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An Algorithm for Estimating Survival under a
Copula-Based Dependent Truncation Model:
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Right-truncated survival data

Y
m
v V)
100 year-old Death Study end=1980

Japanese centenarians data: Sibuya M, Hanayama N (2004)
* n =662 Japanese male centenarians
ascertained before year 1980
e Ageatdeath=X
e Ageatstudyend=Y
Truncation criterion:

X<Y = Sample is available



Left-truncated survival data

Y
KX—\
5 I —
Birth Entry Death

Channing House data (Hyde, 1977, 1980)
Channing house is a retirement center in California
* n =97 elderly residents in the Channing house
* Ageatentry=X

e Ageatdeath=Y ( possibly right-censored )
Left-truncation criterion:

X<Y = Sample is available



Left-truncated survival data

o LifetimeY —2> left-truncated by X
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S————
X Entry Death
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Linear interpolation in the 1958 Commissioners Standard Ordinary Mortality Table for
Male Lives was used to generate the distribution ¥, and hence %,, for each month. The table
stops at age 100, so that the data must be artificially censored at 1200 months. This does not
affect the data in Table 1, but it does mean that E(A*) is finite.

The observed number of deaths was 46, and the expected number was 72-2. The estimated
variance was 68-3. The value of the statistic is thus (46 — 72-2)/,/68-3 = — 3-16, which indicates
that the null hypothesis should be rejected in favour of a smaller hazard rate.

Entry  Death

Table 1. Survival data for males in a retirement community

3 »v+1 A* 3 v+4+1 A* 3 v+1 A* d v41 A* 8 v+41 A*
1 782 909 o 8656 1002 1 85654 989 0 1016 11563 O 9509 972
1 1020 1128 (0] 953 1031 O 890 1027 0 969 1106 1 921 8993
1 866 989 O 871 9456 0O 1041 1044 O 900 D36 1 836 876
1 P15 o057 O o982 10086 (0] 878 10056 0O 898 006 i P1o 903
1 863 983 O 883 959 0 836 973 0] 840 866 1 751 T77
1 206 1012 O 817 843 0O 838 1064 i o964 1029 1 906 966
1 9565 1056586 (0] 875 1012 o 886 1023 1 984 1063 1 8356 907
1 943 1025 O 821 0956 0 876 1013 1 1046 1080 1 946 1031
1 943 1043 O 036 1073 (0] 955 D77 1 871 B8B72 1 759 781
1 837 845 O 971 1107 O 860 1047 1 847 8903 O 909 914
1 P86 1009 O 830 240 O 843 043 0 962 966 1 o962 098
1 936 971 (5] 885 911 (0] 856 951 1 8653 8904 1 084 1022
1 919 1033 O 894 1031 o 847 o84 1 967 986 1 891 P32
1 852 869 (0] 803 996 (0] 1027 1058 1 1063 1094 1 836 898
1 1073 1139 0O 866 8B95 0 088 10456 1 856 027 1 1039 1060
1 D25 1036 (0] B78 10158 O 953 953 1 8656 0948 1 1010 1044
1 067 10856 O 820 957 O 978 1018 1 1061 1059 0 823 260
(0] 8086 943 0O 1007 1043 0 981 1118 1 1010 1012

(0] 969 1001 O 879 1016 4] 0926 P70 1 878 911

O 923 1060 (0] 956 1093 (0] 1036 1070 1 1021 1094

Here & = 1 if subject died during study, § = O otherwise; v+ 1 i8 1 + age in months at entry into study ;
A* is age in months when last seen in study.

If the discrete version is viewed as an approximation for the continuous case, and if it is
assumed that the actual hazard rate is a multiple ¢ of the hazard rate corresponding to ¥, then
the ideas of § 4 can be applied. A 90 9 confidence interval for cis (0-500, 0-812), and the approxi-
mate median unbiased estimate of ¢ is 0-637.
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 Hyde (1980) assumed:
knowing the person’s entry age will provide no additional
information about prospects for survival

e Thismeans X |Y
( X:Age atentry Y: Age at death)



Left-truncated survival data

e Left - truncated data A
. F Y )
{(X,,Y;); 1=1...,n}
subject to X, <Y,
ﬂ 0
LI.d. from P(X <Xx,Y <y|X <Y) Completely missing

X
e Quasli - iIndependence assumption (Tsai,1990)

H,: Pr(X=x,Y =y|X <Y) ocdF, (X)dF (Y)




Estimating survival

eTarget: S, (t)=P(Y >1)

e Product - limit representation

Y, :
S, () =] [{1-P(Y =u]Y >u)} X x
u<t X i
e Hazard function .
_ vV e
PEY —u Y >u)= 0 =)
P(Y >u) ,
~ P(Y =u, X <u)

 ~ P >uX<u) , "

Quasi-independence



Estimating survival

* Product-limit estimator of S, (y)
( Lynden-Bell 1971 )

Y,

A Zn:I(Xi<u,Yi:u) X N

SY(y):H<1— i:1 > , X 5
X <u Y zu) | YA

S, () =] J{1-P(Y =ulY >u)} Y X

u<t 13



Product-limit Estimates of S, (y)
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Testing quasi-independence

Testing quasi-independence
H,: Pr(X=xY =y| X <Y) ocdF, (X)dF, (Y)
Available test statistics:
1. Chen et al. (1996 JASA)
- Based on the conditional Peason-correlation
2. Tsai (1990 Biometrika); Martin & Betensky (2005 JASA)
-Based on the conditional Kendall’s tau

3. Emura & Wang (2010 JMVA) - Based on weighted-logrank test

(Optimal weight choice)



Testing quasi-indpendence
H,: Pr(X=xY =y| X <Y) ocdF, (X)dF, (Y)

IS rejected at 5 % level

Table 4 of Emura and Wang (2010).

Tests of quasi-independence for the Channing House data.

Logrank test Marting & Betensky

Tsal test
L test

P-value 0.048 0.043 0.040




* Quasi-independence is questionable
= Product-limit estimates of survival probability

may be biased

* In Channing house data, the truncation (entry age) may
be dependent on survival.

- Motivate Copula modeling for dependent truncation

Chaieb, Rivest, Abdous (2006, Biometrika)
Beaudoin and Lakhal-Chaieb (2008 Stat. Med.),
Emura and Wang (2010, JIMVA)

Emura, Wang and Hung (2011 Sinica)

Emura and Wang (2012, IMVA)

Ding (2012 Lifetime Data Analysis)



Copula model for dependent
truncation
Let (X, y)=Pr(X <x,Y >y|X <Y) Y,

e Copula model (Chaieb et al, 2006): | x
(X, Y) .
=¢, [pAF O+ oS, (N}/c 7| 7

e Clayton copula:
¢,(t) =" - la-1)

= Pr(X <x,Y>y|X<Y)
1

= (WO)IF (0“4, (y) -] <



Copula model for dependent

truncation
(% y)=Pr(X <x,Y >y[X<Y) Y
7(x,Y) S
= ¢, [8AFCO}+ 84S, (NH/c | =% — —
Chaieb et al (2006): Plug in
ﬁ(x,y)z%jznlll(xjgx,Yj>y) X

— Get the estimator of («,c, F,,S, )



Estimating equation

#(t,1) = ¢, [, {F O3+ 4.{S, ()} /c
< ¢, (c2(t 1) =g, (F (1) + ¢, (S, (1))

Chaieb et al. (2006) use some algebraic techniques
of Rivest and Wells (2001, JMVA) to get solutions:

— o~ 3\ o~ \_\
. R(Y. R(Y.)-1
S=¢- 3 gty 1RO
j:YJ'SJ[_ L 4 y . N )_)
. [ R(X)] [ R(X)-1]
Fx(t):¢;l - Z ¢a<C ( J) >—¢a<C ( J) .
j:Xj>t_ L n ) L n |




Estimating equation

#(t,1) = ¢, [, {F O3+ 4.{S, ()} /c
< ¢, (c2(t 1) =g, (F (1) + ¢, (S, (1))

In this research:
| propose an new algorithm to solve the estimating
equation
*New algorithm is easier to understand
(straightforward derivation)
*New algorithm yields the same solution as
Chaieb et al. (2006)



Proposed algorithm
Y,

Last die

Y,oo0Y,) = CtD<~-<’[2n_1 @



Solving: ¢ (c#(t,t)) = ¢, (F( (1)) + &, (S, (1))

Y

Y
N

E X4 C
i [
: Y \"3
“Fy (L)
=1
Fy () X

At t, = 15 Entry, nobody die 2 S, (t,) =1

— ¢, (F (1) =¢,(cA(t,1,)-4,(S, (L) =¢,(c/3)-¢, (1) =¢,(c/3)
S R(t)=c/3

23



Table 1: Results of performing Step 1 of the proposed algorithm for a small dataset:

(X, YD) =@@3), (X,,Y,)=(2,5) and (X;,Y;)=(4,6).

1t Entry Z(t,t) g {cA(t;. 1)} ¢ AF, ()} .45, (t))}
-1 : a(%) a[) 0
t=X,=2 % %(2—; %(2—30) 0
T T RO BT PG

v 1 c 2c)_,(¢ C) o4 (2¢
t5._Y2 = 3 ¢“(3) 2¢“( 3 j ¢“(3j 2¢“(3j 2¢“( 3)
Last die
% #,(0) Undetermined Undetermined




Solution of the proposed algorithm

*1) Under the Clayton copula ¢,(t) =t - /(a-1)
F (X,)=1/3, F.(X,)=2/3, F (X,)=1,

Sy (Yy)=2/3, S,(Y,)=1/3, S,(Yg)=undetermined.
*2) Under the quasi-independence ¢, (t) =—log(t)

F (X,)=1/4, F,(X,)=1/2, F (X,)=1,

S, (Yy)=1/2, S,(Yy)=1/4, S,(Ys)=undetermined.



Proposed method

Proposed algorithm -2 Explicit formula

R(Y,) fC R(Y,)-1

SSO=¢| = 2| dc— ¢ |
j:YJ'SJ[ \ 4 y N 4 J _

. ( ) [ R(X)-1]
=g 3 |gicRRDL 1 RO >+¢a(—
ju<xgst o { n ) \ N J | n




Proposed vs. Chaieb et al.
1) Proposed

A R(Y. R(Y.)-1
sY(t)_qu[Z{cﬁa{c(nl)}@{c \l }D

R(X R(X.)-1
F () = ¢[ Z P{ (n)} %{ ( n) Hwﬁ(m

2) Chaleb et al. (2006)

AL AN
F (0= @{— > MCR(:)} —¢a{c L ‘1}D




Two estimators (Proposed vs. Chaieb et al.) are the same

Theorem 1: The proposed estimating equation (10) is equivalent to the estimating

equation (6) of Chaieb et al. (2006) under x,€[X .1, 1.

Proof: Note that ¢a{ﬁ X(th_l)}=¢a{ﬁ v(X,)} since there is no jump for X beyond

Xy € [X (5 5,1 |- Thus, the estimating equation (10) becomes

U, (a.c)=¢,{ F(x)}
= ¢a{CW}_¢a{ SY(JCO) }

=¢Q{CR(x0,x0+)}+ Z [%{CR(Yj)}—gba{cR(Yf)_lH
n j:}”,-SJcO n 7]
=¢Q{CR(xO)}+ 5 [ ¢Q{CR(YJ‘)}_ ¢a{cR(YJ,')—lH,

1 Ji¥y < 1 7

where the last equation is equivalent to Equation (6).[ |




Extension for right-censoring

e | eft - truncation + Right - censoring
Z;=min(Y;,C;) =min( Age at death, withdrawal )
X ; = Entryage
5 :{1 _die during the study : Y, <C.

' |0 withdraw from the study: Y, >C,
Data: {(X;,Z;,6;); ] =1,...,n} subjectto X, <Z,

) B ( ) ﬁ(z) A
=S, () =4, - $:AC —z -
' ( j;zjszt,:ch—l \ nSC(Zj))

. _R(Z)-1]
=@ 4C (A J)
nSC(Zj)J




Data analysis (I)

Y
KX—\
5 —
Birth Entry Death

Channing House data (Hyde, 1977, 1980)
n =97 elderly residents in the Channing house
* Ageatentry =X
e Age at death =7 =min (Y, C)

( possibly right-censored by withdrawal)
Data:

(X,Z;,6;); J]=1...,n subjectto X, <Z.



Survival probability
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Data analysis (1)

Y
m
~ V)
100 year-old Death Study end=1980

Japanese centenarians data: Sibuya M, Hanayama N (2004)
* n =662 Japanese male centenarians
ascertained before year 1980
e Age at death =X
e Ageatstudyend=Y
Data structure:

(X;,Y;); J=1..,n subjectto X; <Y,




Cumulative distribution function

Estimated Distribution of Japanese male centenarians
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Summary

The product-limit estimator for survival function relies on the
qguasi-independence (Tsai 1990)

Quasi-independence is rejected for the Channing house data
(Emura and Wang 2010).

Copula models relax the quasi-independence by introducing
the dependence between survival and truncation

(Chaieb et al., 2006).

In this research, | propose a new algorithm to solve the
estimating equation of Chaieb et al. (2006). R depend. truncation
package http://cran.r-project.org/web/packages/depend.truncation/index.html
Copula approaches yield high survival probability for elderly
residents in the Channing house residents than the product
limit estimator does.
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