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Introduction — Model

© Linear model with intercept
2
ynxl S ><n><(p+1)l3(p+1)><1 +8nx1’ &~ Nn(o’ o In )

1 Xll le

with X=[1 X ]=

1 an an

© Standardization of the design matrix

Zx”_x =0 and nTZ(X'J_X ¥ =1 for j=1..., p



Introduction — Background

© Ordinary least square (OLS) estimator

Minimize the residual sum of squares (RSS)
RSS=(y-XB) (y—XB)
B=(X"X)"XTy

© Pros: Unbiased and with minimum variance



Introduction — Multicollinearity problem

© Multicollinearity
X=[1 X, ]=[1 X X;---X, ]

—

Nearly linear dependent| (montgomery et al., 2012)

© Problems

There exist a least one small eigenvalue 4, of X X

var(B° ) = £+Z T J

Too |arge 2 (Jimichi, 2005)




Introduction — Mixture experiments

© Response depends only on the proportions of the

Ingredients in the mixture (Cornel, 2011)
© Example: Make a cake

x, : Flour Satisty ;
X, : Water Vel
X5 - EQQ
Constraints
O<L,<x;<U;<1 =123



Introduction — Motivating example

© Portland cement data (woods et al., 1932)

g 3Ca0 -A|203 (Xl)




Introduction — Ridge regression

© Hoerl and Kennard (1970)
BT (k) = (X X+Kl 0 )" Xy, k>0

Pros:
Solve the multicollinearity problem on OLS

What can improve:
Intercept term consideration ?
Mean squared error performance ?



Introduction — Ridge regression

© In the view of RSS
RSS™* = RSS +penalty = (y—=XB) ' (y—XB)+kp'p, k=0

ﬂz A

BTrue ﬁRidge (O) =8 ﬁOLS

[ ﬁRidge (k) }

il > b
BRldge (OO) = O



Introduction — Other ridge-type estimators

© Liu (1993) Liu estimator
B (d)=( X" X+1)H Xy+dp°®), 0<d<1

© Liu (2003) Liu-type estimator
ﬁlk_“éi =(X'X+kl)*(X'y=dp™), k>0, —oo<d<oo

B can be any estimator of B .

© Sakalhioglu and Kaciranlar (2006)

B (k,d) = (XTX+ 1) { X"y +d B (k) },
k>0 —owo<d<ow



Methodology — Proposed method

© New penalty
RSS™ =RSS + penalty =(y—XB)" (y=XB)+k(B-B ) (B—P ). k=0
where B can be any estimator of .

© New estimator
B (K) = (XX +KI 0 ) (XY +KB")

Note: Proposed is a special class of Liu-type estimator (Liu, 2003)

© How to estimate B~ ?



Methodology — Proposed method

1) Use univariate model y. = g, +¢,,i=1,...,n to
estimate S,

:Bo =Yy
ii) Use univariate model vy, =4, +8% +&,i=1..n to
estimate B, j=1,..,p n
i %Y
:Bj 33 |:§
D%
=1

111) Compound univariate estimator Is the compound
of all the univariate estimators.

Emura et al. (2012)



Methodology — Proposed method

Emura et al. (2012)
Compound univariate estimator y

Zinzl Xi1Y;

n 2

B =| &’ | —gdiag( X™X )Xy

Zinzl Xip Yi
B Zinzl Xip2 :

B (K) = (XTX+KI) (X y+kB" )
= (X" X+KD)?[ X"y + k{diag( X" X )}* X"y ]
= ( XTX+KI) 1 +k{diag( X" X)}* X"y



Methodology — Proposed method

O If forget or do not want to standardize

y
Z:leil( g 7)

N
p* il

Zin:lxip& Y,isan y)
Zi”:lxipZ

Compound univariate estimator doesn’t have simple form

Still use {diag( X™X)}¥*X"y to estimate B~



Methodology — Proposed method

© Shrinkage scheme for the proposed method

P

I}True l’iNeW (O) & ﬁOLS

®
{diag(X"X) ¥ X" Xp

® > D,



Theory — Mean squared error calculation

© Total mean squared error (TMSE) calculation

—~

Consider a linear estimator B=C,;\.,Y

TMSE(B)=E(B-B)"(B—B)
= bias(B)" bias(B) + v(B)

bias(B) = (CX—1B and v(B) = c’traceCC”



Theory — Mean squared error calculation

© We consider estimators

p=Cy s =CiaY
ﬁRidge(k):CRidge(k)y ﬁSK(k,d)ZCSK(k,d)y
ﬁLiU(d):CLiU(d)y ﬁNeW:CNEW(k)y

COLS :(XTX)_le, CRidge(k):(XTX+k|(p+1) )—1XT
CH () = (XX 41 gy ) N pugy +(XTX)* IXT

Ceg =(X"X+Kl )X —dC™*(k)}
CH(k,d)=(X"X+1,y ) {X"+dCT(k)}

CMN (k)= (XX 4K ) T p, +K{ diag( XTX) 3 IXT



Theory — Model in canonical form

Let 4, >...> 4, >0 be the eigenvalues of X X and

Y1, -2 ¥ be the correspond eigenvectors
T~T
I XX =A,
where T') =[v,,....¥,] and A =diag(4,,...,4,)

© Model In canonical form

y=Xp+e y=Aa+¢g
A=XT,0=T"p
| g i REeL
with I' = and A’ A=diag(n, 4,,...,4,)
FO= 1 8




Theory — Mean squared error calculation

1) Bias square

bias{ B (k) bias{ B (k) }= 3, A LA,

1) Total variance

A New g b A(k+n-1)
v{p (k)}—U{n+;(ﬂ1+k)2(n—1)2}




Theory — Mean squared error calculation

A New Ko (h-n+1) )1 & A(k+n-1)
TMSE{ B (k)}_;(ﬂ,+k)2(n—1)2+a{n+;(4+k)2(n_1)2}

g n New 15, - n New i i 2kai2;z1(21_n+1)2
&blaS{B (k )} bias{p (k)}_; ZETAUTEEY

2, 202 2,( A, — 2K )(A —n+1)
NN U

@ bias{ (k) Y bias{B ()} =



Theory — Mean squared error calculation

22‘“;2&(&—n+1)(k+n—1)

T e (el G )
ZD:Z/I(AI -n+1)(A —2k—-3n+3)

VB ()} =0

= (4 +k)*(n-1)°

j—;tr[v{ﬁ“e““(k)}]wz

d iy B 2KaA(4 N & 24 (A -n+1)(k+n-1)
i B BE2 So s e L e A by

2

4 _2 2 1 2 p {5 e ¢
& TMSELH ()}~ 2024 (A =2k WA =N+1)" o 24 (4 =n+1)(4 -2k=3n+3)

R U (O k) S ) = (4+k)'(n-1)°




Theory — Existence theorem

© We have that

(klirp%bias{ﬁm““(k)}T{ﬁ“eW(k)}=o
e d N New
Jim —-V{B"" (k)}<0

NOtEZ ﬁRidge (O) L ﬁOLS

Bias square is flatat k =07

Total variance is decreasing at k =0"



Theory — Optimal value of shrinkage parameter

© Several algorithm estimate k

© With-intercept-type model seldom consider
© Often separate to: intercept term K, and other term k

© Numerical minimization

k'ge:arngi”{X{(mx) Zlmx)} {<”+X> Zl“x) H

e & X (A —n+1) S 1)
¢ ‘arng'”{;(er(n—l) {n &+ x (1) H

O In real data, we use OLS estimator to replace true value



Numerical analysis — Simulation design

© Four cases:
n=13, p=4

Casel B=(50,1,111)" and o°=1
Case2 B=(50,1,111)" and o
Case3 B=(11111)" and o°=1
Case4 P=(11111)" and o




Numerical analysis — Simulation design

Generate X, =(Xy,...,X,) by

w2 ) [z e

fori=1---,n

© Sample correlation matrix of X,

X, X, X, X,
1.000 -0.133 -0.848 0.082
Sample Corr( X, )= —1.133  1.000  0.245 -0.952
—-0.848( 0.245 1.000 -0.139

0.082 |-0.952| -0.139  1.000




Numerical analysis — Simulation result

© TMSE and bias-variance trade off

_— Rldge 7 — TMSE
— New ;" — - bias
w - 7 === variance
If = T
LiH]
o - / 3
/ O
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, T o
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Numerical analysis — Simulation result

© TMSE and bias-variance trade off
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Numerical analysis — Simulation result

TMSE

© TMSE and bias-variance trade off
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Numerical analysis — Simulation result

TMSE

© TMSE and bias-variance trade off
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Numerical analysis — Simulation result

© Effects of intercept term and &2 on ridge & new method

Ridge New method
Intercept term atfected not affected
o atfected affected

The new method is more robust against the

changing of intercept



Numerical analysis — Simulation result

© TMSE & Shrinkage parameter k estimation

50| (50| 1] 1]
1 1 ] 1
B=|1|.0c°=1 PB=|1].c7°=2 PB=|1|.0°=1 B=[1|.0"=2

1 1 ] 1

1 1 1 1]
True i 0.6343 13171 0.6343 1.3171
True AR 0.1163 0.1850 0.5676 1.1234
ECKNY) 0.9144 1.4847 0.9144 1.4847
E( kR ) 0.1031 0.1558 0.7143 1.3164
TMSE{ B )1 1.3480 2.0239 1.3480 2.0239

TMSE{ B( k™% )} 1.9661 3.5442 1.3358 1.9745




Numerical analysis — Data analysis

© Portland cement data (Woods et al., 1932)

X1 x2 x3 x4 y
[ 26 6 60 785

129 15 52 743 Y Heat evolved during cement hardening
Tflo6N S 01043

11 31 8 47 876 X, 3CaO-AlQO,

i e
1155 9 22 1002 x, 3Ca0-SiO,
S T B T
el A
B g Doki0=
o7 4. 2641159 _
20 23 34 s3s X4 2Ca0 -SI0O,
11,1166 0 12. 1133
1ot 68 =5 17 %694

X; 4Ca0 - Al O, -Fe, O,

O© 00 N o0 01 A W N P

e S SR T
w N - O
H



Numerical analysis — Data analysis

© Portland cement data (Woods et al., 1932)

XL x2 | x3| x4 y
26| 6 | 60 78.5

29 [15]52 743 Y Heat evolved during cement hardening
11|56 | 8 | 20 104.3

11|31 8|47 876 |X; 3CaO-AlQ,
52 [ 6 33 959
11| 55| 9 [ 22 109.2 .Qj
3|71|17| 6 1027 o A I,
1| 3122|424 725
54 (18| 22 931
21| 47| 4 | 26 1159 _
20|23 34 s3s X4 2Ca0-310,
11|66 9 [12 1133

10|68 | 8 | 12 109.4

O© 00 N OO0 01 A W N PP
\l

X; 4Ca0 - Al O, -Fe, O,

el =
w N = O
I_\




Numerical analysis — Data analysis

© Sample correlation matrix

X, X, X4 X,
1.000 0.228 -0.824 —0.245
Sample Corr( Xp = 0.228 1.000 -0.139 -0.972
~-0.824 -0.139 1.000 0.029

-0.245 -0.972 0.029  1.000

© Check eigenvalues in matrix A

13 0 0 0 0
0 26.828 0 0 0
0 0 18912 O 0
0 0 0 2239 O

0 0 0 Orsa 000




Numerical analysis — Data analysis

© TMSE on Portland cement data

TMSE

300

250

200

150

100

50

rj~=~-~-°=°"-°=°=°=°=°=°=°=°=°===°=°="° .
= = Ridge : Eidge ,
e g || -
’,
/
e
/
o ”~
o | rd
b < ’
= /
- ’
/
/7
o /
= -
rd
hgoooomaa P I N I
S T
O_|O O_|1 0_|2 O_|3 O_|4 Ol5 O_|6 [ll 2I 4|I Eln E; 1|0
shrinkage parameter k shrinkage parameter k
Minimun TMSE K
Ridge 35.2969 0.1372
New 34.1197 0.1826
OLS 310.7266




Numerical analysis — Data analysis

© Case that do not standardize (Portland cement data)

i b Ltk By ot 3 By Bias Var TMSE

po- 6241 155 051 010 -0.14 0 491209  4912.09
B (K), k = Ky 2% (68 A0Sy «DIByRIS0ATEA80 F B 120955 L8061 M S 2870155
B (k), k = k Rooe 2778 191 087 047 021 119962 97140  2170.62
B (d),d =d,, 62:05 184 1:55% (b1 E0IA0 +wi=0:T45a0 60102 488742818 1ABR7:30
B(k,d) k=ky,d=d, 2761 191 087 047 021 121146 95950  2170.96
B (K), k =K, 80.71 136 032 -0.09 -0.33 33520 961.78  1296.20

B (k), k = k" 8899 128 024 -018 -041 70730 1/7.86 884.30

K., =621{(B°°) (B°°)}=0.00153522 2 (Hoerl & Kennard, 1970)

A idae p+1 ﬂ,(o}.z—&z)
Ridge __ (a

kA = 0.00152103 3 e Zl o e

G At g §3__A(Adl +6%) '

&% =5.982955 S 1) (A +Ky )

(Sakallioglu and Kagiranlar, 2006)



Numerical analysis — Data analysis

© Case that do not standardize (Portland cement data)
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Numerical analysis — Data analysis

© Flare data (McLean and Anderson, 1966)

il ue X4 y Y . Amount of illumination (1,000 candles)

L& O 0e sl D AT G085

2 04 01 042 008 180 X, . Magnesium

9 - 064 10N I A e 279 03N et 05

A s 4 YT 0.22 0.08 300 XZ . Sodium nitrate
B3 O S A0, 1 W 5= 0 05 =145 _ : :
Sedgs Hrapor At 48 e A i & i Strontium nitrate
781 5016401274 110, 15 01085 54200 X, . Binder

gt - 0lea @221 0. 10 o {01081 1350

9 05 01 0345 0055 220 g Constraints

10 05 0345 01 0055 260

11 04 02725 02725 0.055 190 04<x <056
12-°0,6: 0:1725 0.1725: 0.055- 310 0.1<x,<0.5

13 05 0235 0235 003 260 0.1< X, <0.5
14805401208 029335 18:08; 11410 0.03< x, <0.08.
15 05 0.2225 0.2225 0.055 425



Numerical analysis — Data analysis

© Under standardization (flare data)

3 Nk A K2 A % N
B /80 ﬂl :Bz 183 134 k =0 /{(B )T(B )}
poLs Does not exist —0.09338123

i) 251.33 4691 -2.38 -39.60 48.60 {

B (k), k =K 24978 3497 575 2717 4537  Uop =0.317959

B (d),d =d,, Does not exist

B (k,d),k=k",d =d,, 24059 33.94 549 -26.40 43.67
BN (k), k =k~ 251.33 3520 -579 -27.35 4567

© Un standardization (flare data)

p COTRS ST By B k" =0.05669671
B Does not exist 7
p 25133 504.03 887.71 821.84 420492 ., =—0.03083932
BT (k), k =k~ 171.66 280.23 -86.98 -242.12 220.53
Bt (d), d =d,, Does not exist

B (k,d),k=k",d =d,, 17029 12374 3595 662  17.21
B (k), k =k 52589 693.64 548.72 38424  4104.65




Conclusion

© We works on model with intercept.

© Achieves the smallest TMSE among OLS and ridge
regression in some case, especially large intercept

CaSes.

© Proposed method works on unstandardized model.



Future work

© Scheffe type model in mixture experiment

© From mixture experiments to other experiment

design



THE END
THANK YOU



