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Introduction

Introduction- What 1s double-truncation
For instance: Channing House study (Hyde, 1980)

b, : birth date d : date of death Y : age at death (in months) =d b,
U : age on January 31, 1964 (in months)
V =U +137 :age on July 1, 1975 (in months)

V
A
4 \
U
A
4 B
>
bO Jan 31, 1964 d \]Uly 1, 1975 Cal_endar
time
\ J
v
Y

Follow-up period
(137 months)

3

N

v

Ya-Hsuan Hu

6/23/2014




Introduction

Introduction- Double-truncation

Data: { Vi Yo+ Yo} SUbjectto u; <y, <v; .

. d
Target: Estimate of T, ( y):d_y P(Y<y).

Example:

u, = age at 31 Jan, 1964

Yi = age at death
v, =u, +137 = age at 1 July, 1975
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Introduction

Introduction-Statistical inference

Double-truncation
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Introduction

Introduction- nonparametric method

Nonparametric method:

- Proposed nonparametric maximum likelihood estimator (NPMLE).

- Derived the uniform consistency and weak convergence of NPMLE

- Use bootstrap to construct the interval estimation

- A kernel method to estimate the density function

Double-truncation
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Introduction

Introduction- parametric method

There are scarcer paper on parametric method under double-
truncation, only for Efron and Petrosian (1999), Stovring and
Wang (2007), Emura and Konno (2012). |

~

Use of parametric
approaches under doubly
truncated data

Application of normal
distribution approach

our research: under double-truncation.

Efron and Petrosian (1999) proposed
special exponential family (SEF) to
do the estimation.

Double-truncation
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Model

Model-Special exponential family

Assume that the lifetime variable Y follows a continuous
distribution with a density function

f,(y)=ep{n' -t(y)-¢(n)}, vey.
* yc R is the support of Y

T

s t(y)=(y, Y5, ¥)

e M=, 17,1 7 ) €O C R

+ ¢(n) =log[ | exp{n"-t(y)}dy]

Ya-Hsuan Hu 6/23/2014
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Model

Model-Special exponential family

Assume that the lifetime variable Y follows a continuous
distribution with a density function

f,(y)=ep{n' -t(y)-¢(n)}, vey.
* yc R is the support of Y

e t(y)=(y, V2, y<)T In our research, we
consider k=1,2,3.

e M=, 17,1 7 ) €O C R
+ ¢(n) =log[ | exp{n"-t(y)}dy]
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Methodology

Methodology

Our purpose:

Model: SEF

Data: doubly truncated data
Objective: Find MLE of parameters
Method:

-Newton-Raphson method (NR) (Efron and Petrosian, 1999)
-Fixed-point iteration method (FP1) (Burden and Faires, 2011)

Ya-Hsuan Hu 6/23/2014
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Methodology

Methodology

What is the density f(y) change when the samples Y1, ¥, -+, Y,
suffer from double-truncation?

Assume that the truncation interval R =[ u., v. ], then the truncated
density IS

f(y,)/F ify eR,

f(yi‘yiERi):{ 0 if v ¢R

where

R =fo(y)dy

Ya-Hsuan Hu 6/23/2014
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Methodology

Methodology-Newton-Raphson algorithm

Step 1: Choose the initial value 1 =@#®, 70,--, n?) .

Step 2: Set

-1

0° 19

(p+1) (p) (p) (p)

n =1 5(‘] ):| —5(11 )’p:O’LZ""
{5'1 on

If 7" 1" |<10*,i=1,2,---,k stop the algorithm, and
set n n(p+1)

¢(m) = log-likelihood function of M
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Methodology

Methodology- Fixed-point iteration

Objective: Solve s@m) ="t =0 — n=9)
ar,
case

Algorithm:

Step 1: Choose the initial value 7.
Step 2: The iterative process 7*™® =g(#™), p=0,12,--.

If |7*Y —n'® <10 stop the algorithm, and set 7 =",
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Methodology

Methodology- Fixed-point iteration

Objective: Solve S(nl,nz)s%anl,nz):o — m=90nn7) and . =0a0n n,)

Algorithm: .

Step 1: Choose the initial value 7 and ")

(p+1) (p)

Step 2: The iterative process 7" =90 7,”) and 7."” =a@” 7,”)

p:QLZ“n

(p+1) ,,(p+l)

If [P —n{P |<10™,i=1,2 stop the algorithm, then 7", »{
are the solutions.
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Methodology

Methodology- One-parameter SEF

The density of one-parameter SEF is

o T, (y)=nepin(y-r)k yey=(-o17] In application?, = Y
with parameter space e={7:7>0}.
e T (y)=—nep{n(y-n)} yey=[n») In application,7 = Y,

with parameter space ©={»:n7<0}
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Methodology

Methodology- One-parameter SEF

The likelihood function for doubly truncated data when 7>0 s

L(n):ﬁfn(yi)_”{ nexp (1) }X{ nexp (71, ) }

i F(@) - ia (exp(nv;)—exp(nu;) exp( 7z, ) —exp(nu;)
where
_JL i<z, _{op(nv) —exp(ru) ¥ {exp(nz, ) -ep(nu )}
i_{o ifv. > 7,. and R(n)= exp( 77, )

The log-likelihood function is
(G =nlogy+7Y. y,-> 81 ogf exp(7%, ) e (74, )}
- (14 log{ exp( 77, ) - e (11, )}

Ya-Hsuan Hu 6/23/2014
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Methodology

Methodology- One-parameter SEF
The Iikeliho/odiuncﬂnniatdnub\ly tru . 0 is

F=[f(y)dy

L(n)= /‘L a ,
where UV \i, » V /

5_:{1 T<n Sond ()= 1oR0m) —e0(m) Y {ep(nr, ) —ep(nu) ¥
TV, 2 7,. exp( 77, )
The log-like /‘L /J\ N
r{?m F=[f(y)dy
T V; Ui
: /) (7
= - /

Ya-Hsuan Hu 6/23/2014
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Methodology

Methodology- One-parameter SEF

The first-order derivative of the log-likelihood function is

0 _n Y _n viexp(nv; ) —u; exp(nu; )
%f(n)—n‘F;M Zé‘u{ }

i=1

exp(nv; ) —exp(nu; )

_ \ 1- 5 TzeXp(Ufz)—UieXp(UUi)}_
izzll( '){ exp(n7, ) —exp(nu; )

The second-order derivative of the log-likelihood function is

;vi exp(nv, ) —u,exp(nu,)

0° -n &L vVexp(nv)-ulexp(nu )
/¢ - 0. i i i i/
on’ tn) n 21: { exp( 7, ) —exp(nu;)

L exp(ny, ) —exp(nu; ) }]

<r72 exp( 77, )—u,exp(nu; )

N 1-5 TzeXp(Ufz)_uiZEXp(Uui)_
;( ')[ exp( 777, ) —exp( ;)

Ya-Hsuan Hu 18
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Methodology

Methodology- Two-parameter SEF [(352)

The density of two-parameter SEF is

f,,(y)=e><p{ my +1,y +——Iog(\F } yey=(—-o,0)

with parameter space ©={(n.,7,):n, R n,<0}.

Reparameterization

Setting «=-m/2n, and o°=-1/27, , this produces a normal distribution.
(Castillo,1994)

Ya-Hsuan Hu 19 6/23/2014




Methodology

Methodology- Two-parameter SEF [(352)

The likelihood function for doubly truncated data is

o f(y) eXp{Z(UlVi""thz)}
L(n)=]] ;(n) = g
i1 n
N vi+2777; ui+27;
e — 1 n (I) =2 _(I) =2 \
LN N =
211, 211,
where
V, V_+i u_+i
i i 2 i 2
Fi(n)=jexp{my+n2y g | }dy o 2k |- 2
27, 27,

Ya-Hsuan Hu 20 6/23/2014




Methodology

Methodology- Two-parameter SEF [(352)

Define notations

Vi + o+
4 _2]7-72 4 _2{72
27, 2n,
Hi1(771’772): 2 aHi2(771,772): -

v, + 1 U+ -1 v, + 1 U, + -1
d 211, _® 211, D 211, ) 211,

-1 -1 -1 -1

21, 2n, 21, 21,

These are the hazard function of the normal distribution with
doubly truncated samples (Sankaran and Sunoj, 2004)
21
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Methodology

Methodology- Two-parameter SEF [(352)

The first-order derivative of the log-likelihood function is

0 N nm
o (M =2+ b \/T{ZH.l(nl ) ZH.M 7))}

2 i=1

: v, J-2
—f(n) Zyz nzlz - —Z{Hn(m,m)-[ _V' —7h UZJ}

2n, I 21, 47722

— U _2772
+ —_
Z{ Hio (. 2,) [ o T J}
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Methodology

Methodology- Two-parameter SEF [(352)

The second-order derivative of the log-likelihood function is

7, P
—/ = H. , —22 | H. , —i2
87712 (m) o, 2 2%: 0 (17, 77,) ;1 i2(1, 11, ) ;1
21, 21,
2 n
azﬂ(n)—_ Z{Hil(ﬂllﬂz)_Hiz(m”h)}2'
877 i=1
2
: —2772 —U; V=21,
H. “H. (.. L
;{ 0 (170, 17, [\/ 2 ™ 2 ] (1 772)(\/_2772 i 47722
Ui
Vi +—— 2
n 21, —Vi V=21, —Vi 3,
+ZHi1(7711772) 1 > - 42 - 5 5
J— J-27, m JC2n,Y  (C2n,)
21,
Ui
u+ -1 2
_ N | 21, -y \/_2772 _ -U 3n,
D Hi(m,m,) . > - -
= \/_ \/ L 772 \/(_2772) \/(_ 2772)
21,
A/
2n; 23

Ya-Hsuan Hu 23 6/23/2014




Methodology

Methodology- Two-parameter SEF [(352)

{(n)=
omon,
-3
n =
__77;_'—(_2772)2Z{Hil(nllnz)_HiZ(nllnz)}
21, i=1
1 J ViJr27771 v =
7, — Vi o
- H. 1 —(-2n,)?
\/7772; a(7, 1) \/_1 {\/_2772 (—2n,) 771}
21,
1 n ui+27771 u -3
7, -4 o
+ Hi, (7, —(-2
\/7772; |2(771 772) \/_1 {\/_2772 ( 772) 771}
21,
_ N S .
Hi (7, 1, ){—2;7_(_2772) 2
1 n - 2
_\/TUZ {Hu(m,m,)—Hi(m,m,) } R .
- 2 i=l —Uu -~
—Hi, (i, ){—2'77—(—2772) 2 771}
V)
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Methodology

Methodology- Two-parameter SEF [(352)

We encounter the problem in FPI method !

 \We encounter that the cases that the algorithm diverges when
we directly estimate (7.7, ).

 Use reparameterization of two-parameter SEF proposed by
Castillo (1994), that is x=-m/2n, and o"=-1/2n, .

Ya-Hsuan Hu 25 6/23/2014




Methodology

Methodology- Two-parameter SEF [(352)

Rewrite the first-order derivative of log-likelihood function as

h _
22 n\/TZ Hi (.1, ) - H2(771772)}

1 2
———=y -
21, 4,
S )| = V=2 +£Z Hiy (1 1 )| ————77 /=27
n & i1\ 7 177 —on, 1 47722 n & i2\ T, 7], —2n, 1 47722 :
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Methodology

Methodology- Two-parameter SEF [(352)

Use another setting can rewrite the above equation and by fixed-

point iteration to fine the MLE of « and o*.

_ 1 1

u=y+ ﬁﬁz{ Hi1(771’772)_Hi2(771’772)}

i=1

ot =y —u
1< —V, =2, || 1Y —U, 427,
—n;{ Hi1(771’772)[ o 4 )}+n;{Hiz(m,ﬂz)[T% W 2 }
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Methodology

Methodology- Two-parameter SEF [(352)

By the invariance of MLEs, the MLE of (7, 7,)" is

nt P - ,U( pH1) J 520 PH) o010
(p+1) | 2( p+1)  P=Y, 4 4,
n, -1/ 20

The iteration continuous until convergence, 1.e., until
|77i(p+1)_77i(p)|<10_41 i=12

Ya-Hsuan Hu 28 6/23/2014




Methodology

Methodology- Cubic SEF

The density of cubic SEF is In application, Y <7, <SUpy,

f,(y)=ep[ny+mny’ +ny° —¢(n)], yey=(-o71,],

with parameter space @ ={(7.7,.17;):meR,n, R, n,>0},

LI | | 1
o000

SS03
W W W W

f(y)
00 01 02 03 04 05 08
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Methodology

Methodology- Cubic SEF

The density of cubic SEF Is In application, inf u; <z, <y,

f,(y)=eplny+my +my’ —¢(n)], yey=[z, x),

with parameter space @ ={(7.,7,.17;):m R, n, eR, n,<0},

f(y)

00 01 02 03 04 05 086
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Methodology

Methodology- Cubic SEF

The likelihood function for doubly truncated data is

n f”( Y. ) EXp{ié(in +772Yi2+773Yi3 )}

L(n)=]] =—
= Rl [1]eoCny+ny*+ny*) dy

where

[ (my+my? +my°) dy

F(n)=f(y)dy="
f[ ! J.EXp(Uly+772y2+773y3 ) dy
Yy

The log-likelihood function is
/(n)=logL(n) =é(myi +1,Y; +71:Y; ) —ilog{ jiexp( my +i,y° +my° ) dy }
31
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Methodology

Methodology- Cubic SEF

Define notation

Ef(n)= [y en(my+my’ +my*)dy, k=0,1-,6

The first-order derivative of the log-likelihood function is

0 ” 1 0
a—mz(n)=§{yrEi(n)/Ei (n)}

0 _ \ 2 g2 0
Sy (=20 () BV ()}

%g(n):i{yf—Ef(n)/Eio(Tl)}
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Methodology

Methodology- Cubic SEF

The second-order derivative of the log-likelihood function is
82

S ) =2 L= E () E () +{EX(n) E} ()Y ]
27 (M= 2B )/E () +{E () B ()Y ]

)= S E ) H{E B Y]

anaan g(n):i[—Ei3(n)/Ei°(n)+{Ef(ﬂ)/EiO(Tl)}{Eil(n)/EiO(ﬂ)}]

anaan f(n)=i[—Ei“(n)/Ei°(n)+{ E’(m)/E'(m)HE(n)/E’(n)}]

an(janz f(n):izil:[—Ef(n)/Eio(n)+{Ef(n)/Eio(n)}{Ef(n)/Eio(ﬂ)}]

Ya-Hsuan Hu
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Methodology

Methodology- Cubic SEF

We encounter the problem in NR method !

We encounter that the cases that the algorithm diverges
— We need to adjust the initial value, and we proposed the
Randomized Newton-Raphson algorithm (RNR).
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Methodology

Methodology- Cubic SEF

Randomized Newton-Raphson Algorithm:
Step 1: Choose the initial value n= (7", 7", ")’

Step 2: Set [, . . 1
] _ 7 () {(m) {(n)
7, (p+1) 771( p) ] on, Omon, 01,01, 7((,])
+1) (p) o’ o 0° o
" | = = o) () ((n) K
(p+1) (p) 17,01, on, on,on, L
| T J L 0° 0° 0° o ™ o e
(m) ¢(m) ~((n) GRS CUR U
_87738771 01,01, 01y . (P) () ,(P)
(™ m™m3™)
The iteration procedure then continuous until convergence, I.e.,

until 172" -n" k10 for i=12,3 . Then (™. %", 7") is target
value.
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Methodology

Methodology- Cubic SEF

Step 3: If (7™ -n{P 20 Or [ -5" >10 or I»"" -m" >1, replace

(7755 715)" with (771+U1,772+U2,773)T,Whel‘e u~U(-6,6) and
u, ~U(-05,05), and return to Step 1.

Ya-Hsuan Hu 30 6/23/2014




Methodology

Methodology-Simulation

 Inclusion probability

PU<Y <V)= m f, (y)- f,(v)- f,(u)dudydv

uU<y<v
We set the condition that all the simulations conducted under

P(U<Y <V)~05

Ya-Hsuan Hu 37 6/23/2014




Methodology

Methodology-Simulation
One-parameter SEF with =3, 500 repetitions

True Initial value Method E(7) MSE (7)) Al
n=100 7=3 O =3 FPI 3.0804 0.1880 12.61
NR 3.0803 0.1881 4.39
n© = 1 FPI 3.0804 0.1881 12.22
Yy =Y NR 3.0803 0.1881 4.29
n=200 7=3 O _3 FPI 3.0442 0.0917 12.10
NR 3.0442 0.0917 4.20
MO FPI 3.0443 0.0917 11.84
Yy =Y NR 3.0442 0.0917 4.1
n=300 7=3 O =3 FPI 3.0364 0.0607 11.76
NR 3.0364 0.0608 4.09
po =1 FPI 3.0365 0.0608 11.64
Yy =Y NR 3.0364 0.0608 4.01
MSE(7) = E(77 1)’ Al= The average number of iterations until convergence

Ya-Hsuan Hu
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Methodology

Methodology-Simulation
Two-parameter SEF with (7, 77,) = (5, —0.5), 500 repetitions

True Initial

(m,m,) (nlonmy)

n=100 (5-05) (5-0.5) FPI 5259 -0526 1955 00191 282
NR 5259 -0526 1.955 00191 5.0

y - FPI 5259 -0526 1955 00191 31.3

(& Z) NR 5259 -0526 1.955 00191 6.0

n=200 (5-05) (5-0.5) FPI 5140 -0514 0926 00091 258
NR 5140 -0514 0926 00091 4.8

y -1 FPI 5140 -0514 0926 00091 298

(257 NR 5140 -0514 0926 00091 6.0

n=300 (5-05) (5-05) FPI 5125 -0513  0.622 0.0061 24.8
NR 5124 -0513 0622 00061 4.7
FPI 5125 -0513 0622 00061 29.2
NR 5124 -0513 0622 00061 6.0

Method E(7,) E(7,) MSE(7,) MSE(R,) Al

y -1
(_2’2_)

MSE(7,) = E(7, _771)2 ) ) ]
MSE(7,) = E(, —11,)? Al= The average number of iterations until convergence
2] — 2 2

Ya-Hsuan Hu
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Methodology

Methodology-Simulation

Cubic SEF with (7, 7,, 5) = (5,-0.5,0.005)
Define notations:

MSE(7,) = E(7, _771)2
MSE(#,) = E(7, _772)2

MSE(77;) = E(n; - 773)2
RNR= Randomized Newton-Raphson algorithm

Al= The average number of iterations until convergence

Ya-Hsuan Hu 40 6/23/2014




Methodology

Methodology-Simulation

Initial value

(79, ® @) Method  E(7,) E(7,) E(7,) MSE(%) MSE(5,) MSE(7;) Al
/PR

100 (5,-0.5,0.005) RNR 5.277  -0.507 0.0027  44.49 1.63 0.0065 6.1
Optim 5285 -0.509 0.0028 44.44 1.62 0.0065 175.3

( y -1 0) RNR 5.277 -0.507 0.0027 44.49 1.63 0.0065 7.5
s?'2s%" Optim Un-convergent_>

(-3,-0.5,0.005) RNR 5.277  -0.507 0.0027 44.49 1.63 0.0065 7.3
Optim  3.497 -0.162 0.0191 49.61 1.88 0.0077 2124

200 (5,-0.5,0.005) RNR 5.011 -0.47v8 0.0022 22.18 0.82 0.0033 5.8
Optim  5.010 -0.478 0.0021 22.17 0.82 0.0033 168.1

()_/ -1 0) RNR 5.011 -0.478 0.0022 22.18 0.82 0.0033 7.5
s2'2s2" Optim @convergent >

(-3,-0.5,0.005) RNR 5.011 -0.478 0.0022 22.18 0.82 0.0033 7.3
Optim  3.225 -0.129 0.0200  33.60 1.29 0.0053  220.9

300 (5,-0.5,0.005) RNR 4964 -0477 0.0026 14.30 0.53 0.0021 5.5
Optim 4964 -0477 0.0026  14.30 0.53 0.0021 1635
RNR 4.964 -0.477  0.0026 14.30 0.53 0.0021 7.5

Optim @convergeD
(-3,-0.5,0.005) RNR 4964 -0477 0.0026  14.30 0.53 0.0021 7.3
Optim 2.768 -0.047  0.0247 28.98 1.12 0.0046  219.2

41
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Is the MLE has the property such as consistency, efficiency,
normality when the samples are independent but not identically
distributed (i.n.i.d)?

Ya-Hsuan Hu 42 6/23/2014




Is the MLE has the property such as consistency, efficiency,
normality when the samples are independent but not identically
distributed (i.n.i.d)?
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Theory- Theorem

Weak law of large numbers of non-identical sequence (WLLN)

Let Y,,Y,, -~ be independent random variable with E|Y; |<o. If there is a constant pe[1 2]

such that

I|m—ZE|Y P =0

n—oo n

then

—Z(Y EY, )—2-0.

=1
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Theory- Theorem

Lindeberg-Feller central limit theorem (CLT)

For each n let D,,,---,D,, be independent random vectors with finite variance such that, as

n,n
n— oo,

> EID, IPL{ID,, >}—>0,  every £>0,
i=1

Zn:Cov D=2
i=1

Then the sequence Zin:l(Dn,i_EDn,i) converges in distribution to a multivariate normal

distribution with mean 0 and covariance matrix ..
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Consistency proof
 WLLN for i.n.1.d

Asymptotic normality proof
 Lindeberg-Feller CLT (non 1.1.d)

Ya-Hsuan Hu 46
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Theory- Assumption

Assumption (A) There exists an open subset @ of © containing the true parameter point
W =(n 75,75 ).
Assumption (B) There exista 3x3 positive definite matrix 1(m)={1,(n)}; 5 such that,

as n— o, P P
Iijk (m)= En{_ log f;(Y; [m)=—log f;(Y; [m)}
on. 0

n j nk

D lim/n—>1,(n) for jk=123 andall new.

i=1

Assumption (C) Suppose that there exists a measurable function M, such that

3

————log fi(y;Im) |<M(y;) forall i=12--,n and neo,
on0non,

where

mijk|:E,,o{Mjk|(Yi )}<oo forall j,k,I and i=12,---,n.

n n
2 2 2
Also, for some my,, E My~ /n—m3, and E Mg /N —> My, 8 N—>o0.
i=1 i=1

Ya-Hsuan Hu 6/23/2014
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Theory- Assumption

Assumption (D) Suppose that there exists a measurable function W, such that

log fi(y;Im)|<W,(y;) forall i=12,-n and neow,

on,on,

J

where

Wik :E,70{ij(Yi )}<00 for all j,k and i=12,---,n.
Also, for some w;, > w /n—>w;,as n— oo,
i=1

Assumption (E)  Suppose that there exists a measurable function A; such that

gAj(yi) forall i=12,---,n and new.

0
‘_IOQ fi(yiIm)
677j

Also, forany vy, rE&\%(AjZ(Yi)SSlijf(ykoo.
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Theory

Theory- Main Theorem

If Assumptions (A)-(E) hold, then

(@) n;, is consistent for estimating #,, that is lim P (|7;,,—-n;<e)=1 for j=1,2,3 and
>0.

(b) Vn(it, —1)—=>Ny(0, I(n)™).

(c) 7;, isasymptotically efficient, that is

In(#y, —n,)—2>N(O, [{ 1) 31,)
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Theory

Theory- confidence interval

Objective: Construct the confidence interval

Z , is the p-th upper
Using: Asymptotically efficient quantile for N(0,2)

Target: (1-«)100% confidence interval for 7; is

[ﬁj_za/z'Sé(ﬁj)’ﬁjSé(ﬁj)];
where
(R TH. 2 +
sé(ﬁ,-)=\/{[ (“n)] ; _\/H;Zen(ﬁ)} }
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Methodology

Methodology-coverage probability
Cubic SEF with (7., 77, 77,) = (5,-0.5,0.005)

Coverage probability

(11,, 1751 175) Samplesize  sd(7,) E{sé (7, )} 1209 10005
(5,-0.5,0.005) 100 7.692 7.106 0.907 0.940
200 5.256 4.936 0.896 0.949
300 4.266 4.033 0.91 0.951
. . PR Coverage probability
(11, 175, 175) Samplesize  sd(7,) E{sé(7,)} 1709 10005
(5,-0.5,0.005) 100 1.505 1.370 0.906 0.944
200 1.017 0.952 0.902 0.945
300 0.824 0.777 0.913 0.948
. . o Coverage probability
(1715, 115) Samplesize  sd(7,)  E{sé(7;)} 1 2209 1 u—09%
(5,-0.50.005) 100 0.097 0.087 0.912 0.949
200 0.064 0.060 0.899 0.951
300 0.052 0.049 0.915 0.947

sd(77;) =sample standard deviation
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Data analysis

Data analysis

« Channing House retirement center data (Hyde, 1980)

Y :ageatdeath <
U :ageat 31 Jan, 1964

V =U +137 : age at 1 Jul, 1975
n :sample size = 167

|
>
|

|

|
1Jul, 1975
Y ul,
=

31 Jan, 1964
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Data analysis

Data analysis

Channing House retirement centa@@NisSnformation it the
erson IS retirement and

Y :ageatdeath <
U :ageat31Jan, 1964

V =U +137 : age at 1 Jul, 1975
n :sample size = 167

il

\)
__—

31 Jan, 1964 1 Jul, 1975
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Data analysis

Data analysis
Model

Moc
MocC
Moc

Mod

M D (D @D

Model selection
-Akaike information criterion (AIC) (Akaike, 1973)
-Kolmogorov-Smirnov statistic

Ya-Hsuan Hu

(a): one-
(b): one-
(C): two-

narameter SEF (77, >0)
narameter SEF (77, <0)

pnarameter SEF

(d): cubic SEF (175 <0)
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Data analysis

Data analysis-AlC

Akaike information criterion (AIC) :
AIC =—-2log L + 2k

« Kk isthe number of unknown parameters in the model
« L maximized value of likelihood function
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Data analysis

Data analysis- Kolmogorov-Smirnov statistic

Define D =max{| Swemie (V) =S (V) 1}

* éNPI\/ILE = |5(Y >Y) :Zy_>y fAi’ where f =( fl’ fzf"’ fn) IS
obtained by self-consistency algorithm. (Efron and Petrosian,
1999)

« S;(y)=P(Y >y) is the survival curve for the parametric
estimators.
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Data analysis-results

Data analysis

Model m n, 7B logL  AIC K-S statistic

(a) 1 par. SEF (7, >0) 0.0009 0 0 -817.8 1637.6 0.102

(b) 1 par. SEF (77, <0) -0.0003 0 0 -819.7 16415 0.100

(c) 2 par. SEF 0.0946  —4.74x10°° 0 -817.2 1638.4 0.072

(d) Cubic SEF (77, <0) -0.8972 9.44x10™* ~3.29x107" -814.5(1635.0 o.oD
Smallest
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Data analysis

Data analysis-survival function

Prefer the model

o [
Sl — NPMLE of cubic SEF
| — 1-dmSEFn >0 .
s | —— 1.dimSEF n <0 with 7, <0
oy | —— 2.dim SEF
— | _— =
2 o J I 3-dim SEF
1Y o |
o |
& |
o
z 3 |
=3 |
? |
(] |
s
|
|
|
o | 1 =
= i I I I I I I I

Y(1) 870 900 950 1000 1050 1100 1150

age (in months)
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Conclusion

Conclusion

Newton-Raphson method converges more quickly than fixed-
point iteration.

R optim is sensitive to the initial value. We proposed to use
the Randomized Newton-Raphson algorithm.

For 1.n.1.d case, the MLE has the property of consistency and
asymptotic efficiency.

In real data analysis, the cubic SEF gives the best fit.
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