High-dimensional data analysis, final report, Due 6/24(Wed.)

102225014 Ai-Chun Chen
1) Derive B-spline bases with order M=4 under a knot sequence &, <¢& <&,
with an equally spaced mesh A=¢& -&, =&, 4.

NOTE: Result from M=3 cannot be used since the augmented knots are different.
solution:

Augmented knots:

K=1, M=4 (K+2M=9)

7, <7,<...<74 such that
) ,=1,=1,=17,=¢,

i) 75=¢

i) r,=1,=13=15=¢,

When m=1:

B,,(x)=0; (doesn’texista x suchthat 7, <x<t,)
B,.(x)=0;

B,.(x)=0;

BA,l(X) =1 (§0 X< 51) ;

Bs,l(x) =1 (§1 X< 52) ;

Be.(X)=0;

B7,1(X) =0;

B,.(x)=0.

When m=2:
Bl,z(x) =0;
Bz,z(x) =0;

B, (X) = 51 X1(g, <x<&);

B, () = 2= 5°|(a:osx<4a)+§2 (& <x<&):

B, , () === 51 (G <x<&):

BG,Z (X) = O ’
B,,(x)=0.

When m=3:



B,;(X)=0;

B, 2() = [ jl(ﬁoSX«;)

. {( SRR fo)},@ogx<§l)+(§2 0\ <xes)
B, 00-] 0" 51)(«:2 9, (G0 50)},(§l<x<§2)+( 5\ <xes)
By4(X) = [X ‘flj 16 <x<&);

Bss(X)=0.

When m=4:

B 0= 16 2 x<)

(&~ )

B, (0 {(x—go)(él 0, (& 0-E)NEX) | (6% (&)

5 ox s }l(foﬁx<§1)+ (G <x<&)

(6 G0, (6004 (=)0, (6=X)"(x=&)
Bs,4<x)—{ o 2A3 }l(éosx<§1)+{ o s }l(gasxqz)

(x— fo)

B4’4(X):{(X_§1)2(§2 X) (fz—X)(X 50)()( 51) (é:z X)(X_go) |(§0<X<§1)

i o o }l(§1<x<§2)+

BS,A(X)Z(X;‘;) I(él < X<§2) .

2) Express the above B-spline bases in terms of z(t) = % for i=0,1, 2.

solution:
m=1,
Bl,l(x) = BZ,l(X) = Bs,l(x) = Be,l(x) = B?,l(x) = BB,l(X) =0;
B4,1(X) =1 (fo X< é:l) ; BS,l(X) =1 (51 X< 52) .
m=2:
Bl,z(x) =0;
B,,(x)=0;
Bs,z ()= _Z:L(X)I (go X< 51)
B4,2(X) = Zo(x)l (éo X< 51) - Zz(x)l (51 <X< 52)



Bs,z(x) = Zl(x)l (51 X< 52)
Be.(X)=0;
B,,(x)=0.

m=3:
Bl,s(x) =0;

B,,(X) =2 (N1(& <x<&);

faxn:{—%unxn—é%unxm}u@sx<§o+§4%nu§sx<@)

Bmur{}awﬂxn—éaxnauﬁuésx<§9+%%%nu@sx<§)

Bss(X) =2 (0)1(& <x<&);
86’3(x) =0.

m=4:
B, (X)=-2(0)1(& <x<&)

B,.(x)= {Zo OO{L-2,(0)} + % 2o (XH{zo (X) =1Hz, (X) - 21+ % Zo(XH{zo(x) = 2}2} (S <x<&)

22 (W1 (G <x<&)

Bmur{%%%ma—%u»+§%%n&—%uﬁb@¢m<é)

+{—{21(X) +H{z, (0 -3 +%21(X){21(X) —1}2}| (G <x<&)

N

B4,4(X) = [_ 2o (X{z,(X) -T2 -z, (X)}— % ZOZ(X){ZO(X) — 2}+{z,(x) _1}2{2 - Zo(x)}} (& <x<&,)

N

+%{zl(x) FIPIE <X <&)

Bs,(X) =2 (01(& <x<&)



3) Depicts the B-spline basis function with knots &, =0, & =1 and &, =2

using R; All the basis functions plotted in one figure. Distinguish them by color.
solution:
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4) Give second derivatives of the B-splines

B-spline is  f(X) = 4B, 4(X) + 5,8, 4(X) + B3B3 4(X) + £,B, 4(X) + fsBs 4(X)
The second derivatives with respectto X is

oo | COXHIDS+RIXI2-9)5,+ (=605, +(X1Df,, x<[0,1)
(X)_{(3—3x/2),82+(6x—9)ﬁ3+(12—21x/2)ﬂ4+(6x—6)ﬁ5, xe[1,2)



5) Express the penalization term explicitly using quadratic form: %QTAQ,

where the matrix A should be calculated.

[Ali = [Bl. (0B, ()dx
[0,2)
We have
[ 84 -39 3 6 0
-39 24 -6 -3 1.5




6) Fit the smoothing spline to any dataset. Demonstrate how the fitted curve
changes as the smoothing parameter changesas A — .

| choose the data set from Portland cement data sheet, it can be found in R
package “AlCcmodavg” and open the data cement by “data(cement)”.
| display B-spline by using the second column of data cement

> X2
[1] 26 29 56 31 52 55 71 31 54 47 40 66 &8
and the response values y
-[f_L] 78.5 74.3 104.3 87.6 95.9 109.2 102.7 72.5 93.1 115.9 83.8 113.3
[13] 109.4
And transform the range of x, to [0, 2]:
> X
[1 .004395604 0.136263736 1.323076923 0.224175824 1.147252747 1.27912087%°
[7 27472527 0.619780220 1.762637363
1

50549451

] 0.0 2
] 1.982417582 0.224175824 1.235164835 0.9
] 1.8

The scatter plot of x, to y is provided
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We use f(x) =Zﬂij’4(X) to fit this data, where g, is the j-th component of
j=1

B=(X"X+AA)*X"y. The design matrix X is followed

Bl,4(X1)
X =

Bl,4(xn)

Bs,4(x1)

B5,4(Xn)




The follow-up figures show how the fitted curve change when the smoothing
parameter A grows.
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Conclusion:

When A is small, the fitted curve tend to be more bending, maybe overfit from data.
This phenomenon disappear when A grows up. When A is 100, the fitted curve is
nearly a straight line.

Appendix — R code

#high-dimensional data final
#Q3

#m=1
b11=0
b21=0
h31=0
b41=function(x){(x>=0 & x<1)}
b51=function(x){(x>=1 & x<2)}
b61=0
b71=0
b81=0

#m=2

b12=0

b22=0

b32=function(x){(1-x)*(x>=0 & x<1)}
b42=function(x){x*(x>=0 & x<1)-(x-2)*(x>=1 & x<2)}
b52=function(x){(x-1)*(x>=1 & x<2)}

b62=0

b72=0

#m=3

b13=0

b23=function(x){(x-1)"2*(x>=0 & x<1)}
b33=function(x){((-x)*(x-1)-1/2*x*(x-2))*(x>=0 & x<1)+1/2*(x-2)"2*(x>=1 &
x<2)}

b43=function(X){(-(x-1)*(x-2)-1/2*x*(x-2))*(x>=1 & x<2)+1/2*x"2*(x>=0 &
x<1)}

b53=function(x){(x-1)"2*(x>=1 & x<2)}

b63=0




#m=4

bl4=function(x){-(x-1)"3*(x>=0 & x<1)}

b24=function(x){ (x*(1-x)"2+1/2*x*(x-1)*(x-2)+1/4*x*(x-2)"2)*(x>=0 & X<1)
- 1/4*(x-2)"3*(x>=1 & x<2)}

b34=function(x){  (1/2*x"2*(1-x)+1/2*x"2*(2-X))*(x>=0 & x<1) +
(1/2%x*(X-2)"2+1/2*(x-1)*(X-2)"2)*(x>=1 & x<2)}

b44=function(x){ (1/2*x*(X-1)*(2-x)-1/4*x"2*(x-2)+(x-1)"2*(2-x))*(x>=1 &
X<2) + 1/4*x"3*(x>=0 & x<1)}

b54=function(x){ (x-1)"3*(x>=1 & x<2)}

par(mfrow=c(2,2))

#m=1

curve(b41,from=0, to=2, col=1, Ity=1, ylab="B-spline, m=1",lwd=2)
curve(b51,from=0, to=2, col=2, Ity=2,lwd=2, add=TRUE)
#legend(x=0,y=.9,legend = c("b41","b51"), lty=c(1:2), col=c(1:2))

#m=2

curve(b32,from=0, to=2, col=1, Ity=1, ylab="B-spline, m=2",lwd=2)
curve(b42,from=0, to=2, col=2, Ity=2,lwd=2, add=TRUE)

curve(b52,from=0, to=2, col=3, Ity=3,lwd=2, add=TRUE)
#legend(x=.25,y=1,legend = c(""b32","b42","b52"), Ity=c(1:3), col=c(1:3))

#m=3

curve(b23,from=0, to=2, col=1, Ity=1, ylab="B-spline, m=3",lwd=2)
curve(b33,from=0, to=2, col=2, Ity=2,lwd=2, add=TRUE)

curve(b43,from=0, to=2, col=3, Ity=3,lwd=2, add=TRUE)

curve(b53,from=0, to=2, col=4, Ity=4,lwd=2, add=TRUE)
#legend(x=.25,y=1,legend = c("b23","b33","b43","b53"), Ity=c(1:4), col=c(1:4))
#m=4

curve(b14,from=0, to=2, col=1, Ity=1, ylab="B-spline, m=4" lwd=2)
curve(b24,from=0, to=2, col=2, Ity=2,lwd=2, add=TRUE)

curve(b34,from=0, to=2, col=3, Ity=3,lwd=2, add=TRUE)

curve(b44,from=0, to=2, col=4, Ity=4,lwd=2, add=TRUE)

curve(b54,from=0, to=2, col=5, Ity=5,lwd=2, add=TRUE)
#legend(x=.25,y=1,legend = c("b14","b24","b34","b44" "b54"), Ity=c(1:5),
col=c(1:5))

#Q5
dbl = function(x) (12-6*x)*(x>=0 & x<1)




db2 = function(x) (21/2*x-9)*(x>=0 & x<1)+(3-3/2*X)*(x>=1 & X<2)
db3 = function(x) (3-6*x)*(x>=0 & x<1)+(6*x-9)*(x>=1 & x<2)

db4 = function(x) (3/2*x)*(x>=0 & x<1)+(12-21/2*Xx)*(x>=1 & x<2)
db5 = function(x) (6*x-6)*(x>=1 & x<2)

db11 = function(x) db1(x)*db1(x)
db12 = function(x) db1(x)*db2(x)
db13 = function(x) db1(x)*db3(x)
db14 = function(x) db1(x)*db4(x)
db15 = function(x) db1(x)*db5(x)
db22 = function(x) db2(x)*db2(x)
db23 = function(x) db2(x)*db3(x)
db24 = function(x) db2(x)*db4(x)
db25 = function(x) db2(x)*db5(x)
db33 = function(x) db3(x)*db3(x)
db34 = function(x) db3(x)*db4(x)
db35 = function(x) db3(x)*db5(x)
db44 = function(x) db4(x)*db4(x)
db45 = function(x) db4(x)*db5(x)
db55 = function(x) db5(x)*db5(x)

A = matrix(0,5,5)

A[1,1] = integrate(db11,0,2)$value
A[1,2] = integrate(db12,0,2)$value
A[1,3] = integrate(db13,0,2)$value
A[1,4] = integrate(db14,0,2)$value
A[1,5] = integrate(db15,0,2)$value
A[2,2] = integrate(db22,0,2)$value
A[2,3] = integrate(db23,0,2)$value
A[2,4] = integrate(db24,0,2)$value
A[2,5] = integrate(db25,0,2)$value
A[3,3] = integrate(db33,0,2)$value
A[3,4] = integrate(db34,0,2)$value
A[3,5] = integrate(db35,0,2)$value
A[4,4] = integrate(db44,0,2)$value
A[4,5] = integrate(db45,0,2)$value
A[5,5] = integrate(db55,0,2)$value
A[2:5,1] = A[1,2:5]




A[3:5,2] = A[2,3:5]
A[4:5,3] = A[3,4:5]
A[5,4] = A[4,5]

A

#Q6

library(AlCcmodavg)

data(cement)

cement

attach(cement)

X2

X = (X2 - min(x2)+0.1)/(max(x2 - min(x2))+0.5)*2
Y=y

detach(cement)

plot(x,Y)

#Design matrix

X = matrix(0,13,5)

for(i in 1:13){
X[i,] = c(b14(x[i]),b24(x[i]),b34(x[i]),b44(x[i]),b54(x[i]))

}

beta_r = function(lamb){
solve(t(X)%*%X+lamb*A)%*%t(X)%*%Y

}

fnc = function(xob,lamb){

beta_r(lamb)[1]*b14(xob)+beta_r(lamb)[2]*b24(xob)+beta_r(lamb)[3]*b34(xob
)+beta_r(lamb)[4]*b44(xob)+beta_r(lamb)[5]*b54(xob)

}

seq = seq(0,1.99,by=0.01)

#lines(seq,fnc(seq,1000))

#legend(1.5,80,legend="lambda=1000")

par(mfrow=c(3,3))
plot(x,Y,xlab="ambda=0")
lines(seq,fnc(seq,0))
plot(x,Y,xlab="ambda=0.0001")




lines(seq,fnc(seq,0.0001))
plot(x,Y,xlab="ambda=0.05")
lines(seq,fnc(seq,0.05))
plot(x,Y,xlab="ambda=0.1")
lines(seq,fnc(seq,0.1))
plot(x,Y,xlab="ambda=0.5")
lines(seq,fnc(seq,0.5))
plot(x,Y,xlab="ambda=1")
lines(seq,fnc(seq,1))
plot(x,Y,xlab="ambda=10")
lines(seq,fnc(seq,10))
plot(x,Y,xlab="ambda=100")
lines(seq,fnc(seq,100))
plot(x,Y,xlab="ambda=1000")
lines(seq,fnc(seq,1000))




