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Advanced Probability I, 2013 Fall, Final exam 

Name:  

1. Consider the CUSUM process 



n

i

in mpXS
1

)(  for the binomial random 

variables )Bin(m~,....2,1, ,pniX
iid

i  . The process is out-of-control at time 

n if )1(||max
1

pmnpcSk
nk




 occurs. Choose c such that the probability of the 

out-of-control is less than   at all n. 

 

 

 

 

 

 

 

2. Demonstrate with 2 examples that Fubini’s theorem often simplifies the 

calculations of some integration. 
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3. Let FniX
iid

i cdf~,....2,1,   defined on ),,( PF . Let the ecdf be 

RxXI
n

xF
n

i

ixn  


 ,))((
1

),(
1

],(  . 

1) State the Glivenko-Cantelli theorem 

 

 

 

2) Define mkmmkFx km   1N,),/(1

, , and 

|})(),(||)(),({|max)( ,,,,,  kmkmnkmkmn
k

nm xFxFxFxFD  . 

For fixed m, verify that 0)(lim , nm
n

D  with probability one. 

 

 

 

 

 

 

3) If kmkm xxx ,1,  , find the upper and lower bounds for )(),( xFxFn   in 

terms of )(, nmD  and m. [Hint: mxFxF kmkm /1)()( 1,,   ] 

 

 

 

 

 

 

4) Prove the Glivenko-Cantelli theorem. 
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4. Let )(~,....2,1, yiY
iid

i  , where )( y  is the pdf of standard normal 

distribution, and ),...,( 1 nn YY . Also, let )(~,....2,1,  yiY
iid

i   for some 

0 .  

i) Calculate the likelihood ratio ( nX ) which is martingale w.r.t. n  under some 

probability measure. 

ii) Prove that ),( nnX   is martingale by using properties of the normal 

distribution. [e.g., use the mgf of N(0, 1)]. 
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5. Let )1,N(~,,1 X

iid

nXX   and )1,N(~,,1 Y

iid

nYY  , where ii YX   for 

ni ,,1 . Suppose that ),( YX   are unknown. We wish to estimate an 

unknown parameter )( 11 YXP  . 

1) Find a consistent estimator ̂  of  . 

2) Prove the consistency of ̂ . 

3) Derive the convergence in distribution of )ˆ(  n . 
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6. Let nX  and nY  be sequences of random variables with xX P

n   and 

yY P

n  . Let Ra  and Rb  be constants (not necessary positive). 

Show that  P

nn bYaX  for some R . 
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Answer 1: 

By the maximal inequality (theorem 22.4), 

222
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Setting 2/1 c , we have /1c . 

Answer 3: 

1) 0|)(),(|sup  xFxFn
x

  with probability one. 

2) By the SLLN, )(),(lim ,, kmkmn
n

xFxF   with probability one for fixed kmx , . 

By the continuous mapping theorem with yxyxf ),( , 

0|})(),(||)(),({lim ,,,,  kmkmnkmkmn
n

xFxFxFxF   with probability one. 

Again by the continuous mapping theorem )(max),...,( 1 k
k

m xxxf  , 

0)(lim , nm
n

D .  

3) Note that mxFxF kmkm /1)()( 1,,   . If kmkm xxx ,1,  ,  

)(/1)(

)(/1)()()(

)()(),(),(),(

,

,,,,

,,,,

xFmD

xFmDxFD

xFxFxFxFxF

nm

kmnmkmnm
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











 

Similarly, )(/1)(),( , xFmDxF nmn   . Hence, 

mDxFxFmD nmnnm /1)()(),(/1)( ,,   . 

4) Take limit in the previous inequality (omit). 

Answer 4: 
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Answer 5: 

1) Since )2,(~11 YXNYX   , 






 


2
)0( 11

XYYXP


 . 

Let 






 


2
ˆ XY
 , where 




n

i

iX
n

X
1

1
 and 




n

i

iY
n

Y
1

1
. 

2) Note that X

PX  , Y

PY  . Slutsky’s theorem is that 

a) If XX d

n   and aY d

n  , then aXYX d

nn    

b) If XX d

n   and aY d

n  , then XaYX d

nn  . 

c) If aX P

n   and bY P

n  , then, baYX P

nn  . 

By a) and c), 
22

XYPXY  



. 

By the continuous mapping theorem with )()( xxh  , 


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



 








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
22

XYPXY 
. Hence,  Pˆ . 

3) By the CLT, 
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We apply the delta method with )()( xxg  . Since 
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