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Introduction – Model

Linear model with intercept
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Introduction – Background

Ordinary least square (OLS) estimator

yXXXβ
T1T )(ˆ 

Minimize the residual sum of squares (RSS)

)()(RSS T
XβyXβy 

Pros: Unbiased and with minimum variance 



Introduction – Multicollinearity problem

Multicollinearity

Problems

]    []  [ 21 pp xx x 1X 1X 

Nearly linear dependent
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(Montgomery et al., 2012)

(Jimichi, 2005)



Introduction – Mixture experiments

Response depends only on the proportions of the

ingredients in the mixture (Cornel, 2011)

Egg :

 Water:

Flour :
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Introduction – Motivating example

Portland cement data

2SiO

32OAl )(OFeOAl4CaO 33232 x

)(OAlCaO3 132 x

)(SiO2CaO 42 x

)(SiO3CaO 22 x

(Woods et al., 1932)



Introduction – Ridge regression

Hoerl and Kennard (1970)

0,)()(ˆ T1

)1(

TRidge  

 kkk p yXIXXβ

Pros: 

Solve the multicollinearity problem on OLS 

What can improve: 

Intercept term consideration ?

Mean squared error performance ?



Introduction – Ridge regression

In the view of  RSS

0,)()(penaltyRSSRSS TTRidge  kk ββXβyXβy
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Introduction – Other ridge-type estimators 

Liu (1993) Liu estimator

10),ˆ(()(ˆ OLST1TLiu   ddd βyX)IXXβ

Liu (2003) Liu-type estimator

  dkdkdk ,0),((ˆ *T1TLiu

, βyX)IXXβ

*β can be any estimator of       . β

Sakallıoğlu and Kaçıranlar (2006) 
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Methodology – Proposed method

New penalty

.  ofestimator any  becan   where

0),()()()(penaltyRSSRSS

*

*T*T*New

ββ

ββββXβyXβy  kk

New estimator

)()()(ˆ *T1

)1(

TNew βyXIXXβ kkk p  



Note: Proposed is a special class of Liu-type estimator (Liu, 2003)

How to estimate         ? 
*β



Methodology – Proposed method

Definition 1 (Compound Univariate Estimator)

i) Use univariate model                                     to 

estimate  

ii) Use univariate model                                         to 

estimate  

iii) Compound univariate estimator is the compound 

of all the univariate estimators.
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Methodology – Proposed method

Compound univariate estimator
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Methodology – Proposed method

If forget or do not want to standardize
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Methodology – Proposed method

Shrinkage scheme for the proposed method

Trueβ OLSNew ˆ)0(ˆ ββ 
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Theory – Mean squared error calculation

Total mean squared error (TMSE) calculation 

Consider a linear estimator yβ n)(pC  1
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Theory – Mean squared error calculation

We consider estimators
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Theory – Model in canonical form

Model in canonical form

εXβy  εAαy 

Let                              be the eigenvalues of               and

be the correspond eigenvectors
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Theory – Mean squared error calculation

Lemma 1 (bias and total variance of new estimator)

i) Bias square

ii) Total variance
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Theory – Mean squared error calculation

Theorem 1 (TMSE of the new estimator)
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Theory – Mean squared error calculation

Lemma 3 (Derivatives for total variance of new estimator)
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Lemma 4 (Derivatives for TMSE of new estimator)
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Theory – Existence theorem

We have that 
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Theory – Optimal value of shrinkage parameter 

Several algorithm estimate   k

With-intercept-type model seldom consider

Often separate to: intercept term      and other term 0k k

Numerical minimization
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Numerical analysis – Simulation design 

Four cases:

T)1,1,1,1,50(β

T)1,1,1,1,50(β

T)1,1,1,1,1(β
T)1,1,1,1,1(β

Case 1                               and

Case 2                               and 

Case 3                               and

Case 4                               and    

12 

22 

12 

22 

,13n 4p



Numerical analysis – Simulation design 

Sample correlation matrix of pX
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Numerical analysis – Simulation result 

Case 1                               and 12 T)1,1,1,1,50(β

TMSE and bias-variance trade off



Numerical analysis – Simulation result 

Case 2                               and 22 T)1,1,1,1,50(β

TMSE and bias-variance trade off



Numerical analysis – Simulation result 

Case 3                               and 12 T)1,1,1,1,1(β

TMSE and bias-variance trade off



Numerical analysis – Simulation result 

Case 4                               and 22 T)1,1,1,1,1(β

TMSE and bias-variance trade off



Numerical analysis – Simulation result 

Effects of intercept term and        on ridge & new method  2

The new method is more robust against the 

changing of intercept



Numerical analysis – Simulation result 

TMSE & Shrinkage parameter      estimation k



Numerical analysis – Data analysis

Portland cement data (Woods et al., 1932) 

4.109128681013
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y Heat evolved during cement hardening
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32OAlCaO3 
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4x

2SiO3CaO 

3232 OFeOAl4CaO 

2SiO2CaO 



Numerical analysis – Data analysis

Portland cement data (Woods et al., 1932) 

4.109128681013
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1.9322185429
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9.953365275
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5.786062671

4321 yxxxx

y Heat evolved during cement hardening

1x
32OAlCaO3 
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4x
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3232 OFeOAl4CaO 

2SiO2CaO 



Numerical analysis – Data analysis





























000.1029.0972.0245.0

029.0000.1139.0824.0

972.0139.0000.1228.0

245.0824.0228.0000.1

)(Corr Sample

4321 xxxx

X p

























0.0190000

02.239000

0018.91200

00026.8280

000013

Λ

Sample correlation matrix

Check eigenvalues in matrix Λ



Numerical analysis – Data analysis

TMSE on Portland cement data

 Minimun TMSE k̂  

Ridge 35.2969 0.1372 

New 34.1197 0.1826 

OLS 310.7266  

 



Numerical analysis – Data analysis

Case that do not standardize (Portland cement data)
β̂  0  1  2  

3  4  Bias Var TMSE  

OLS
β̂  62.41 1.55 0.51 0.10 –0.14 0 4912.09 4912.09 

HK

Ridge ˆ ),(ˆ kkk β  27.63 1.91 0.87 0.47 0.21 1209.55 961.42 2170.55 

RidgeRidge ˆ ),(ˆ kkk β  27.78 1.91 0.87 0.47 0.21 1199.62 971.40 2170.62 

opt

Liu ˆ ),(ˆ ddd β  62.25 1.55 0.51 0.10 –0.14 0.02 4887.28 4887.30 

optHK

SK ˆ,ˆ ),,(ˆ ddkkdk β  27.61 1.91 0.87 0.47 0.21 1211.46 959.50 2170.96 
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New ˆ),(ˆ kkk β  80.71 1.36 0.32 –0.09 –0.33 335.20 961.78 1296.20 

NewNew ˆ),(ˆ kkk β  88.99 1.28 0.24 –0.18 –0.41 707.30 177.86 884.30 
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Numerical analysis – Data analysis

Case that do not standardize (Portland cement data)



Numerical analysis – Data analysis

Flare data (McLean and Anderson, 1966)
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Numerical analysis – Data analysis

Under standardization (flare data)

β̂  0  
1  2  3  

4  

OLS
β̂  Does not exist 

*
β̂  251.33 46.91 –2.38 –39.60 48.60 

*Ridge ˆ ),(ˆ kkk β  249.78 34.97 –5.75 –27.17 45.37 

opt

Liu ˆ ),(ˆ ddd β  Does not exist 

opt

*SK ˆ,ˆ ),,(ˆ ddkkdk β  240.59 33.94 –5.49 –26.40 43.67 

*New ˆ),(ˆ kkk β  251.33 35.20 –5.79 –27.35 45.67 

 

Un standardization (flare data)

β̂  0  
1  2  3  

4  

OLS
β̂  Does not exist 

*
β̂  251.33 504.03 887.71 821.84 4294.92 

*Ridge ˆ ),(ˆ kkk β  171.66 280.23 –86.98 –242.12 220.53 

opt

Liu ˆ ),(ˆ ddd β  Does not exist 

opt

*SK ˆ,ˆ ),,(ˆ ddkkdk β  170.29 123.74 35.95 –6.62 17.21 

*New ˆ),(ˆ kkk β  –525.89 693.64 548.72 384.24 4104.65 

 

0.09338123

})ˆ()ˆ({/ˆˆ *T*2**



 ββk

0.317959ˆ
opt d

0.05669671ˆ* k

0.03083932ˆ
opt d



Conclusion

We works on model with intercept. 

Achieves the smallest TMSE among OLS and ridge 

regression in some case, especially large intercept 

cases.

Proposed method works on unstandardized model. 



Future work

Scheffé type model in mixture experiment

From mixture experiments to other experiment 

design



THE END

THANK YOU


