(T*=0)t=0
P(T+*=t)t>0

E(B-T™)°= (8-0)° P(T™*=0) + [;"(8 — ©)? fr(t)dt

0% P(T'=0)+ [°(6 — D)? fru(t)dt

[ 0% fr(t)dt+ [7(0 — 02 fro(t)dt

= [° (01?2 fr(t)dt+ [°(0 —1)? fre(t)dlt

= [T (8- fr(t)dt

= E(B-T )
So, MSE of T*" is smaller than the mse of T*

(d)
fX]6) = 5= expl— (x — 0)?)

because this pdf does not fit the definition of a location parameter or scale



parameter.

So, B can’t be classified as a location parameter or scale parameter.



