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This paper revisits two bivariate Pareto models for fitting competing Received 22 June 2017
risks data. The first model is the Frank copula model, and the second Accepted 2 January 2018
one is a bivariate Pareto model introduced by Sankaran and Nair (1993).
We gliscuss ‘the‘ identiﬁapility. issues of these ‘mode‘ls and Qevelop the Bivariate Pareto distribution;
maximum likelihood estimation procedures including their computa- Frank copula; Kendall's tau:
tional algorithms and model-diagnostic procedures. Simulations are Newton-Raphson algorithm;
conducted to examine the performance of the maximum likelihood Survival analysis.
estimation. Real data are analyzed for illustration.
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1. Introduction

Vilfredo Pareto proposed a distribution for fitting income data, later known as the Pareto
distribution. The probability density function (pdf) and the survival function of the Pareto
distribution are f(x) = ay (ax)”?"! and S(x) = (ax)”7, x > 1/a, where « > 0 is a scale
parameter and y > 0 is a shape parameter which represents the inequality of income distri-
bution. According to the review by Arnold (2014), there are five different types of the Pareto
distribution. The original Pareto distribution is referred to the Pareto type I distribution. The
unnatural range, x > 1/, may yield inconvenience for the analysis of failure time data since
the origin of failure time is usually zero.

The Pareto type II distribution (also known as the Lomax distribution) has the range x > 0.
In analysis of bivariate failure time data, the Pareto type II seems to be more popular than the
type L. Lindley and Singpurwalla (1986) introduced a bivariate Pareto model for life lengths of
system components which shall be called the Lindley-Singpurwalla bivariate Pareto (LSBP)
model. Sankaran and Nair (1993) extended the LSBP model for applications to reliability
which shall be called the Sankaran and Nair bivariate Pareto (SNBP) model. These models
are based on the Pareto type II or the Lomax distribution. The bivariate model based on the
Pareto type I is referred to p.91 of Mardia (1970).

The Pareto type II distribution has been used for fitting competing risks data. Escarela
and Carriére (2003) proposed to fit the Frank copula model with the Pareto margins for the
prostate cancer data. Sankaran and Kundu (2014) proposed to fit the SNBP model for the
life test data on appliances. While both papers demonstrated the usefulness of their Pareto

CONTACT T. Emura @ takeshiemura@gmail.com @ Graduate Institute of Statistics, National Central University, No. 300,
Zhongda Rd., Zhongli District, Taoyuan City 32001, Taiwan.

Color versions of one or more of the figures in the article can be found online at www.tandfonline.com/Ista.

@ Supplemental data for this article can be accessed on the publisher’s website

© 2018 Taylor & Francis Group, LLC



1194 J-H. SHIHET AL.

i0
0

08
i
08
i

fiix}
o]
08

fixh

o4
04

0z
02

00
00

T T T T
0.0 05 10 15 20 25 30 oo 05 10 15 20 25 30

Figure 1. The pdf of the Pareto type Il distribution.

models, they neither developed computational algorithms nor conducted simulation studies.
In addition, the issue of model identifiability (Tsiatis 1975) was not discussed.

In this context, we revisit the aforementioned Pareto models, namely the Frank model and
the SNBP models, for their ability to fit competing risks data. We first clarify the identifiability
issue under these two models. We then develop computational and model-diagnostic tools to
perform likelihood-based inference.

The paper is organized as follows. Section 2 gives the preliminary materials. Section 3
reviews the bivariate Pareto models. Section 4 develops maximum likelihood estimation
procedures. Section 5 discusses model selection and diagnostic tools. Section 6 performs
simulations and Section 7 analyzes real data. Section 8 concludes with future works.

2. Preliminary

This section reviews the definitions for the Pareto distribution and copulas.

2.1. Univariate Pareto model

Suppose that a random variable X follows the Pareto type II distribution. Its pdf and sur-
vival function are fx(x) = ay (1 +ax)"? 'and Sx(x) = (1 + ax)?,x > 0, wherea > O'is
a scale parameter and y > 0 is a shape parameter. One can show that X 4 1/« follows the
Pareto type I distribution. Figure 1 reveals that fx (x) is decreasing in x. The formula for the
k-th moment is

L'(k+ 1)I(y —k)
ok (y)

EX" = , ¥y > k.

According to the above formula, the k-th moment does not exist if y < k. Thus, the mean
does not exist for y < 1. It is often more convenient to use the median

217 —1
My = 8¢ (0.5) = ——.
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2.2. Copula function

A bivariate copula is a bivariate distribution function C : [0, 1]* — [0, 1] with the unif (0, 1)
margin (Nelsen 2006). Therefore, any bivariate copula satisfies the uniformity conditions
Cu,1)=u,0<u<1l,andC(l,v) =0,0<v < 1.

Let X and Y be continuous failure times with a joint survival function

S(x,y) =Pr(X > x,Y > y).

Let S; (x) = S(x, 0) and S,(y) = S(0, y) be its marginal survival functions. By Sklar’s the-
orem (Sklar 1959), there exists a unique copula C such that

S(x, y) = C{Si1(x), S ()}

Conversely, one can obtain a bivariate survival function C{S; (x), S, (y)} by specifying a copula
C and two marginal survival functions S; and S,. The copula C is especially called “survival
copula” due to its relevance to survival functions (Nelsen 2006). For instance, one can use the
Frank copula (Frank 1979)

(equ _ 1)(6790 _ 1)
e ?—1

1
C@(u,v):—glog{l—l— },9750

to create a survival function Gy {S; (x), S,(y)} having arbitrary marginal distributions.

3. Bivariate Pareto model

This section reviews two Pareto models (the Frank model and SNBP model) that have been
considered for fitting bivariate competing risks data.

3.1. The bivariate Pareto model with the Frank copula
We define two survival functions of the Pareto distribution
S10)=04+ox)", x>0, S0)=0+ay) %, y>0,

wherea; > 0,a, > 0,y; > 0,and y, > 0. Escarela and Carriére (2003) considered the bivari-
ate Pareto model with the Frank copula, defined as

(6—951 (x) _ 1)(6—9520’) —-1)

e ¥ —1

1
S(x,y):Pr(X>x,Y>y):—§10g{1—|— },97&0. (1)
The copula parameter 6 describes the dependence between X and Y. The positive dependence
corresponds to 6 > 0 while the negative dependence corresponds to 6 < 0. Kendall’s tau for
association between X and Y is

4 1 % ¢t
p,=1—-—(1—— dt), 0 #0.
0 0J, e —1

The Clayton copula would have been the most popular choice for fitting bivariate com-
peting risks data. For instance, Emura et al. (2017a, b; 2018) fitted the Clayton copula for
dependence between time-to-cancer relapse and time-to-death. For a case like this, the
Clayton copula is useful for describing their positive dependence. The main advantage of the
Frank copula over the Clayton is the better ability for describing negative dependence. We
shall show a real data analysis where negative dependence arises.
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3.2. The SNBP distribution

Sankaran and Nair (1993) introduced a bivariate Pareto distribution
S(x,y) = (1 +a1x+ oy + aoxy)™”, x>0, y > 0, (2)

where ; > 0, > 0,y > 0and 0 < og < (¥ + 1)ajxy. We shall call it the Sankaran and
Nair bivariate Pareto (SNBP) distribution. The marginal survival functions are

Sl(x) = (1 +al'x)_y’ X Z Oa SZ(y) = (1 +052)/)_y, )’ Z 0.

Unlike the Frank model, the common shape parameter y > 0 for two margins is assumed
in the SNBP model. One can show that the survival copula for the SNBP model is

Coyu,0) ={u" +0o™" =14+ 8@ =) =1}, § = ap/o1z

which resembles the Clayton copula with parameter . However, since y is determined by the
marginal distribution, the copula parameter can be regarded as o or .

The dependence properties of the SNBP model were discussed in Sankaran and Kundu
(2014). The correlation coeflicient p is positive for oy < o;; while p is negative for
o > a10,. The case g = oy, corresponds to independence. However, the analytical
formula of p has not been obtained.

The case of «y = 0 gives the LSBP model (Lindley and Singpurwalla 1986),

S, y)=Q+oax+oy) 7, x>0, y>0.

The survival copula for the LSBP model is C(u,v) = (u='/¥ +v~Y7 — 1)77 which is the
Clayton copula (Nelsen 2006). Thus, the LSBP model can only produces positive dependence.
The main advantage of the SNBP model over the LSBP model is the ability to describe negative
dependence.

3.3. Example on the gross income data

To explain the two bivariate Pareto models, we analyze data on the gross income for
the professors at the department of statistics at UC (University of California) system
“http://ucpay.globl.org/”. The data consist of professors, associate professors, and assistant
professors who worked for more than 5 years at UC (n = 77). The data is available in Sup-
plementary Material, which includes the income of many famous professors such as David
Hinkley.

Let X be the 2005 income and Y be the 2010 income. We fit the samples (X;,Y;),
i=1,2,...,77, to the Frank and SNBP models by using the maximum likelihood estima-
tor (MLE) as detailed in Supplementary Material.

Under the Frank copula model, we obtain MLEs &; = 1.2 x 1072, &, = 2.8 x 1071,
M=13x107, » = 3.3 x 107, § = 8.52, M, = 104725 (US$) and M, = 134410 (US$).
Kendall's tauis 7, = 0.62 which is computed from 6 = 8.52. This indicates the positive depen-
dence between the 2005 and 2010 incomes.

Under the SNBP model, we obtain MLEs by following the two-step procedure described in
Sankaran and Kundu (2014). The estimation results are &; = 1.5 x 1073, &, = 9.0 x 10714,
7 =1.1x 10, @ = 3.1 x 107¥, M; = 104700 (US$) and M, = 129546 (US$). The corre-
lation coefhicient is positive since &y < &;&,. However, we do not have a simple form of p as
mentioned before.
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In this data analysis, one can easily estimate the dependence parameter since the pair
(X;,Y;) are observable for all samples. However, in the presence of competing risks, one can
only observe X; or Y;. Special developments are necessary for the competing risks data, espe-
cially for the problem of identifiability of the dependence parameter.

4. Competing risks analysis

This section considers maximum likelihood estimation based on competing risks data.

4.1. Identifiability, data, and likelihood

Let X and Y be failure times due to two different causes (say, Cause 1 and Cause 2). Under
competing risks, one can observe the first occurring failure time T = min(X, Y') and the cause
indicators § = I(T = X) and 6* = I(T = Y). Since X and Y cannot be observed simultane-
ously, the dependence between X and Y is difficult to estimate. This phenomenon is known
as nonidentifiability (Tsiatis 1975).

One can remove the nonidentifiability by imposing restrictive conditions on the model of
(X, Y). For instance, model parameters are theoretically identifiable in some bivariate para-
metric classes with one- or two-parameter margins (David and Moeschberger 1978; Basu and
Ghosh 1978). In the subsequent discussions, we shall consider restrictive conditions on the
bivariate Pareto models to avoid the nonidentifiability.

Let (X,,Y;,C) i=1,2,...,n be iid. random variables, where (X, Y;) follows
the model (1) or (2), and C; is the independent censoring time. Let T; = min(X;,Y;,C;)
be the observed failure time, §; = I(T; = X;) be the indicator of Cause 1, §; = I(T; =Y;) as
the indicator of Cause 2. The data consist of (T;, 6;, 6;) fori =1, 2, ..., n (Table 1).

Based on Table 1, the log-likelihood function is

(@) =Y {8:log fO(T7) + 67 log fP(T)) + (1 — & — 87) log Sy (T))},

i=1

where ¢ is a vector of parameters, Sy (t) = S(t, t) is the overall survival function, f)(¢) =
—03S8(x, ¥)/0x|x—y—; and fA) = —0S(x, ¥)/0ylx=y—: are the sub-density functions. The
MLE is defined as

¢ = argmax{{,(¢)}.
@

The nonidentifiability of the competing risks data may yield deleterious effects on the MLE.
In particular, under the Frank model (1), we found that the profile likelihood

£,(0) = argmax {€,(a;, oz, y1, ¥2,0))

(@1,02,¥1,2)

Table 1. Three observation patterns under competing risks.

Observation s; 8 Likelihood contribution
Cause 1failure 1 0 PrX. =T.,Y, > T)=f0(T)
Cause 2 failure 0 1 PrX. > TV, =T) = f(T)

Censoring 0 0 Pr(;, > T.,Y, > T) = 5:(T)
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can be either monotone increasing or decreasing with respect to the copula parameter 6. This
implies that the MLE can have a peak at an extreme 6 & —o0 or 8 &~ +00. The profile like-
lihood is useful only when it has a peak within a reasonable range of parameters. We also
found that whether the profile likelihood has a reasonable peak or not is determined by chance
(determined by data).

This phenomenon implies that, the estimation of 6 should be more regarded as a model
selection process. A similar phenomenon occurs under the SNBP model (2) with respect to
the parameter . Hence, the dependence parameter 6 or «, should be regarded as a fixed
parameter after selection by the profile likelihood (if its reasonable peak exists). If one truly
wishes to estimate 6 or «, one needs to impose strong model restrictions that shall be dis-
cussed in Section 4.2. After our numerical experiments, we reached three different versions
of the bivariate Pareto models where the parameter spaces are restricted to be identifiable.
Below, we introduce such models.

4.2. Frank model with common margins

Under the Frank model, we consider the common marginal survival function
Si1(t) =S,(t) =S(t) = (1 +at)””. This model may be suitable when two causes are
exchangeable (e.g., Navarro, Ruiz, Sandoval 2008). Then, the log-likelihood function is

a(@) =) (8 + 67){log h(T}) +log S(T;) — 6S(T;) + log(e "™ — 1) —log(e™" — 1)

i=1
" . (e705(T) _ 1)?
+98T(Ti)}+;(1—8,~—8i) —log# +log| —log {1+ ————— |,

where p = (0,0, y),S(t) = (1 +at) 7V, and h(t) = ay /(1 + at).

We apply the randomized Newton-Raphson (RNR) algorithm (Hu and Emura 2015) to
obtain the MLE. Appendix 1 provides the concrete algorithm of the RNR and the explicit
expressions of the partial derivatives of £, (¢). The algorithm does not depend on a specific
platform (e.g., R) and is fully reproducible by any computational environment. The standard
error (SE) is obtained from the second derivatives of £,,(¢) which are available from the last
step of the RNR algorithm.

The MLE for the median of X is M; = §f1 (0.5) = (27 — 1)/&. The SE is

b

SE(M,) = {o, %) M}T{_a%(w) }1 {0 92(0) 8g(<p)}
dao Dy dpdep" da By

=0
where

aglp) 1-2"7 dglp)  —2Y71og2
da T dy  ay?

The confidence interval (CI) is obtained based on the normal approximation.

Our simulations shall reveal that the above SE yields under-estimation and hence the CI
becomes liberal even for very large samples. Therefore, we also consider the parametric boot-
strap method (Efron and Tibshirani 1993) to compute the SE and CI. The concrete algorithm
is given in Appendix 2.
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4.3. Frank model with fixed 0

Given an assume value of 0, we estimate other four parameters ¢ = (a4, &2, y1, ¥2). The
idea of the assumed value of 6 is not new. This has been used for sensitivity analysis in
semi-parametric approaches (Braekers and Veraverbeke 2005; Chen 2010; de Ufia-Alvarez
and Veraverbeke 2013; 2017; Moradian, Denis Larocque, Bellavance 2017).

Under this setting, the log-likelihood function is

a(9) = Y 8ifloghy (Ty) +log Si(T;) — 01 (T;) + log(e "™ — 1)

i=1

— log(e™” — 1) + 0S1(T))}

+ )87 {loghy(T;) + log $2(Ty) — 68,(Ty) + log(e "™ — 1)
i=1

—log(e™ — 1) + 6S(T})}

" (e 05T — 1) (e~ — 1)
1-6,-8)(-1 log| —log {1 ,
+;( ,)( 0g0+0g[ og{ + p
where S](t) = (1 + Oljt)_yj and h](t) = Oé])/]/(l + Oéjt), _] =1,2.
Appendix 3 provides the RNR algorithm to obtain the MLE, along with all the explicit
expressions of the partial derivatives of £, (¢). The SE is obtained from these expressions
which arise from the last step of the RNR algorithm.

The MLE for the median of X is M, = §1_1 (0.5) = (2" —1)/&,. The SE is

SEGHT) — {ag(so) 0. 989 O}T{_azen(qo)}‘l{ag(@) o, 389 0}
1 doy T Oyy dpdgpT day Ay

=9

where

ag(p) _ 1 -2 dg(p) _ —27log2
doy af T In ayt

The CI is obtained by the normal approximation.

4.4. The SNBP model with fixed «,,

Considering the SNBP model (2), we assume that the parameter ¢ is known and estimate the
parameter ¢ = (1,0,y ). Under the SNBP model, the cause-specific hazards are defined as

f oyl +aot)
Sr(t) 1+ ait + ast + ogt?’

fPm y (a2 + ot )
ST(t) N 14 oyt + ot + Ol()t2 ’

h(l)(t) = h(Z)(t) —

Then, the log-likelihood function is

n

La(9) = Y _ [8:log(h"(T)} + 8] log(h® (T})} + log Sy (T))]

i=1

= (m+ mlogy + Y _ 8i{log(ery + aTy) — log(1 + i T; + 0Ty + oy 1)}

i=1
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+ ) 57 {logla + oo T)) —log(1 + en T + e T; + g T}

i=1

—y Y log(l+ oy T + T+ g T),
i=1
where m = ¥ | §; and m* = X' §7.

Appendix 4 provides the RNR algorithm to maximize ¢, (¢ ), along with the explicit expres-
sions of the partial derivatives of £, (¢). The SE is obtained from these expressions which arise
from the last step of the RNR algorithm.

The MLE for the median of X is M, = §1_1 (0.5) = (27 — 1)/&;. The SE is

989 ag(go)}T {_azen«p)}‘l {ag(w 0 8g((p)}

SE M = b 9 9 9
(M) { dor, dy dpdgT dor, dy

b

=9

where

oglg) _ 1-2"" dglp) _ —2'"log2
dar; a7 9y o y?

The Cl is obtained by the normal approximation.

5. Model selection and diagnostic

We have introduced three different models (Frank model with common margins, Frank model
with fixed 6, and the SNBP model with fixed «). For a given dataset, one needs to select a
suitable model. Since the three models have different number of parameters, the information
theoretic criterion is useful for model comparison.

Let k be the number of unknown parameters in the model. The Akaike information crite-
rion (AIC) and the Bayesian information criterion (BIC) are defined as

AIC = 2k — 2¢,(¢), BIC = klogn — 2£,(9).

The preferred model is the one with the minimum AIC (or BIC) value. Note that AIC
(or BIC) is insufficient to validate the model as it simply tells the best model among
the candidates. If all the candidate models fit poorly, one may still select the poor
model.

Therefore, we consider a model-diagnostic procedure that was previously employed by
Escarela and Carriére (2003), Shih (2016), and Shih and Emura (2018). The sub-distribution
functions for Cause 1 and Cause 2 are defined as

FY () = f fP(2)dz, FP(t) = / fP(2)dz.
0 0

The parametric forms of FY(t), j = 1, 2 are
*Q{Sj(z)*ST(Z)}(6*9837]'(2) -1

)
e dz, (Frank)

FO(t) = / hi(2)S;(2)
0

t
FP(t) = / y(aj+oapz)(1+ o1z + oz + otozz)fyfldz. (SNBP)
0
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These two sub-distribution functions do not have closed-form. Therefore, one needs to
compute the sub-distribution functions numerically (e.g., by using R integrate function). The
parametric estimators for FU)(t), j = 1, 2 are obtained by plugging the MLE. If the model fits
to the data well, the parametric estimator and the nonparametric estimator of F/) (¢) (Lawless
2003, p.437) shall be close to each other. One can use the R cmprsk package to compute the
nonparametric estimator.

6. Simulation

We conduct extensive simulation studies to examine the performance of the proposed
likelihood-based methods.

We generate data (X;, Y;) fori =1, 2, ..., n from the Frank copula model with the com-
mon margins or the SNBP model with fixed op. We also generate independent censoring
time C; ~ U (0, w), where w > 0 is a constant to control censoring percentages. Then, we
obtain the data (T;, §;, §7) by letting T; = min(X;,Y;,C,), §; = I(T; = X;) and §F = I(T; = Y;)
fori=1,2,..., n Based on the generated data, we compute the MLE, SE, and 95% CI. We
also count the number of iterations to assess the convergence speed of the RNR algorithm.
Our simulation results are based on 200 repetitions.

6.1. Results under the Frank model with common margins

Table 2 shows the performance of the MLE. When the censoring is present, estimates are
somewhat biased even for large samples. In addition, the MSEs for 6 do not properly decrease
when the sample size increases. This represents the difficulty of estimating parameters based
on competing risks data, even if one assumes the common margins. When censoring is absent
(0% censoring), all estimates are nearly unbiased, and the MSEs decrease with the increased
sample sizes. The unpleasant results on the biases and MSEs are, in fact, due to a few out-
lying values. Hence, we shall see the coverage rate of the CIs, which are less affected by
outliers.

Table 2 also shows the convergence speed of the RNR algorithm. The average number of
the NR iterations is 10, and the average number of the randomizations varies from 1 (0% cen-
soring) to 10 (40% censoring). Hence, in the worst case, 10 x 10 = 100 iterations are required
until convergence. This is not the drawback of the algorithm itself, but is due to the flat shape

Table 2. Simulation results under the Frank model with common margins.

0 a

%
Par. Prop. (%) n Mean MSE Mean MSE Mean MSE Al AR
a=10 X; = T,(50%) 1000 5.710 17.03 1.081 0.239 0.992 0.021 8.540 2.105
y =1.0 Y, = T,(50%) 1500 5.348 16.07 1103 0313 0.977 0.021 8.465 0.505
#=5.0 G, = T,(0%) 2000 5.677 9.847 1.057 0.124 1.000  0.010 8.665 0.130
X; = T.(40%) 1000 2435 46.94 1.702 2.034 0.821 0.157 9.610 9.068
Y, = T,(40%) 1500 2125 56.35 1.856 2.474 0.783 0.179 10.08 6.455
C =T.20%) 2000 1.599 52.60 1.891 2,668  0.773 0.183 9.275 7.965
7, =0.5 X; = T.(30%) 1000 —2.136 419.7 2.046 3.012 0.717 0.239 1118 10.92
M, =10 Y, = T,(30%) 1500 0.265 191.0 2.048 3113 0.754 0.225 1.22 10.28
C =T(40%) 2000 0.308 137.5 2.023 3.052 0.740 0228 10.84 N.44

Al =theaverage iteration number until convergence, AR = the average randomization number until convergence, Par. = param-
eter, Prop. = proportion of events. MSE (&) = E(& — a)%, MSE($) = E(j — y)?, MSE(6) = E(§ — 6)2.
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Table 3. Simulation results under the Frank model with common margins.

(i) Hessian method o a y
Par. Prop. (%) n SD SE CcP SD SE CcP SD SE CcP
=10 X/ = 7-,(50%) 1000 4,075 3.290 0.900 0.483 0.153 0.915 0.146 0.095 0.935
y =10 YI = 7;(50%) 1500 4,004 2.489 0.890 0.551 0.126 0.900 0.144 0.075 0.930
6 =5.0 C/ = TI(O%) 2000 3.072 2.288 0.950 0.348 0.107 0.930 0.102 0.066 0.945
Xl = 7;(40%) 1000 6.369 2.933 0.725 1.245 0.34 0.725 0.354 0.121 0.745
Y/ = 7;(40%) 1500 6.952 2.746 0.670 1.323 0.289 0.675 0.364 0.091 0.665
C/ = 7-,(20%) 2000 6.422 2.065 0.625 1.372 0.252 0.660 0.363 0.079 0.680
T, = 0.5 Xl = 7;(30%) 1000 19.25 149.7 0.735 1.388 0.615 0.710 0.399 0.199 0.630
/\/’1 1.0 Y, = 7;(30%) 1500 13.02 16.77 0.735 1.423 0.452 0.660 0.407 0.146 0.630
C = 7-/(40%) 2000 10.77 3.500 0.685 1.420 0.402 0.645 0.401 0.137 0.620
(ii) Bootstrap method 6 @& y
Par. Prop. (%) n SD SE CcP SD SE cP SD SE Ccp
a=10 XI = 7—,(50%) 1000 4,075 4,596 0.975 0.483 0.640 0.970 0.146 0.184 0.990
y =10 YI = TI(SO%) 1500 4,004 3.887 0.960 0.551 0.491 0.955 0.144 0.146 0.985
6 =5.0 C, = TI-(O%) 2000 3.072 3.633 0.985 0.348 0.409 0.940 0.102 0.126 0.985
Xi = 7}(40%) 1000 6.369 6.459 0.950 1.245 1.240 0.950 0.354 0.347 0.955
Yi = 7;.(40%) 1500 6.952 6.347 0.950 1.323 1.255 0.940 0.364 0.339 0.950
Ci = 7-,-(20%) 2000 6.422 6.055 0.940 1.372 1.251 0.960 0.363 0.334 0.970
T, = 0.5 Xl = 7}(30%) 1000 19.25 14.50 0.945 1.388 1.289 0.960 0.399 0.396 0.945
/\/’1 =1.0 YI = 7;(30%) 1500 13.02 13.58 0.950 1.423 1.358 0.930 0.407 0.383 0.955
Cl = 7',(40%) 2000 10.77 12.62 0.920 1.420 1.323 0.905 0.401 0.367 0.900

SD = sample standard deviation, SE = standard error, CP = coverage probability of the 95% Cl, Par. = parameter, Prop. =
proportion of events.

of the log-likelihood function in the presence of censoring. The RNR algorithm always con-
verged for all the 200 repetitions.

Table 3 shows the performance of the SEs and 95% Cls. The SEs based on the Hessian tends
to underestimate the SDs. Consequently, the CIs show under-coverage (coverage rate less than
the nominal 0.95). On the other hand, the SEs based on the bootstrap give good agreements
with the SDs, leading to correct coverage rates of the CIs. Overall, the bootstrap shows much
better performance than the Hessian. However, we must notice that the bootstrap requires the
assumption of the uniform censoring distribution (Appendix 2). Such an assumption is not
always true in real data analyses.

6.2. Results under the SNBP model with fixed o,

Tables 4 and 5 show the results of estimation. Under the SNBP model, the average number
of the NR iterations varies from 3 to 5, and the average number of the randomizations is
less than 1. Thus, the convergence speed is quick. All the estimates are almost unbiased and
the MSEs decrease when the sample sizes increase. In addition, the SEs are very close to the
SDs in all configurations. In most cases, the coverage probabilities of Cls are all close to the
nominal 95% level. Similar simulation results may be obtained under the Frank model with
fixed 6.

Our estimation procedure in Section 4.4 does not always guarantee the constraint 0 < oy <
(¥ 4+ 1)aja,. Table 4 reports the proportion of violating the constraint in the simulations.
Fortunately, the constraint is met in most cases or can be met by large samples.
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Table 4. Simulation results under the SNBP model given c,.

&1 &2 ); M1

Parameter Prop. (%) n Mean MSE Mean MSE Mean MSE Mean MSE Al AR Con.

@ =05 X =T(52%) 100 1014 0172 0507 0060 2179 0412 0429 0007 45 01 16%
=10 Y =T(8%) 200 0998 0099 0501 0035 214 0245 0426 0003 41 00 8%
@, =05 C=T(0%) 300 0993 0062 0494 0021 2059 0127 0426 0002 40 00 5%
y =20 X =T(@4%) 100 1056 0310 0525 0083 2241 0710 0433 0008 46 02 24%
Y, =T(25%) 200 1025 0153 0510 0046 2127 0347 0427 0004 42 00 1%
G, =T(30%) 300 1002 0085 0499 0026 2075 0208 0428 0003 41 01 7%
X =T(39%) 100 1134 0546 0585 0179 2278 1167 0443 0010 48 03 23%
Y, =T@1%) 200 1066 0226 0534 0076 2149 0553 0427 0004 43 <01 15%
G, =T(40%) 300 1033 0133 0511 0038 2091 0344 0427 0003 42 <01 10%
@, =00 X =T(54%) 100 2171 0853 1077 0239 0510 001 153 0137 41 00 0%
@ =20 Y, =T(6%) 200 2076 0436 1016 0107 0505 0006 155 0067 39 00 0%
@, =10 C=T(0% 300 2018 0226 0995 0063 0503 0003 1553 0043 38 00 0%
y =05 X =T(47%) 100 2138 1063 1067 0331 0532 0021 1591 028 44 03 0%
Y, =T(23%) 200 2067 0381 1007 0096 0509 0007 1548 0078 40 01 0%
C =T(30%) 300 2016 0234 1009 0070 0505 0.004 1548 0051 39 01 0%
X =T(40%) 100 2223 1556 1080 0338 0548 0043 1593 0218 48 10 0%
Y, =T(0%) 200 2103 0564 1033 0157 055 0012 1550 0087 42 01 0%
G, =T(40%) 300 2005 0319 1009 0095 0511 0006 155 0058 40 01 0%
@ =20 X =T(36%) 100 4169 2868 5108 3586 1043 0053 0261 0004 41 <01 0%
@, =40 Y, =T(44%) 200 4077 1463 5105 2245 1020 0034 0260 0002 39 <01 0%
@, =50 C=T(0%) 300 3918 0914 4884 1581 1034 0025 0258 0001 38 <01 0%
y=10 X, =T(31%) 100 4323 4277 529 6299 1070 0120 0262 0004 42 <01 0%
Y, =T(39%) 200 4102 1896 5187 3189 1030 0053 0262 0002 40 <01 0%
C,=T(30% 300 3906 1426 483 2059 1061 0050 0257 0001 40 <01 0%
X =T(7%) 100 4474 7728 5542 1098 1116 0207 0266 0006 47 02 1%
Y, =T(33%) 200 4211 3636 5313 5149 1081 0148 0262 0003 44 01 1%
C =T(40%) 300 3963 1566 492 2362 1053 0066 0261 0002 42 00 0%

Al = the average iteration number until convergence, AR = the average randomization number until convergence,
Con. = the proportion of violating the constraint 0 < a, < (¥ + Da,a,, MSE(&;) = E(&, —oz1)2, MSE(&,) =
E(@, — o))’ MSE() = E(7 — y)*.

7. Data analysis

We analyze the data on time-to-death from 483 prostate cancer patients (Andrews and
Herzberg 1985). There are 125 deaths from prostate cancer (Cause 1), 219 deaths from
other diseases (Cause 2) and 139 censorings (survived until the study end). Let X; be time-
to-death by prostate cancer, Y; be time-to-death by other diseases, and C; be censoring
time. The observed data are T; = min(X;,Y;,C;), §; = I(T; = X;) and § = I(T; =Y;) for
i=1,2,...,483.

Under the Frank copula model, we selected the copula parameter 6 = —5 (7, = —0.46)
which gives the largest profile log-likelihood value (Figure 2). Under # = —5, the RNR algo-
rithm converges at the 8th iteration step after 23 randomization steps on initial values. Figure 3
demonstrates that the MLE (&, &, 71, 7») attains the maximum of the log-likelihood func-
tion.

Under the SNBP model, we selected the dependence parameter oy = 0.00007 which gives
the largest profile log-likelihood value (Figure 2). Kendall’s tau is 7;; = —0.22 which is
obtained by numerically evaluating

1 1
Ty = 4/ / Cs.p (u,0)dCs ;(u,0) — 1, § = ap/1s.
o Jo
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Table 5. Simulation results under the SNBP model given «,.

&1 &2 )’} M1

Parameter Prop. (%) n SO SE CcP SO SE cp SD SE cp SO SE (@

ay, =05 X =T(52%) 100 042 043 0970 024 025 0935 062 062 0940 0.08 0.08 0.960
a, =10 Y, =T/(28%) 200 032 030 0940 019 017 0935 048 043 0935 006 0.06 0.960
a, =05 ( =T(0% 300 025 024 0940 015 014 0960 035 034 0945 0.05 0.05 0.965
y =20 X, =T(45%) 100 056 053 095 029 030 0970 081 079 0940 0.09 0.09 0.970
My =4 Y, =T(5%) 200 039 037 0930 021 020 0930 058 054 0925 0.06 0.06 0.940
G, =T(B0%) 300 029 029 0925 016 016 0955 045 043 0935 005 005 0.950
X, =T(39%) 100 073 069 0945 042 039 0970 104 100 0915 010 010 0.965
Y, =T(1%) 200 047 046 0940 027 025 0930 073 068 0910 006 0.06 0.960
C, =T(40%) 300 036 037 00940 020 020 00955 058 054 0955 005 0.05 0.955
a, =00 X =T(54%) 100 091 086 0950 048 045 0945 011 010 0945 036 039 0.960
o, =20 YV, =T(6%) 200 066 058 0915 033 030 0915 008 007 0945 025 027 0955

T;

T;

T;

T;

T;

T;

T;

T;

T;

T;

T

@,=10 C=T(20% 300 048 046 0935 025 024 0950 0.06 006 0955 020 022 0.970

y=05 X =T(47%) 100 102 095 0935 057 050 0930 014 013 0940 047 041 0950

M,=15 Y, =T(23%) 200 061 064 0965 031 033 0960 008 008 0955 028 027 0.970
T;
T;
T;
T;
T;
T;
T;
T;
T;
T;
T;
T;
T;

C, =T(30%) 300 048 051 0965 026 027 0970 006 0.07 0965 022 022 00955
X, =T(40%) 100 123 112 0960 058 057 0950 020 0.7 0960 046 043 0.970
Y, =T(0%) 200 075 075 0965 040 039 0960 011 011 0955 029 029 0.955
C =T(40%) 300 057 059 095 031 031 0955 0.08 008 0970 023 024 0935
ay =20 X, =T(36% 100 169 174 0965 190 209 0970 023 026 0960 0.06 0.06 0.945
a,=4.0 Y, =T(44%) 200 121 121 0950 150 147 0960 018 018 0.945 0.04 0.04 0.955
a, =50 ( =T(0% 300 09 095 0945 125 115 0960 015 015 0.940 0.03 0.03 0.945

y =1.0 X =
M =25 Y=

(31%) 100 205 211 0960 250 254 0955 034 033 095 0.06 006 0.955
(39%) 200 138 143 0940 178 176 0.945 023 022 095 005 004 0.950
(30%) 300 119 11 0945 143 134 0945 022 019 0935 0.03 0.03 0.945
100 275 255 0945 328 311 0940 044 045 0945 0.08 0.07 0.960
200 190 174 0915 225 216 0935 038 031 0925 005 0.05 0.960
(40%) 300 125 136 0960 154 166 0975 025 025 0960 0.04 0.04 0.955

SD = sample standard deviation, SE = average standard error, CP = coverage probability of the 95% Cl, /\711 =@ — /a,.

Under oy = 0.00007, the RNR algorithm converges at the 10th iteration step with 6 ran-
domization steps. Figure 4 reveals that the MLE (&, &,, 7) attains the maximum of the log-
likelihood function.

We summarize the fitted results for the Frank and SNBP models in Table 6. The mean
failure times of prostate cancer and other causes are not available under the Frank model
since 1, 7, < 1. In contrast, they are available under the SNBP model since y > 1. The
Frank model produces a slightly larger log-likelihood value than the SNBP model. How-
ever, the SNBP model gives a better value of AIC (BIC) due to the smaller degrees of
freedom.

Figure 5 displays the model-diagnostic plots. The model-based sub-distribution functions
of the two models are very close to the nonparametric sub-distribution functions, indicating
good fits for both the Frank and SNBP models.

The same data have been analyzed by Escarela and Carriere (2003) using the Frank model
with the Pareto margins that account for covariates. They derived the median lifetimes for
the average patients (under average covariates). Under 6 = —5, their median times to death
are calibrated about 200 for prostate cancer and about 70 for other diseases (Figure 3 of their
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Figure 2. Profile log-likelihood plots for the Frank (left) and SNBP (right) models.

paper). These values are very similar to our results under the Frank model. Therefore, the
following discussions focus on the SNBP model.

We use the median failure time to examine how long prostate cancer patients can survival.
Under the SNBP model, the median failure time due to prostate cancer is 128.3 months (about
11 years), and the median failure time due to other diseases is 61.8 months (about 5 years).
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Figure 3. Log-likelihood functions under the Frank model based on the prostate cancer data. The vertical
lines are drawn at &, = 0.0119, &, = 0.0149, y, = 0.5758 and 7, = 0.9647.
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Figure 4. Log-likelihood functions under the SNBP model based on the prostate cancer data. The vertical
lines are drawn at &; = 0.0036, &, = 0.0075 and y = 1.8277.

It is known that patients diagnosed with prostate cancer can still have long life expectancy
since prostate cancer is not a fatal disease. So the death is not likely due to the prostate cancer
itself.

We provide the fitted density f;(¢) and survival function S;(t) for j = 1, 2 under the SNBP
model (Figure 6). In this figure, the locations of median failure times may be useful to compare
the survival difference between j =1 and j =2.
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Figure 5. Model-diagnostic plots for the Frank model (left) and the SNBP model (Right).
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Figure 6. The Pareto type Il marginal densities (fj(t),j =1, 2) and survival functions (Sj(t),j =1, 2) under
(a;, a0y, y) = (0.0036, 0.0075, 1.8277). Vertical lines are drawn at their median values.

8. Conclusion and future works

Under the suggested bivariate Pareto models, we provide the computational algorithms,
numerical performances, and model-diagnostic procedures for analyzing competing risks
data. Through the real data analysis on the prostate cancer data, we have shown that both
the Frank and SNBP models fit equally well. Although the SNBP model is restricted to the
common shape parameter, it still gives a decent fit. This peculiar phenomenon may be due
to the dependence structure of SNBP model suitable for the prostate cancer data. The Frank
model with the common margins is even more restrictive, but it is the only model that allows
us to estimate the dependence parameter with the SE and CI.

It remains a challenging problem to estimate the dependence parameter (copula parame-
ter) in both the Frank model and SNBP model. As we claimed, the profile likelihood often does
not have a peak under competing risks unless the restriction of common margins is imposed.
Even if the common margin assumption is made, one needs large samples and the absence of
censoring to correctly estimate a dependence parameter. If covariates are available, it becomes
easier to estimate dependence (Heckman and Honore 1989). Escarela and Carriere (2003)
estimated a dependence parameter in the presence of covariates. For high-dimensional
covariates, Emura and Chen (2016) proposed an algorithm to estimate the dependence
parameter by maximizing a concordance index between the survival time and covariates.

The important issue related to covariates is how to formulate the covariate effects. Escarela
and Carriere (2003) suggested a regression model for scale parameters given by

oy = exp(Bio + ,81TZ1)7 a, = exp(Ba + ,BZTZZ)-

If the dimensions of covariates are high, one may use compound covariates to reduce their
dimensions via univariate regression (Emura et al. 2017b). That is, one can form regression
models on compound covariates, defined as

a; = exp{Bio + Bi (eszl)}, oy = exp{By + ﬁz(eszz)},

where the weight vectors ¢, and ¢, are determined by univariate regression.

This paper focuses on the estimation of parameters in the bivariate Pareto models.
However, it may be interesting to consider a prediction analysis using the models. With the
bivariate Pareto models, one lifetime can be predicted by the other. Recent works related to
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prediction analysis (Noughabi and Kayid 2017) briefly mentioned the potentials of using the
bivariate Pareto type I model for prediction.
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Appendix1: The RNR algorithm under the Frank copula with common margins

Step 1. Set initial value (9@, o,y @),
Step 2. Repeat the Newton-Raphson iterations:

-1

Pale) a3 a(p) 3, (0)
g k+D) 2103, 902 300a 300y 90
a® D | = [ q® | — | 2@ Pt e nlp)
(k1) *) 9060a da2 dady do
14 14 320,(0)  32,(0) 3%, () ¥n(p)
900y dady 3y2 Iy 0=00) q=a®) =y )

o If max {|9*D) — 9P| |a*+D — @ | |y &) B} < ¢ stop the algorithm then set
the MLE ¢ = (8%+D | ok+D o D)y

e If the Hessian matrix is singular, or its determinant is positive, or iteration number
is greater than 20, stop the algorithm and then return to Step 1 with the initial value
replaced by (0 + u;,a® x 2,y @ x ¢), whereu; ~ U(—r;, 1;),i = 1, 2,3 are inde-
pendent uniform random variables.

Remark: Wesete =107°,0© =1,0® =1,y©® = 1,1, =13,r, = 3, and r; = 3 for simu-
lations. If the NR steps give wrong results, we restart the NR steps by adding uniform random
noises to the initial values. This algorithm is called the “Randomized NR Algorithm” (Hu and
Emura 2015).
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All the derivative expressions are given below.
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da  (14at)? da  (1+at)’™ 8y  Q4+at)’ 3y  (A+at)

2

’

aSt(t;) 1 o | 1+ (e05t) — 1) —28(t)e W) (et — 1) (e — 1) + e ¥ (e7?®W) — 1)
—_— = — |0 J—
a0 8 (e?—1) Ole® — 1+ (e 05 — 1)*](e=? — 1)

aSt(t;) 2¢708t) (=05 _ 1) as(t) Sy (t) 2e 080 (g=08t) _ 1) as(t)
= , = X .

do e — 14 (e 1" da T Ay et —14 (e —1)" " Iy
902 —S(t;)*e 05 -0 aSr (4, t; 92Sr (¢
"((p)—Z(S—{—S){ (ti)"e e T( )+9 T()}

2
062 et — )2  (e=0 —1)° + a0 062

-1
1 zs(ti)Ze—HS(ti)(e—H _ 1)(26_95(ti) -1 (e_gs(ti) _ 1)2
+ E 1—6;—3]) 1 1+ =
( {92 [/ — 1+ (B0 — 1)l —1) @71

" Y _ACY . —OS(s. 2 e—08(t) _1)?
—(1 = 8 — 87){20 B =050 (g-05) _ 1)) {log[1+ %] + 1}

+2 o

T o[t i e 1t e — e - )

—(1—3 —85)et (e — 12 (et — 12"
log| 145~
+Z 1t (e 05® — 1)) (e — 1) Og[ TTer o } ’

I2(P) § 1 3*h(t) [oh@) 1 3°8(t)  [oasu) 7
e —;@Hi){ RS <h(ti) S —[ » DJFS(@)Z (sai) ol —[ o }

i 32S(t; He=205) [ 328(t, 0205t Tast)*  9%Sr(h
+Z<5f+5?>{—9 ) [ ()}_ [ <)} L T<)}
i=1

Jo2 050 — 1| 9a2 (et — 1) | da da?
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N 0%t . —0S(t 2 £—08(t)) _1)?
Lyt s s —of flog[1+ SRl 1)
_ . 2 2
= {log [ 14 €250 | [ = 1+ (e50 — 1))}
T (1§ — 57)20e7 050 T8 (gesw) _ q)
+ (e—QS(t,-),l)Z 9 _os(t: 2
i=1 log [1 + W] [e —1 + (e S(t) — 1) ]

n (1 _ 8 —3*)292 —0S(t;) [dS(t, ] (2 —0S8(t) __ 1)
et =1 s — 1)

08t _1)

i=1 log [1 + 45 @7—D)

I2(p) N 0’h(t) [oh(t)]’

9y ‘g(s"”f){h(mz (h(t") oy ])}

- . azsw [aS(t,-) T) 9281 (1)) }
+3 6469 S(t;) +0

3 {s< 7 1)

dy

N Z 6+ 59 %S(t)  0e™SW T 925(t) 0% %50 T3s(t)
— i i a 2 —OS(t,') —1 ay2 (e_gs(ti) _ 1)2 ay
2 _ . 2
(15— 5;)(29 08) =518 (=050 1)) (log [1 Pt ] + 1)
_|_
— @11 o —08(t;) 2\’
i=1 lOg l—f—w [6 — 1+ (e '—1)]
n —(1-4— 5?)206795(@-) 82513/(2&) (efes(z,-) —1)
+ — @1’ o —08(t)) _ 1)2
i=1 log |1+ T [e 1+ (e 1)7]
(1= 8 — 8720705 [““X ] (2e~05 _ 1)
_|_

05(t;) 1)2

= log [14+ P | [ef — 14 (050 — 1))

0600«

(e=-1)

902 - aS(t;)  0S(t;) e P8 [e=05W) 1 9S(t) — 1] 9Sr(t;, t;
”(¢)=Z(8i+6§‘)— (t)  98() [ (2) ]+ r(ti, t;)
du do (e705t) — 1) do

. . . 2 —65(t;) _ _ .
Zazg,)e—es(z,)[e—esa,) Y (e—e (e D _28(t)e esm))

+Y 1-8-25)
i=1

0S(t) _1)

—0S(t; 2 2
(1og[1 + 22 et — 1+ s — 1)

log[ + (6(69—1)] [—6_0 — zs(ti)e—OS(t,-)(e—OS(t,-) —1)]

+Y 1-8-5)
i=1

_2%6*95(&)[6*95@) —0S(t)(1 — 26*95(&))]

+Y 1-8-5)
i=1

(e—GS(t,»)_l)Z
log [1 + e

Jle =1+ s — 1y

9

sy 12 2
<log [1 + %] [e7 — 14 (e705®W) — 1)2])

969y dy (e-05) — 1)

(e=?-1)

2 N o 0SW) (,—0S(t) ) — .t
02(p) _ Z(‘S s ){ dS(t)  3S(t;) e (%) +65(1) — 1) L O8r(tt)

zaS(tz) 798(t,)[ —60S(t;) __ 1]2 (670 (e—ef(ti)_l) _ zs(ti)eﬁGS(t,’))

‘ d
+) a=8—8)1—
i=1

(log[ + %] [e0 — 1 4 (e—05t) — 1)2])2

i
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-605(7) _1)?

log[1 + -1

—0S(t; 2 2
(1og 1+ 52 et — 1+ e — 17

Jl=e™ = 25(t)e™ """ (e — 1)

+ Z(l _81
i=1

ZBS(t,) —GS(t,)[ —0S(t;)) __ QS(t,-)(l _ 26—950,-))]

n
% y
+ Z (1—-6,—-38) —65(t7) _1)2
i1 R

log [1 + L D ] [e=0 — 14 (e705t) — 1)*]
A (e) _ i“‘”*){ 1 < o’ 2h(t) L0 ah(ti))}
dady = T | ) dy da Ay
“ 1 928(t;)  9S(t;) AS(H; 028y (t;
+Z(8i+aj)is(”2 (S(t» ) ) ))+9 ol )}
— i % a Ay ady
Qe 08) 3%28() aS(t;) aS(t;)
8+ 8" S 1] 4+ —F —=
+Z( + ){(_M) )z(aaay [e 1+0 = oy
i 4926295®) (¢=05) _ 1)? asg» 38(t;) (log [1 G "f(e”l)l) ]+ 1)
05t _ _ el
i=1 <log [1 + ﬁ] [ef — 1+ (e795t) — 1)2]>
n — 20205t (6798(1‘,-) _ 1)(1 705(t))85(t,) Bz(t)
* Y
+)-8-8) pETT 2
i=1 log [1 + W] [e™? — 1+ (et —1)7]
n . —20e 05w (¢=05t) _ 1) Bjjgt;/)
+ )1 —8—8) T —
i=1 log [1 + W] [6_9 -1+ (e—QS(t,) -1 ]
where
9%h(t;) —2yt;  9%S(t) 5 9%h(t;)
Y= L, Y= D214 at) "7, —— =,
a2 (1 —|—ozti)3 a2 V(J/ + ) i ( +o ) 8)/2
3%8(t) — (1 +at) " [log(1 + at,)]? 0%h(t;) _ 1 3%28(t) _ ti[y log(1 + at;) — 1]
dy? ' & T dady (1+at;)*’ dady (1 4 ot;)? ™! '

02Sr (t) _ e ¥ (e75 — 1)2 —2e7SS(t) (e7 W — 1) (e™? — 1)

902 02(e” — e — 1+ (e7#5® — 1)7]

L [2S(1)e S @50 — 1) (e — 1) — e (@ — 1)][e + 26 50S(1) 5 1)

B(e? —1)[e? — 14 (e705t) —1)?]
6—0 (e—OS(t,-) _ 1)[26—68(t,-)s(ti)(e—6 _ 1) _ 6—0 (e—HS(t,-) _ 1)][6—0 -1 + (e—é‘S(t,-) _ 1)2]
(e’ —)[e? — 1+ (e —1)°]

28(8)2e P50 (670 — 1)(1 — 2e50)) 4 ¢ 0 (705 _1)> 3 (e 050 — 1)
+ 3 — glog | 14 —————
O(e? —1)[e? — 1+ (e 5t — 1)?] (e’ —=1)

+

[—28(t;)e 051 (e~ — 1)(e? — 1) 4 e~ (e ") — 1)’

02(e? — D[e? — 1+ (e75®) — 1)*]

’

928, (t) (2" S() o=65(1) (g=03(t) _ 1) 4 200 [dS(t, ] - 26,95(,1)])
Iy

80{2 o e—e — 14 (e_gs(ti _ 1)2
49[3§gi)]26‘295(ti)(e‘es(ti) . 1)2

[e0 — 1+ (e-05®) — 1))

_l’_
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328, (L) <23233%e—95(t,-)(e—95(q) -1+ zee—esu,.)[%fi)]z[l B ze—%(ti)])
dy? - e0 — 1+ (e956) — 1)2
49[%3”]26—29500(6—%(@) 1y
[0 — 1+ (e=05t) — 1)*]°

3%Sr(t;) 505 AS(t;) [ S(t)(1 — 2795y 4 (e705E) — 1)[e7 4 28(t;)e 05 (e705t) — 1))
303 dat et — 1+ (05t — 1)°

3%Sr(t;) 505 05(1) {S(ti)(l — 27y 4 (e — 1)[e7? 4 28(t;)e W (e — 1)) }

000y ay e — 1+ (et — 1)?
8ZST t) 2~ 05() |:" S) (6*95(% 1)+ 6 I’Sgy) NG (1- 798(1‘{))] 40 i)igi) 3;(;) 87205(&‘)(8705(&‘) — 1)2
= +
dady e — 14 (et —1)° [ef — 1+ (e 5t — 1)2]2

Appendix 2: A bootstrap method under the Frank model with the common
margin

Step 1. Generate B bootstrap samples (Ti(b), (Si(h), 5?“’)), i=1,...,n,b=1,2,..., B, based
on the Frank copula model with estimated parameters ¢ = (0, &, y) and independent cen-
soring time C ~ U (0, w), where w = max{T; : §; = 8;‘.‘ = 0}

Step 2. Compute the bootstrap MLEs, ¢¥ = OO ¢®» p®y b=1, ... B

Step 3. The bootstrap SE is computed, for example, as the standard error

21/2_ B

B
N 1 ~ =) = 1 ~
SE@) = ﬁ 2 :(Q(b) -0 ) , ) — E 2 :Q(b),
b=1

b=1
Step 4. The bootstrap (1 — &) x 100% Cl is computed, for example, as the (¢/2) x 100% and
(1 —&/2) x 100% points of 0 b =1, ..., B.

Remark: We set B = 200 for simulations.

Appendix 3: The RNR algorithm under the Frank copula model with fixed 6

Step 1. Set initial value (”, &i”, ¥/, ).

Step 2. Repeat the Newton-Raphson iterations:

Pale) )  Pale)  a(e) — 000 (0)
(k+1) (k) aa% do1 0oy A0y R Tl(p
(k+1) (k) Plalp)  nle)  Plule)  3%ale) 3n(9)
%) 1% | da1dm da? dady1 daz0y2 dary
GV I ) u(g)  Plalp)  Plale)  ta(p) 0tn(9)
g g by dwdn a2 onow in
pn p0 20(e)  Plale)  Plal@) ) @) || g g ® 0
da1dyy  dopdy,  0y10y2 ays = o ST ®)
= - 0=y y2=Y,
o If max{la(k+1) (k)l ! (k+1) _ (k)| |)/1(k+1) (k)| 2 (k+1) 2(k)l} <&, stop the
algorithm then set the MLE ¢ = (D oD, yl(kH) (k+1)
e If the Hessian matrix is singular or max {a**", a{*™ 3/ ) Vs k+1)} > d, stop the algo-
rithm then return to Step 1 with the initial value replaced by (ar\” x e*1,a{” x e*2,y” x

,y(o) x e"), where u; ~ U(—r;, 1;), i = 1,2,3,4 are independent uniform random

Varlables.
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Remark: We set ¢ = 10~ ,041(0) =1, a(o) =1, V1 =1, )/(0) =1,rn=6rn=6r=6r=
6 and d = e'° for data analysis.

All partial derivatives of the log-likelihood are given below.

3n(9) :ZS'{ 1 9hi(t) n 195 (t) _9351(&) +988T(ti)}

3011 ]’ll (t,) 3011 Sl(t,‘) 80[1 8061 8a1

* o516 aS1 () aSt(t;)
* ZS {(e—ésl(t,) —1) 9oy + 6 Eye } 121:(1 — &8 — & )—log[ST(t )],

80[2 (67052“’ 1) 8062 80[2

A . ,
In(p) _ 28 { 38> () +98$T(tz)]

. 1 () 1 3S(t) 38t 3Sr(h)
5F 0 0
2 {hz(ti) dar | Sat) o by | by }

+ Z(l 8 —8f )—log[sT(w]

i=1

3n(9) :ZS'{ 1 9hi(t) n 195 (t) _9351(&) +988T(ti)}

Y1 — ) an Si1(t) Iy % N
AT )] a8t ()
8* 0 1—-6;,— 5 —1 Sr(t;
+ Z {(e_gsl(tx) _ 1) 8)/1 + 8)/ } Z( ) Og[ T( )]

al, e 05t 3§ t; oSt (t;
(@)_28{ o 2()_|_9 T()]
Y2 (e79%) — 1) 3y, Y2

‘ 1 dha(t;) 1 3S(t) 39S(t) 8Sr(t) }
+ .8 + —0 +6
Z {hz t) 9y, S:(t) 0y» Y2 3y

n i a
+ Z (1—8—26 )a_nlog[ST(ti)]’

where j =1, 2,

oh;(t;) Vi aS;(t) —yiti oh;(t;) «a;

doj (I+at)*’  da; - (I+ait)’™ 9y (I +at)’
8S;(t)  —log(1+ajt) Sr(t)  3S;(t) e08i(0) (=085 _ 1)

dy; (I4o;t) " da;  da; e — 1+ (e —1)(e %20 — 1)’
aSr(t)  9S;(t) 08I0 (¢=08s-50) _ 1)

Y, dy; ef =14 (e —1)(e %) — 1)’

02(p) o 1 ’h(t)  [am@) T’
da} _Zai{h1<ti>2 (hl(t") da} _[ da, ])}

1

750 [ )] | sy [Lp80 osi
+25{51() (&() [ . ])}+;5i{—9 ot }

i=1

n O (e~ 051t _ 1) 0510) T 28 t;
+ 281* {_ ( —081 (t; : 1(2 ) }
= (e7951t) — 1) dory
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3L ()
dyi

=§ai{—

981 ()

+ZS*{

+> (—8-8)
i=1

n

+Y a-8-0)

i=1

n

i=1

2] (67952(&') —

32
1—8 —8)—
+Z( ')aaf

0S ti 2 828 ti
1) +0 T (t)
(e—esl(m — D 8oy daf

2 .
—20e951(t) 3 :;%tz) (e795t) — 1)

—051 (1) _1)?

log [1 + s ] [ef — 1+ (e7091) — 1)’

_2926—951(t1)|:351(t1 ] ( 2e—0sl(tt) + 1)

—6S1 (ti)fl)

log [1 + e ] [ef — 14 (e#51® — 1)’

log[Sr(t)],

928t (t;
P (&)

(6—932 ()
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,Zl {hm (2

+2n:3* ! S2
Sy(t)?
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( zhz(ti) . ahZ(tl) :
2 dos [ day :|

(e 62() — 1)* | day

f2e—052(t) |:352(ti)]2

2
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92Sr(t;)

PS,(t) [0St T L 928@)
(t:) 907 —[ S, :|>}+i21:5i {—9 bar T

- N 928 (t) o — ;
—20¢ 082 (t) 3;§ )(e 08y (t) __ l)

(e=?-1)

log [1 + “7952“")_”2] [e70 — 14 (e70%:) — 1)7]

2
2926—952(%)[3%2(21:')] (ze—esz(ti) -1

—085(t;) _ >

log [ 1+ 250 [ et — 14 (7050 — 1)°]

92
5t )— log[St (£)],

Phit) [ahla,-)T
ayy GM!

" 1 328,t)  [8S1(t) T
+ 1:2181 {S](t,')z (Sl(ti) 8)/12 _[ oy i| )}

‘ 328, (t;)
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9(6_081 (i) __ 1)6—051 () 8281 (tl)

2
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+ZS;"{—
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i=1

n
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2

+ Z(l—a )—log[ST(t)]

(e %2t — 1) 3y} (e —1)*| 3y ay}
92e—05:(t) 88, () 1° 928y (t;
(e — 12 op 375
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928, (1) BSz(ti) 9S8, (%)
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Appendix 4: The RNR algorithm under the SNBP model with fixed «,

Step 1. Set initial value (\”,al”,y©).

Step 2. Repeat the Newton-Raphson iterations:

MER o 8252?0) ) Ll Sale)

a(k+1) - a(k) _ | Pue e e Mn(w

2 2 daq dap do3 dazdy o (z ,

y <D y® P0a(@)  Plalp)  lalp) e
dady dapdy dy2 alzafk),a2=a£k),)/=)/(k)

. Ifmax{|a(k+1> a® |, oD — P |y & — @)1 < g, stop the algorithm then set

the MLE 90 — (a(k+1) (k+1),]/(k+l))

e If the Hessian matrix is singular or max {o*!, o{*D 1 ®tD} 5 d stop the algorithm
then return to Step 1 with the initial value replaced by (a (0) x e, x e,y @ x ),
where u; ~ U (—r;, 1;),i = 1, 2, 3 are independent uniform random variables.

Remark: We set e = 107>, ozfo) =1, ozéo) =1,y9=1,rn=6,r=6r;=6andd = €' for
simulations and data analysis.

All the first- and second- derivatives of the log-likelihood are given below.
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where m = ) §;and m* = ) _ 8.

i=1 i=1



