Advanced Probability I, 2013 Fall, Midterm Exam
Name:

1. Prove or disprove the following.

(i) If X and Y are random variable on a measurable space (Q,F), then
aX +bY isarandom variable for a,beR.

(i) If X,, n=12,... aresequence of random variables a measurable space

(Q,F), then supX, isarandom variable.

2. Let (R',®") and (R*,%®*) be Borel measurable spaces on i and k
dimensional Euclid spaces, respectively. Prove the following:

If f :R'—R" iscontinuous, then f :(R',R')— (R, %) is measureable.



3. Let X,, n=12,... be a sequence of random variables, and a,,

be a sequence of constants. Suppose ZP{| X, Pa}<o.

(i) Derive P(E), where == Uﬁ{| X, Ka}.

n k=n

(il) Derive P[Z|Xn|<ooj it > a,<o.
n n=1

4. State and prove the second Borel-Cantelli lemma



5. Let (Q,F,P) be a probability space. Prove the following:

(i) Let X:Q—R be a random variable. Then, o(X)={X'(B);BeR} is a
sigma-field.

(ii) Let (X,Y):Q—R? be arandom vector.

Then, o(X,Y)={(X,Y)"(B);BeR’} isasigma-fieldand o(X)co(X,Y).

6. Let (Q,F, 1) be a measure space. The g -completion of F is the collection
of all EcQ for which there exists ABeF with AcEcB and
u(B—A)=0. That is, the u-completionof F is

F={EcQ;, AcEcB, u(B-—A)=0 forsome ABeF}.

Show that F~ isa o -field.



7. Let Q={-N,.,—2-1012,..,N}, F=2°, and v be the counting measure

[v(A)=#A, VAeF]on F.Let f(w)= ikl{k}(w).

1) Calculate _[ fdv.

2) Calculate j| fldv.

8. (1) State and prove Fatou’s Lemma.
(if) Give an example that the interchange of integral and limit cannot change but

Fatou’s Lemma is still valid.



NOTE: This is my simplified answers. You need to write more detailed
calculations.

Answer 2.
Let Be%R“. Since the Borel sigma-field is generated by the open sets, there exist

a collection of open sets {O,,a € A} such that B= an' By the continuity of

aeA

f :RR>R* f*0,)eR for aeA . It follows that

f*(B)=f*(JO,)=Jf(0,) N Therefore, f isBorel measurable.

Answer 3.

(i) By the first Borel-Cantelli’s Lemma, if Y P(A)<o , then

P(limsup A, )=0.
Thus, P(E)=P(liminf{| X, |<a,})=1-P(limsup{|X, >a,})=1.

(ii) P(Z]Xn |<ooj=1 since

1= P(Uﬁ{l X I< ak}J

n k=n

={IneN,vk>n, |X, Ka tc{IneN, DX [<Da <o}c{ DX, |<x}

k= ke n

Answer 6.

(i) Let E=Q and A=B=Q.

(i) If EcF , thereexist ABeF with AcEcB and u(B-A)=0. Then,
A" >E> B with y(A°-B)=u(A"nB)=u(B-A)=0 and A°,B°eF.

(iii) if EeF , the there exist A,B eF with AcEcB and

u(B.—A)=0 : Then, A <JE <UB and

ﬂ(LiJBi —LiJAjw(LiJ(Bi —A)Jsizu(si ~A)=0.

Answer 7.

jfdv: ijkl{k}(m)dv(w)=—ik+ik=o.

k=1

fIfdv= Zj|k||{k}(w)dv(a))=2k+2k=N(N +1).

k=1



