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Abstract: Traditional statistical methods for left-truncated lifetime data rely on the independence assumption regarding the truncation variable. However,
the dependence between a lifetime variable X of interest and its left-truncation variable L usually occurs in many real data from reliability and biomedical
analysis. In this paper, we propose a copula-based dependence model between L and X with the marginal distributions specified by parametric models.
Then we consider the maximum likelihood estimator (MLE) under the copula-based dependence model. To calculate the MLE, explicit formulas of the

A copula-based parametric maximum likelithood estimation for

usion probability c(0)=Pr(L<X) and its partial derivatives are obtained under the Clayton copula and Weibull marginal model, which are new results

In this paper. Then we derive explicit expression for the randomized-Newton-Raphson algorithm for maximizing the log-likelihood. We perform

simulations to verify the correctness of the proposed. We illustrate our m

ethod by real data from a field reliability study on the lifetimes of brake pads.
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Traditionally, most literature on the truncated

data consider statistical estimation by assuming that L
and X are Independent. However, the dependence

usually occurs in many real data.

2. Copula models

A copula is a bivariate function C_:[0,1]° —[0,1]
with uniform margins, where o Is a parameter control
the degree of dependence. Let F (1,0, ) and F (1,0, ) be

Then the inclusion probability is

C(O)zPr(LSX):j‘H(u;O)du,

Where 9'2(0!, ﬂ’L’ ﬂvx, V|_; V)( )’

1

H(u;0)=u“"B(u,0) « |,

Vi

5. “Randomize” Newton-Raphson

B(u:0)=(1-exp[-A{-log(1-u)/A, }* ])“+u™“-1.

and Lawless 1992). Data size is 98. We consider two
models which are the Clayton copula with exponential
margins and Weibull margins. To compare the two models,
the Akaike information criterion (AIC) and the Bayesian
Information criterion (BIC) are adopted for model
selection. The preferred model is the one with minimum
AIC (BIC) value, given by
AIC =-2log L +2k(BIC =-2log L + k logn).

Results are summary in the following table.

the marginal distributions of L and X, where 6. and 6, ¢ is well-known that Newton-Raphson algorithm is - A S
IS a vector of parameters. We propose to model the  sensitive to the initial values. To stabilize the algorithm, — suso s ©oosh  ©oms
dependence between L and X by d copula function. We propose the randomized algorithm for Newton- M. 6485 03321 289x10*  3.09x10° 24927 24193 -806.62 162324 1636.17

Consider the bivariate copula model defined as

Pro(L<1, X <x)=C_[F (1,0, ),F(x0,)]

Then we can drive the density function of as

fLx(Lx0)=Co LR (1;0,), F (%0, )1 (10, ), (X 05),

Raphson algorithm (Hu and Emura 2015).

Step 1. Choose initial value 8 ={6, 6", ..., 67 ¥.

Step 2. Repeat the following iterations,
0D — 9 _H1L g™ 1s{™ 3},

where

where T (1;0,.) and f,(1;0,) are marginal density
of L and X, C!*"[U,v 1=6°C _[U,V ]/0UdV.

3. Likelihood construction

H{0}=

82

0000'

0

S{0}=—7/_(0) (Score vector).

00

¢.(0) (Hessian matrix),

e If max |0 -0 |<e , then and hessian matrix is
negative define, then stop. 0% is the MLE.

. N (k+2) _ p(0)
If  max 0% —0% |>breplace 6; = 6™ xexp(u; ),
where u; ~Uniform(—r;,r; ), j=12,..., p.

(3.2457) (0.3580) (1.86x107*) (3.15x107°) (0.1829) (0.2222)

M, : The Clayton copula with exponential margins.
M, : The Clayton copula with Weibull margins.

(-): The standard error (SE) of each parameters.
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Given the observed data {(L,,X;);j=12,...,n}
subject to L, <X, the likelihood function has the form

L, (0)=c(0) "] [ fLx(L; X;:0)

where

C(O):Pr(L£X):H f_y (1, x;0)dxdl,

I<x

(inclusion probability).

We hope that there is a simple form of ¢(0). Then

It Is more easy to perform likelihood inference.
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3. TheOry a=1 1, =2,4,=1 073 100 1042 2035 1031 1010 1005 66 *WE
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Theorem: Assume that the inverse functions of Vi =1vy =l 300 1.012 2009 1.014 1002 1001 6.4 bfleisch
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L5y 300 1.030 1.009 1.023 1002 1001 78

c(0)=Pr(L<X)= I H(u; 0 )du, 2 =1.7.=1 0416 100 1037 0976 1101 2116 1038 327

a Lo 200 1.012 0983 1.044 2057 1019 309

Lo 300 1.005 0987 1.020 2036 1018 27.1

where a=2  A,=2,A, =1 0804 100 2065 2040 1.031 1007 1.003 6.8

-0) — 100 - (r=0.5) o 200 2.037 2.017 1.009 1.003 1004 6.1

H ( u, 9) o ha[ |:L{ |:X ( u, OX )’ OL }’ u ]’ Vi=1vye =1 300 2.029 2012 1.008 1.001 1.002 6.1

A =1.1.=1 0500 100 2.170 1025 1.127 00993 0980 65.1

and where S 200 2.086 1.014 1.052 0993 0990 8.7

oC (u u ) Lo 300 2.057 1.009  1.032  0.996 0.995 82

ha( u,, u, ) — Pr( U1 <u, |U2 = U, ) — @ 5 27 2 =11, =1, 0387 100 2075 0972 1164 2119 1026 694

U I 200 2.019 0986 1.051 2044 1018 53.6

2 Vi=2Vy =1 300 2,003 0986 1019 2036 1019 50.0

_ _ sher a=6 A =2...=1 0945 100 6.105 2041 1.028 1010 1008 58.6

IS called h-function . (Schepsmeier and Stober 2014) oss) TR 100761052041 1038 10101008 - 38.6

Loy 300 6.063 2.011 1.006 1.002 1.003 39.0
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6. Simulations

Simulation results under the Clayton copula with Weibull

margins based on 1000 repetitions. 0= (&, A A, Vi, Vx ).
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8. Conclusion

eNew results for the formulas of the Inclusion
probability c(0) is obtained under the copula model.

ewe propose the randomized-Newton-Raphson algorithm
for maximizing the log-likelihood.
found that there Is weak positive dependence
between two variables. This implies that the results of
and Lawless (1992) that assumed
Independence are questionable.
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