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Part I: Review & Motivation 
 

Truncation: 
•A pair of (X, Y) is observed only  
  when X ≤ Y holds. 
•If X > Y, nothing is observed !  (truncated) 

 

A special case of doubly truncated data 

• X  is observed only when Z ≤ X ≤ Y, where (Z, Y) is random 

• If Z=0, this reduces to truncation  

See  
Efron & Petrosian (1992 JASA),  Wang & Stovring (2007, BMC Medical Res.) 

Shen (2010 AISM), Moreira & Una-Alvares (2010 J. of Nonpar.) 

Shen (2012 J. of App. Stat.), but name a few. 

Today’s focus 



Truncation occurs in    
Survival analysis of Power Transformer 
 (電力變壓器) 

Fig. from Toshiba Corporation 



What is Truncation? 
• Power Transformer (電力變壓器) data 

     (Hong et al., 2009 Ann. Applied Statistics) 
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What is Truncation? 
• Transfusion-related AIDS 

     (Lagakos et al., 1988 Biometrika) 
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This is not censoring ! 



Truncation data 
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Traditional analysis  
• Nonparametric estimator                 
      
 
 
 
(Lynden-Bell, 1971; Lagakos et al., 1988) 
• Key assumption: Quasi-independence (Tsai, 1990): 
 
 
 
*Quasi-independence assumption is testable 
(Tsai, 1990; Chen et al., 1996; Martin & Betensky, 2005; Emura & Wang; 2010) 
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•Chaieb et al. (2006 Biometrika) relax the 
quasi-independnece by using “Copulas” 



Copula 

 
• Example 1: Independence copula 

 

• Example 2: Frank copula (Genest, 1986; Frank, 1979) 

 

 

 

• Example 3: Normal copula 
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Copula model 
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Copula model 
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y Empirical estimator: 
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Existing procedures 
• Archimedean family:  

     Useful for solving moment equations: 

     [Chaieb et al. (2006) and Emura et al. (2011 Stat. Sinica)]  
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Existing procedures 

(Normal,  
t-copula, etc.)  

Plackett copula (1965) 

Copula 

One-parameter 
Archimedean 
(Clayton, Frank, etc.) 

Archimedean family Elliptical family 

Methods of 
 Chaieb et al. (2006)  

& Emura et al. (2011) 



Part II:  Proposed method 



Proposed method 

• The preceding two methods use moment-based 
estimating equations for                   

    under Archimedean copula family   

 

• In this talk, we propose to get                    

    by the nonparametric maximum likelihood 

    estimator (NPMLE; due to Turnbull, 1976) 

Advantage:  

Potentially applicable for 

a broader class of copulas  
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NPMLE: due to Turnbull (1976) 

X 

X 

X 

X

Y
)( )3(YdSY

)( )2(YdSY

)( )1(YdSY

)( )1(XdFX )( )2(XdFX )( )3(XdFX












3

1

)(

)3(

)2(

)1(

1)(

1)(0

1)(0

1)(0

:sconstraintwith  

 NPMLE    theMaximize

i

iX

X

X

X

XdF

XdF

XdF

XdF



• Parameterize                 as follows:            
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Proposed method 
• Semi-survival Copula (Chaieb et al., 2006) 

 

 

 

     leading to the density 
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Proposed method 
• Log-likelihood 

 

 

   Maximize for  (2n+1)  parameters           
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Proposed method 
• Identifiability problem 

    The maximum of                      is not unique  

     ( # of parameters =2n+1  >  # of observed points = 2n ) 

         *analogy with the linear regression with p > n 

 

• Idea: reduces to 2n-1 parameters 
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Proposed method 
• 2n-1 score equations 

 

 

 

    leading to a self-consistency (Turnbull, 1976) 
type equations            
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Proposed method 
• Quasi-Newton algorithm to maximize 
     
 
 
Requirements:  
•twice differentiable 
•Unique maximum 
•No constraint in parameter space   
 
Especially, one can apply “nlm” routine in R.  
Convergence criteriat:  
1.  2n-1 scores are zero at 
2. Hessian matrix at                           is positive definite 
(Hessian matrix are concave, it should be a global maxima) 
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Proposed method 
• The NPMLE                           is consistent & 

asymptotic normal (Emura & Wang 2012 JMVA) 

• Observed Fisher information 

    = minus of the Hessian of  

     

 

 

• Consistent variance estimator, e.g., 

 

 











 


22,12,

12,11,

ˆˆ

ˆˆ
)ˆ,ˆ,ˆ(ˆ

nn

nn

YXn
ii

ii
Hi 

)ˆ,ˆ,ˆ( YXH 

1

12,

1

22,12,11, )ˆˆˆˆ()ˆ(ˆ  nnnnn iiiiV 

),,( YXn Hl 



Simulation setting (I): 

• Plackett copula (not Archimedean family) 

 

 

 
• Exponential margins 

 

 
• Data generation: 

  If              then included in the sample. Otherwise truncated. 

  Repeat until we get n (=125 or 250 ) pair of                
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Positive dependence, 200 repetitions 

Parameter  Mean( Bias ) SE  SEE  Cov%95  

Spearman’s  = 0.25 ( =1/2.15,  )Pr( YX 0.79) 

)log( =-0.765 

 

n =125 -0.778 (-0.013) 0.407 0.407 0.945 

n =250 -0.697 (0.068) 0.311   0.296   0.965 

693.0)( tH X  n =125 0.736 (0.043) 0.123 0.121 0.955 

n =250 0.733 (0.040) 0.090 0.086 0.970 

693.0)(  tY  n =125 0.710 (0.017) 0.144 0.139 0.960 

n =250 0.725 (0.032) 0.104 0.102 0.970 

Spearman’s  = 0.50 ( =1/5.11,  )Pr( YX 0.84) 

 )log( =-1.631 

 

n =125 -1.642 (-0.011) 0.323   0.319  0.965 

n =250 -1.652 (-0.021) 0.231   0.222   0.940 

693.0)( tH X  n =125 0.726 (0.033) 0.101 0.092 0.910 

n =250 0.716 (0.023) 0.067 0.064 0.920 

693.0)(  tY  n =125 0.704 (0.011) 0.110 0.102 0.960 

n =250 0.701 (0.008) 0.068 0.069 0.950 

 



Negative dependence, 200 repetitions 

Parameter  Mean( Bias ) SE  SEE  Cov%95  

Spearman’s  = -0.25 ( =2.15,  )Pr( YX 0.72) 

 )log( =0.765 

 

n =125 0.859 (0.094) 0.598 0.554 0.960 

n =250 0.717 (-0.048) 0.342 0.359 0.930 

693.0)( tH X  n =125 0.809 (0.116) 0.313 0.244 0.960 

n =250 0.717 (0.024) 0.139 0.138 0.935 

693.0)(  tY  n =125 0.793 (0.100) 0.363 0.267 0.960 

n =250 0.699 (0.006) 0.139 0.137 0.930 

Spearman’s  = -0.50 ( =5.11,  )Pr( YX 0.70) 

 )log( = 1.631 

 

n =125 1.758 (0.127) 0.818 0.598 0.915 

n =250 1.708 (0.077) 0.534 0.386 0.955 

693.0)( tH X  n =125 0.883 (0.190) 0.582 0.343 0.925 

n =250 0.787 (0.094) 0.374 0.196 0.960 

693.0)(  tY  n =125 0.862 (0.169) 0.624 0.354 0.885 

n =250 0.775 (0.082) 0.404 0.207 0.955 

 



Performance of      )(ˆ
)(ˆ xH

X
XexF






Data analysis   

• Transfusion-related AIDS (Kalbfleisch & Lawless, 1989, JASA) 

           X  :  Time from infection to AIDS  (month) 

           Y  :  102  -  time of infection  (month) 

           n  : sample size = 293 
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Model selection 

• (K+1) candidate copulas 

 

 

 

 

• Deviance: 

 

 
Step 1:  Calculate deviances for K copulas 

Step 2:  Choose the copula with smallest p-value (<0.05) 
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Summary 
    We proposed the NPMLE under semi-survival 

copula with reverse-time hazard modeling 

Advantage of the proposed NPMLE 

• Broader class of copula than  

    existing methods  
than Chaieb et al.(2006) & Emura et al. (2011) 

• Equip Copula model selection  

     via likelihood comparison 

Disadvantage 

• NPMLE is computationally very demanding  

  (numerical maximization in high-dimensional space) 



Thank you for your kind attention 
 

•Emura T & Wang W (2012) 
  Nonparametric maximum likelihood estimation for 
  dependent truncation data based on copulas. 
  to appear in Journal of Multivariate Analysis. 
 
•Proposed method is implemented in R depend.truncation package. 
  available at CRAN http://cran.r-project.org/  
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