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Advanced Probability I, 2013 Fall, Midterm Exam 

Name:  

 

1. Prove or disprove the following.  

(i) If X  and Y  are random variable on a measurable space ),( F , then 

bYaX   is a random variable for Rba , . 

(ii) If ,....2,1, nXn  are sequence of random variables a measurable space 

),( F , then n
n

Xsup  is a random variable. 

 

 

 

 

 

 

 

 

 

 

 

2. Let ),( iiR   and ),( kkR   be Borel measurable spaces on i and k 

dimensional Euclid spaces, respectively. Prove the following: 

If ki RRf :  is continuous, then ),(),(: kkii RRf   is measureable. 
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3. Let ,....2,1, nXn  be a sequence of random variables, and ,....2,1, nan  

be a sequence of constants. Suppose 
n

nn aXP }|{| . 

(i) Derive )(P , where 
n nk

kk aX




 }|{| . 

(ii) Derive 









n

nXP ||  if 




n

n

a
1

. 

 

 

 

 

 

 

 

 

 

 

 

4. State and prove the second Borel-Cantelli lemma 
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5. Let ),,( PF  be a probability space. Prove the following: 

(i) Let RX :  be a random variable. Then, });({)( 1   BBXX  is a 

sigma-field. 

(ii) Let 2:),( RYX   be a random vector. 

Then, });(),({),( 21   BBYXYX  is a sigma-field and ),()( YXX   . 

 

 

 

 

 

 

 

 

 

 

 

 

6. Let ),,( F  be a measure space. The  -completion of F  is the collection 

of all E  for which there exists FBA,  with BEA   and 

0)(  AB . That is, the  -completion of F  is 

},  somefor   0)(,;{*
FF  BAABBEAE  . 

Show that *
F  is a  -field. 
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7. Let },...,2,1,0,1,2,..,{ NN  ,  2F , and   be the counting measure 

[ F AAA ,#)( ] on F . Let 



N

Nk

kkIf )()( }{  . 

1) Calculate df . 

2) Calculate df || . 

 

 

 

 

 

8. (i) State and prove Fatou’s Lemma. 

(ii) Give an example that the interchange of integral and limit cannot change but 

Fatou’s Lemma is still valid. 
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NOTE: This is my simplified answers. You need to write more detailed 

calculations. 

Answer 2.  

Let kB  . Since the Borel sigma-field is generated by the open sets, there exist 

a collection of open sets },{ O  such that 





OB . By the continuity of 

ki RRf : , iOf  )(1

  for  . It follows that 

iOfOfBf   






 )()()( 111 . Therefore, f  is Borel measurable. 

Answer 3.  

(i) By the first Borel-Cantelli’s Lemma, if 
n

nAP )( , then 

  0suplim nAP . 

Thus,     1}|sup{|lim1}|inf{|lim)(  nnnn aXPaXPP . 

(ii) 1|| 









n

nXP  since 

}||{}||,{}||,,{

}|{|1




















n

n

nk

k

nk

kkk

n nk

kk

XaXnaXnkn

aXP

NN


 

Answer 6. 

(i) Let E  and  BA .  

(ii) If *
FE , there exist FBA,  with BEA   and 0)(  AB . Then, 

cc BEA   with 0)()()(  ABBABA ccc   and Fcc BA , . 

(iii) if *
FiE , the there exist Fii BA ,  with iii BEA   and 

0)(  ii AB . Then, 
i

i

i

i

i

i BEA   and 

0)()( 
















 

i

ii

i

ii

i

i

i

i ABABAB   . 

Answer 7. 

df = 0)()(
11

}{  


N

k

N

k

N

Nk

k kkdkI  . 

df || = )1()()(||
11

}{  


NNkkdIk
N

k

N

k

N

Nk

k  . 

 


