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Left-truncated

2015/6/27

 : lifetime ( Product or Biological )
( interest variable )

 Data:     is observed only when
 is left-truncated by      

X

X .XL 
X .L
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Brake pads data
(Kalbfleisch and Lawless,1992)

 : The number of kilometers of the car driven at failure
 : The number of kilometers of the car driven at the study start   

X
L
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Independence assumption
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 Lynden-Bell estimator (1971)

 Kalbfleisch and Lawless (1992)
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Independence assumption ?

2015/6/27

 Check by test
( Emura and Wang 2010 )

 Estimate of the dependence parameter
( Our thesis )
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Model construction
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 Parametric model
 Bivariate normal distribution

( Emura and Konno 2012 ) 

 Semi-parametric model
 Copula 

( Chaieb et al. 2006), ( Emura et al., 2011 ), ( Emura     
and Wang 2012 ), ( Emura and Murotani 2015 )

 Nonparametric model
 Copula 

( Strzalkowska-Kominiak and stute 2013 )
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Copula 
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 A bivariate copula is a distribution function

where      is a unknown parameter. 
 For a bivariate distribution      with marginal

distribution       and      , we know that   
exist a copula     :

Sklar’s theorem( Sklar 1959 ).
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Kendall’s tau
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 For better comparison, the parameter transformed 
to kendall’s tau.



 Ex1. Under the Clayton copula 


 Ex2. Under the joe copula 


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Propose method 
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 Model: ]);(),;([ XXLL xFlFC θθ
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Propose method 
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 Model:

 Data: Left-truncated data

L

X

observedNothing
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Propose method 
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 Model:

 Data: Left-truncated data

 Target: Derive MLE of parameters

 Method: “Randomize” Newton-Raphson algorithm
( Hu and Emura 2015 )

]);(),;([ XXLL xFlFC θθ
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Notation
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 : copula function with dependence 
parameter   .





( Schepsmeier and Stöber 2012)                  
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Copula model (parametric)
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 Consider the bivariate copula model defined as

where                            is a vector of parameters

 Density function:

where                  and                   are the pdf of      
and            

],);(),;([),(Pr XXLL xFlFCxXlL θθθ 

),;();(]);(),;([);,( ]1,1[
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Likelihood construction
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 Given the observed data                                         ,
subject to the likelihood function has the 
form: 

where 

(inclusion probability).
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The log-likelihood:

2015/6/27

The log-likelihood function:


j

jjXLnn XLfcnL );,(log)(log)(log)( , θθθθ
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Theorem 1
The inclusion probability can be simplify as follows:

where 

,);()Pr()(
1
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Theory
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Theory
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Lemma 1 [p.301 Khuri (2003)] 
Let and      be real numbers with                                   Let

, where
For fixed              , let                                                                            .

If      and                are continuous in      ,
then
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The log-likelihood:
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The log-likelihood function:
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Score vector
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Score vector
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Hessian matrix
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Hessian matrix
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Hessian matrix
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Hessian matrix
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Components of the 
Score and the Hessian
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Parametric model ( Specified ) 
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Consider the Clayton copula

Then 
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Parametric model ( Specified ) 
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Assume                                                    and 

where           ,           ,           and          . ( Weibull lifetime )
Then
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Parametric model ( Specified ) 
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By Theorem 1, the inclusion probability is 

where

where 

 Calculate score vector and hessian matrix ( Lemma 1 ).
Find MLE ( “Randomize” Newton-Raphson algorithm ).
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Randomized Newton-Raphson for Weibull
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 Step1. Let initial parameters be                            ,                  ,
,               and              .

 Step2. Repeat the following iteration, for                    :

)ˆ1/(ˆ2)0(   LL /1)0( 
XX /1)0(  1)0( L 1)0( X

...2,1,0k

)(

)(

)(

)(

)()(

)(

)(

)(

)(

)()()()()(

)()()()()(

)()()()()(

)()()()()(

)()()()()(
1

2

22222

2

2

2222

22

2

222

222

2

22

2222

2

2

)(

)(

)(

)(

)(

)1(

)1(

)1(

)1(

)1(

k
XX

k
LL

k
XX

k
LL

k

X

n

L

n

X

n

L

n

n

X

n

XL

n

XX

n

LX

n

X

n

XL

n

L

n

XL

n

LL

n

L

n

XX

n

XL

n

X

n

XL

n

X

n

XL

n

LL

n

XL

n

L

n

L

n

X

n

L

n

X

n

L

nn

k
X

k
L

k
X

k
L

k

k
X

k
L

k
X

k
L

k





















































































































































































































































































θ

θ

θ

θ

θ

θθθθθ

θθθθθ

θθθθθ

θθθθθ

θθθθθ





















30



2015/6/27

 If 
and hessian matrix is negative define,

then stop.

 If 
or                   or or 

or

 Replace                                                    with 

where                        and                                               .
Then, return to step 2.
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Simulation
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 Set four different levels of the dependence 
parameter .

 Then set three different levels of  inclusion 
probability         .

 Generates  data subject to
( The Clayton copula with Weibull margins )     

 Obtain the MLE of parameters  and coverage 
probability. 



)( θc
},,2,1);,({ njXL jj 

jj XL 
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Notation
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 R: repetition times
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2015/6/27increasing   whendecreasing nMSE
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increasing   whendecreasing nMSE
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Coverage probability
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 Formula of the standard error (SE) of  is

 The                   confidence interval (CI) for     is 

where       is the    -th upper quantile for              .
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Data analysis
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 The lifetimes of brake pads of automobiles 
(Kalbfleisch and Lawless 1992).
 : The number of kilometers of the car driven at 

failure ( Our interest )
 : The number of kilometers of the car driven at 

the study start
 sample size : 98

X

L
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Data analysis
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Data analysis
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 Model: 
 : The Clayton copula with exponential margins
 : The Clayton copula with Weibull margins

 Model selection:
 Akaike information criterion (AIC) (Akaike, 1973) 
 Bayesian information criterion (BIC) (Schwarz, 1978)

1M
2M
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Data analysis
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 Akaike information criterion (AIC):

 Bayesian information criterion (BIC):

 : The number of unknown parameters
 : The sample size

kLAIC 2log2 

nkLBIC loglog2 

k
n
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Data analysis

Smaller

 is more suitable than     . 2M 1M
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Data analysis
64.82ˆ/)ˆ/11()(ˆ ˆ/1  X

XXXE 

23.33ˆ/)ˆ/11()(ˆ ˆ/1  L
LLLE 
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Hazard functions
Survival functions
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Data analysis
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 ( our method )
 compute by using R-function “EMURA.Clayton”

( Emura and Murotani 2015 ) 
( “depend.truncation” package)

 , where           is
distribution of               ,                   and                    
(Kalbfleisch and Lawless 1992)

)ˆexp()( ˆ1 XxxS XX


)(2 xS X

]ˆ/}ˆ)log({[1)(3  xxSX )( 

)1,0(N 092.4ˆ  4368.0ˆ 
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Data analysis
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Summary
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 New results for the formulas of the inclusion
probability is obtained under the copula model.

 We propose the randomized-Newton-Raphson 
algorithm for maximizing the log-likelihood.

 In real data, we found that there is weak positive 
dependence between two variables. This implies 
that the results of Kalbfleisch and Lawless (1992) 
that assumed independence are questionable.

)(θc
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Future work
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 Extension of the Weibull models to generalized 
gamma models which are common in industrial 
applications. (Fan and Yu 2013)

 Extension of our models under the presence of 
regressors.( Chen 2010; Emura and Chen 2014 )
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Thank you for your listening

62


