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• Different types of failure 

• Independent?  Dependent? 

 

 

Radio transmitter-receivers data 
(Mendenhall and Hader 1958) 

Competing risks 

Copula 
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• A bivariate copula is a bivariate distribution function 

 

   where     is a parameter.  

• For a bivariate distribution      with marginal      and      ,  

   one has a unique representation 

 

 

   Sklar’s Theorem (Sklar 1959). 

Copula 
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• Dependence measures based on the concept of concordance. 

 

• Spearman’s rho 

 

 

• Kendall’s tau 

 

 

• Only depend on copula function! 

 

 

Spearman’s rho and Kendall’s tau 
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• The Farlie-Gumbel-Morgenstern (FGM) distribution is first 

introduced by Morgenstern (1956). 

 

• The one parameter FGM copula function is 

 

    

   where                   . The copula density is 

 

 

 

Farlie-Gumbel-Morgenstern Copula 
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• The generalized FGM copula (Bairamov and Kotz 2002) is 

 

 

• The copula density is  

 

 

    

   where 

 

 

Generalized FGM copula 

}.)1()1(1{),( qpqp vuuvvuC  

,})1(1{)1(

})1(1{)1(1),(

11

11









qpqp

qpqp

vpqv

upquvuc 

.
1

11

1

11
,1minand1,

122

2











































q

q

q

q q

pq

pq

pq

p
qp 

Dependence 

parameter 



Proposition 1  Under the generalized FGM copula, Spearman’s 
rho and Kendall’s tau are 

 

 

 

Hence, we have                in the range of     . 

 

 

Spearman’s rho and Kendall’s tau 
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• Simplification from the results of Amini et al. (2011) 

• Consequence from the more general results of Domma and 

Giordano (2013, 2016). 

 

 

 



Spearman’s rho and Kendall’s tau 



• Blest’s coefficient and symmetrized version (Theorem 1).  

(rank correlation emphasizes difference in the top ranks) 

 

• Relationship between Blest’s coefficient and Spearman’s rho 

(Corollary 1). 

 

 

 

Other dependence measures 

• Kochar and Gupta’s dependence measures (Theorem 2).  

(base on the concept of quadrant dependence) 

 

• Simplification from the results of Amini et al. (2011). 
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• Competing risks analysis under the generalized FGM copula 

model 
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• Let  X  and  Y  be continuous failure times following the 

generalized FGM copula model 

 

 

• What we actually observed are the first occurring failure time 

 

 

   and the cause of failure 

 

 

Copula model 
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• Traditionally, specific bivariate distribution have been employed 

to model the joint distribution of  X  and  Y  by various authors 

Bivariate normal (Basu and Ghosh 1978) 

 

Bivariate log-normal distribution (Fan and Hsu 2015) 

 

Bivariate Weibull distribution (Moeschberger 1974) 

 

• We follow a copula-based approach (Zheng and Klein 1995). 

Bivariate distribution 



• What is sub-distribution (density)? 

 

 

Sub-distribution (density) 
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Theorem 3  Under the generalized FGM copula, we derive the 
general form of sub-densities. 

 

 

 

 

 

Sub-distribution (density) 

Theorem 4  Under the generalized FGM copula, we derive the 
general form of sub-distribution functions. 

 

 

 

 

 

• We examine the cases where sub-distribution functions 

have closed form. 

 

 

 



• Widely used by various authors 

Diameter distribution of forest stand  

   (Lindsay et al. 1996) 

 

Lifetime data analysis with competing risks  

   (Crowder 2001; Escarela and Carrière 2003; Lawless 2003) 

 

Reliability measure  

   (Domma and Giordano 2013) 

 

 

 

Burr III distribution (Burr 1942) 



• The Burr III marginal distributions defined as 

 

 

   where                     are all positive parameters. 

 

• Under the generalized FGM copula model with Burr III margins, 

the bivariate distribution function is 

 

 

 

Burr III distribution (Burr 1942) 
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• The Burr III marginal distributions defined as 

 

 

   where                     are all positive parameters. 

 

• Under the generalized FGM copula model with Burr III margins, 

the bivariate distribution function is 

 

 

 

Burr III distribution (Burr 1942) 
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Closed form exist when 

shape parameter is the same ! 



Theorem 5  Under the generalized FGM copula model with Burr 
III margins, the sub-density is 

 

 

 

 

 

 

where                             and    

Sub-density 
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Theorem 6  Under the generalized FGM copula model with Burr 
III margins, the sub-distribution is 

 

 

 

 

 

 

where    

Sub-distribution 
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Sub-distribution with Burr III margins 

• Let                  (original FGM) and             , we have 

 

 

 

 

• Our expressions generalize the reliability measure obtained by 

Domma and Giordano (2013). 
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• Under the generalize FGM copula model with Burr III margins, 

the bivariate distribution function of  X  and  Y  is 

 

 

 

 

   where                           are all positive parameters with margins 

Maximum likelihood inference 
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• Due to nonidetifiability of competing risks data, we assume 

 

 

    

   are given.  

 

 

Nonidentifiability  

},2,1{and},2,1{,   qp



   : failure time due to cause 1 

   : failure time due to cause 2 

   : independent censoring time 

                                 : observed failure time 

                         : indicator of failure cause 1 

                         : indicator of failure cause 2 

 

Our data is                    , for  

Notations 
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Likelihood contribution 



Maximum likelihood inference 
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Randomized  

Newton-Raphson 

(Hu and Emura 2015) 



Algorithm 1  
Randomized Newton-Raphson algorithm 

Step1. Set initial value 

Step2. Repeat the Newton-Raphson iterations: 

 

 

 

 

 

 

• If                                                                                             then 

stop and the MLE is 
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Randomize conditions 
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Randomize the initial value 

• Return to Step1 with the initial value 

 

   replaced by 

 

   where 

 

   are independent uniform random variables.  

),,( )0()0()0( 

),)exp(),exp(),exp(( 3

)0(

2

)0(

1

)0( uuu  

3,2,1,0),,(~  irrrUu iiii



Choosing initial values 
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Standard error and confidence interval 

• The standard error of       is 

 

 

 

• The                   confidence interval of       is 

 

    

   where        is the p-th upper quantile of standard normal. 

• Similar for  
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• Simulation 
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Simulation design 

• Generate samples                                           from the generalized 

FGM copula with Burr III margins. 

 

• Consider independent censoring  

 

• Competing risks data                                                  where 

 

 

• Obtain the MLE by Algorithm 1 with initial value  
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Simulation design 

• Consider independent censoring  

 

• Generate samples                                           from the generalized 

FGM copula with Burr III margins. 

 

• Competing risks data                                                  where 

 

 

• Obtain the MLE by Randomized Newton-Raphson algorithm. 
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Notations 

• R: simulation repetitions time. 

•                             . 

 

•                                              .    

 

•                                                      . 

 

• AI = average iteration number until convergence. 

• AR = average randomization number until converge.  

• CP = coverage probability of 95% confidence interval. 
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•
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• Data analysis 
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Radio transmitter-receivers data 
(Mendenhall and Hader 1958) 

X

Y

Start End C

:X

:Y

Confirmed failure time (hours) 

Unconfirmed failure time (hours) 

Censoring time fixed at 630 (hours) :C

???

Failure 

occurred 



Data analysis 



Data analysis  

• We aim to fit the model  

 

:X

:Y

Confirmed failure time (hours) 

Unconfirmed failure time (hours) 

Censoring time fixed at 630 (hours) :C

].})1(1{})1(1{1[

)1()1(),(

qpqp yx

yxyxF





 





φ



Data analysis  

• We set                              to allow wide range of  

• Due to nonidentifiability, one needs to choose dependence 

parameters by some prior knowledge or speculation. 

 

 

 

 

 

• We choose Kendall’s tau is equal to 0.3 which corresponds to 
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The radios which were assumed to be failed but finally without 

confirmed may be treated as the radios having a minor problem. 

Y  may be associated with the true failure time  X. 
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Results 

Results of the MLE, standard error and 95% confidence interval 



Profile plots of log-likelihood 



Profile plots of log-likelihood 



Fitted pdf and cdf 
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Outline 



• New results obtained (Theorem 1 – 6, Corollary 1). 

 

• Maximize the log-likelihood function by a randomize Newton-

Raphson algorithm (Algorithm 1). 

 

• From our results, we think that the generalized FGM copula can 

be used for routine practice in competing risks data analysis. 
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