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Exercise 6.3 [P300]
Let X,,...,X, be a random sample from the pdf

—(x—

W
f(x|p,0) = ie s ,pu<x<o,0<0<o0.

Find a two-dimensional sufficient statistic for (y, 0).
Sol :

The joint pdf of the sample X is

f(X|n,0) = ?=1§ exp(—% , u<x;<0,0<0<,i=12,..,n

We can use the indicator function. I4(x) is the indicator function of the set A; that is,
itis equal to 1 if x € A and equal to 0 otherwise. Now p<x; <o , i =12, ..,n
if and only if min{xy, x5, ..., x,} > L.

So we have
1 i—
f&XI0) =TT~ exp(==5) (00 (x0)

1 Yica(xi—n)
= eXp(_ #)I(—OO,X@)) (M)

onh

1 nu DHEED)
_O._n eXp(?) eXp(_ #)I(—OO,X(D)(M)

Since f(x|w,0) = h(x)g(T(X)|w,0) , where h(x) =1 and

IT o) = = exp(L) exp(—E=Dr ) Ty(K) = Xy, To(X) =

n
nX.
1=1“*
Therefore, by the Factorization Theorem, (X(qy, 1 X;) is a two-dimensional

sufficient statistic for (l,0).



Exercise 6.5 [P300]
Let X,,...,X. be independent random variables with pdfs

f(x0) = {ﬁ —i(0-1)<x;<i(6+1)

0 otherwise,
where 6 > 0. Find a two-dimensional sufficient statistic for 0.

Sol :

The joint pdf of the sample X is

FxIO) = b, — , —i(0-1)<x;<i(6+1), 08>0

=129
Now —i(6 —1) < x; < i(6 + 1), using the indicator function, we can see the
inequality is —i(6 — 1) < minx; and maxx; < i(6 + 1).

- Xi X
{—i(9—1)<minxi _ 6 —1>-—min— _ 6>1-min=
i(6 +1) > maxx; 9+1>max% 0>max%—1

So we have

1
fx16) = ITiz1 55 I-ico-1) io+1) y(X:)

B (%)n ?Zl%I(l—min%,m)(e)l(max%—l,00)(9)
Since f(x|w,0) = h(x)g(T(X)|w,0) , where h(x) = ?:1% and g(T(X)|0) =
(%)n I(l—minﬁ,%) (G)I(maxﬂ—l,m)(e) ’ Tl(x) = min %’ TZ (X) = max%

o X Xy - ) .
Therefore, by the Factorization Theorem, (min Tl , max T‘)ls a two-dimensional

sufficient statistic for 0.



Exercise 6.6 [P300]
Let X,...,X, be a random sample from a gamma(q, [3) population. Find a
two-dimensional sufficient statistic for (o, B).

Sol :

The joint pdf of the sample X is

f@xlou B) = TTir e exp(=)

- (r(a)ﬁa) (ITizy ) exp(— 25 ==
Since f(x|a,B) = h(x)g(T(X)|o, B) , where h(x) =1 and g(T(X)|o, B) =
(F(a)[;’“) (H 1xl)a 16Xp( %) > Tl(X): ?=1Xi9 TZ(X): ?=1Xi

Therefore, by the Factorization Theorem, ([Ti2; X; , Yi=; X;) is a two-dimensional

sufficient statistic for (o, 3).



Exercise 6.7 [P300]

Let f(x,y|64,0,,05,0,) be the bivariate pdf for the uniform distribution on the
rectangle with lower left corner (84, 8,) and upper right corner (83,6,) in R?. The
parameters satisfty 6; < 8; and 6, < 6,. Let (X..Y)),...,(X:,Y:) be a random sample

from this pdf. Find a four-dimensional sufficient statistic for (68, 65, 65, 6,).
Sol :

The joint pdf is
1 1
f(x,y|6) = ?=1ﬂﬁ , 91§Xi§93 , BZSyiS94
Using the indicator function,
01 < min{xy, ..., x,} = x(1), max{xy, ..., X, } = x(n) < O3,
0, < min{y1; ---;yn} =Y ,max{yl, ---'yn} =Ym) <0,
So we have

1 1
f(x,yl6) = ?:1@@1(91 0:)(X0) Le, 0, (Vi)

1 \" 1 \"
= (525) (G550) T e (00) Iemoo ey y(02) Ty 0)(63) Iy 0(63)
Since f(x,y|0) = h(x)g(T(X)|0) , where h(x) =1 and
g(T(X)|6) =
1 \" 1 \"
(25) G5n) T (0 Iemon iy y(02) Ty 03(63) Iy 0(6a)

T (X) = X T,(X) = Yo » T3(X) = X T,(X) = Y.
Therefore, by the Factorization Theorem, (X(1y , Y(1) , X(n) » Y(n)) 1S @

four-dimensional sufficient statistic for (64, 85, 03, 8,).



Exercise 6.8 [P301]

Let X,,...,X. be a random sample from a population with location pdf f(x — 0).
Show that the order statistics, T(X,...,Xn) = (Xa),...,Xm), are a sufficient statistic for

0 and no further reduction is possible.

Sol :

We know Xi,..,X, ~f(x—0) ,60 €ER.
The joint pdf is

f(x16) = ﬁf(xilf?) = ﬁf(xi—H) = ﬁf(x(i)_a)

Where x(1) < X(2) < -+ < Xy are the order statistics of Xy, ..., Xy.
Since f(x,y|0) = h(x)g(T(X)|0) , where h(x) =1 and
gTXIe) =M, f(xw —6) , T(X) = X ,i=1,..,n
Therefore, by the Factorization Theorem, (X(y) , ..., X(n)) are a sufficient statistic for
0.
That no further reduction is possible without further restrictions on f. In this case, it
suffices to notice the ratio
[IiZ: f(x@y — 0)
[T f o — )
is general independent of 6 only when T(X) = T(Y).




