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Left-truncation:
o (L, X): apairof random variables
o |: left-truncation time

e X . failure time
If L<X , thesampleis available

If L>X , nothing Is available !

Samples:

{(L;, X;);1=12,...,n} subjectto L; < X,
Target of Estimation:

S, (x)=P(X>x), E(X):jxde(x), etc.



Examples of left-truncation

* Channing house data for elderly residents (Hyde, 1980)
L = Age atentry, X = Age at death

« Car brake pads data (Kalbfleisch and Lawless, 1992 )
L = kilometers driven at study start
X = Kilometers driven at failure

« Unemployment data for women in Spain (De Una-alvarez, 2004)
L = Time at inquiry, X = Time to finding a job

* Twin-City study for dementia in France (Rondeau et al. 2015)
L = Age at entry, X =Age at diagnosis of dementia

Target on the distribution of X



Estimation with left-truncated survival data

-Lynden-Bell (1971) : Product-limit estimator

L ZJ_I(LJ.SU x._u)
S 00=[])1- > L susX))

(Woodroofe 1985; Wang et al. 1986; Zhou & Yip, 1999 )

;

-Kalbfleisch and Lawless (1992): Parametric MLE
Sx(X)=1-®[{log( x)-pu}/c],

- f (Xi;u,0) ]
(i1, o) = arg max AR
(u,o) ]:L[ P(LISX,IU,G)_

These estimators are consistent under L L X:
, Independent truncation assumption




 Independence assumption L 1 X Is testable by
left-truncated data (Tsai, 1990)

{(L;, X;);1=L2,...,n} subjectto L; < X,

X




Quasi-independence assumption (Tsai, 1990)
H,: Pr(X=x,L=I|X <Y)ocdF, (X)dF_(I)

Available test statistics:
1. Chenetal. (1996) - test with the conditional Pearson-correlation
2. Tsai (1990); Martin & Betensky (2005)
- test with the conditional Kendall’s tau
3. Emura & Wang (2010), Shen (2011)
- weighted-logrank test ; - score test under copulas
4. De URa-Alvarez (2012); Rodriguez Girondo & de Ufia-Alvarez (2012)
- test with the Markov condition
5. Strzalkowska-Kominiak & Stute (2013)
- test with Kendall’s tau or Spearman’s rho
* Quasi-independence is rejected in real examples

* Results not robust against dependent truncation
(Bakoyannis & Touloumi, 2015)



Methods for dependent truncation

1. Semiparametric model (marginal unspecified)

Chaieb et al.(2006), Emura et al. (2011), Emura and Murotani (2015)
- Estimation under Archimedean copulas
Beaudoin & Lakhal-Chaieb (2008),
- Goodness-of-fit for Archimedean copulas
Strzalkowska-Kominiak & Stute (2013)
- Estimation under general copulas
Emura & Wang (2012)
- Estimation & model selection under general copulas

2. Parametric model

Emura and Konno (2012a) - Bivariate normal model
Emura and Konno (2012b) - Bivariate Poisson, Bernoulli-Poisson

Parametric models are still very limited



Proposed parametric models

Joint distribution:
P(LLLX<x)=C[F (;0,),F(x0,)]

*Copula: 1o 110,17,

a € R . dependence parameter

 Continuous parametric margins
F (10, )=R (L<I), F(x0,)=FR (X<x)

*Unknown parameters:
0=(,0,,0, )cO®



Likelihood under dependent left-truncation

Joint distribution:
R(L<I, X <x)=C,[F.(1;0,),F(x0,)]
Joint density:
fLx(Lx0)=Co LR (1,0, ), F (%0, )1f, (1,0, )f, (X 0,)
C* =9°C_/ouev: copuladensity
f, =dF_/dl and f, =dF, /dx : marginal densities
*Likelihood under left-truncation criterion: L, < X,

e Tox (L, X58)
L(0)=11] P(L<X)

=1

Need the form of ¢(8)=PR,(L<X )= [[ f_ (I, x 6 )dxdl

I<x



Forms of ¢(0)=Pr(L< X ):ﬂ fLy (1, x; 0 )dxdl
I<x
*Marshal and Olkin (1967) bivarate exponential
Pr(L>1, X > x) =exp{-4 1 -4, x-4,, max(l, x)} (1=0,x>0)

= ¢(0) = (A + A )AL+ A + A1)

Bivariate normal, bivariate t e FGM copula with Burr 11 margin

_ c(0) =~
C(O)—\P[ zﬂx ZﬂL ;VJ y+p
\/GX+GL_20-LX WB(y=p5)
*Bivariate Poisson (7+B)2y+B)(r+2B)
e Bernoulli-Poisson
c(0) =1— pe ™

Ref: Emura and Konno (2012a, b): Domma and Giordano (2013)

o0

c(@)=e "+ ™ Z% S, (I

=0

*However, a general formula of c¢(8) seems unavailable
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c(0)=P(L<X)={[ fL(l,x 0)dldx

I<x

:chgl’l][ F (10 ) R (X0, ) 11 (1,0, )1, (X6, )dldx

I<x

*Define h-function (Schepsmeier and StOber, 2014)
h (u,v)=0C (u,v)/dv

Theorem 1 (new result in this work)
The inclusion probability can be simplify as follows:

c(O):Pr(LSX):jH(u;B)du,

where H(u;8)=h,[F{F(u;0,):6, }ul
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Proposed likelihood estimation

* The log-likelihood function:
¢ (0)=-nlogc(0)
+Zlog fL(L;;0, )+Zlog f (X;0y)

+ZlogC[“][F(L eL) Fe (X:504)]
where c(0)=Pr(L<X )= _[H(u 0 )du
e Maximum likelihood estimator (MLE):

0=(4,0,,0, )=argmax/_(0)

0O

* The Newton-Raphson algorithm
0=0-[0°¢ (0)/0000"] " 0¢ (0)/00

Hessian .



Example:

Weibull models with the Clayton copula
e Clayton copula: C_(u,u,)=(u*+u,*-1)"*, a=0
=> h-function: h,(u,, u, )=u,**(u;* +u,* -1)~""

F(LALv ) =1-exp(-A4I1™")
FX(X; Zx’Vx ):1_exp(_ﬂ~xxvx )

* Weibull marginals:

» Unknown parameters: 0= (a, 4, A, v, ,vy )€®=(0,0)°
« Sample inclusion probability:
1

c(e):Pr(LgX):jH(u;e)du

H(u;0)=u“*"B(u,0)"**
B(u;0)=(1-ep[ -4 {2 log(1-u)F+™ 1) +u™ -1
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Example:

Weibull models with the Clayton copula

Computation of  ¢(8)=P,(L<X )= H f, (1, %; 0)dldx
*Proposed method <X

8C(O)Zj8H(u;O)du
oo 3, O«

B(u;0)=(1-exp[ - A{- 4 log(1-u)}+™ 1) +u™ -1

c,(0)= H(u;0)=u"“"B(u,0)Y?

‘Naive method (double-integral)
c(0)=A A vy (+a)
([ R AT B M- 0D( A 2R AX W™
I<x (L-ep (-4 1)} +fl-exp (-4, x™)}* -1 )1/a+2

Two methods produce the same value, but different computing time



Example:

Weibull models with the Clayton copula

» Score function (for « ):
or (0)/oa=-nc, (9)/c(e)+Zalog{ fLx (L, X,;0)} o
where

_oc(0)  oH(u;e)
% (0)= oa _-([ oa cu
H(u;0)=u""B(u,0)™""

B(U;0) = (L-exp[ — 4 {4, log( 1-u) F*/* 1) +u —1

log f l, X;
809 L,X( 1X’O): 1 _Iog{l_exp(_ﬂl_lv'-)}—Iog{l_exp(_ﬂ'xxvx )}
O 1+«

+IogA(I,x;O)_(iJrz)Aa(l,x;B)’
a? a A(l, x;0)
A (I X_G):aA(I,x;O)__Iog{l—exp(—/lLIVL )}_Iog{l—exp(—ﬂ,xxvx )}
T sa {lep(— A1) Y {l-ep(— A )3




Newton-Raphson algorithm

Step 1: Set the initial values

=2t/(1-7), AV =1/L, A9 =1/X, vP =1land v{) =1
Step 2: Repeat
(0% () 8%, (0) 0% (8) 8% () 8%, (8)]|L.(0)

| e oada  oMOa  Ovida  Ovyda o
0[(k+1) a(k) azfn(e) azgn(e) azgn(e) aZgn(e) azgn(e) agn(e)
/1(L k+1) }LE_ k) O0A O ox; OA 0L,  OA0v,  0OA0vy OA,

0°r (0) 04 (0) 0%, (0) o°¢ (0) 0°¢ (0)| |0, (0)
OO OA 0Ay ox OV 0Ay  OVyOA, Oy

Vi Vi 0%0,(0) 0%,(0) 0°,(0) 2%, (0) . (0)| |ar (0)
ov éa  Ov, 0l  Ov 0A, oV} oviovy | | oy,
0 (0) 0o (0) 0% (0) 0°r (0) 0°¢.(0) o0 (9)
| OvyOa  Ov,0A,  0vy,04, Ov 0vy ov

_o®
. ov a=a y
- X g =40 2y =20

X
=y

If |04 -0 |<e (eg, 6=10"" )
then, g(k+D) :(a(k+1)’ /1(Lk+1), /I()|(<+1), ka+1) (k+1)) is the MLE



Asymptotic inference

» Target : 9(0) Last step of
 Standard error (SE) the Newton-Raphson
. o )" 2 )t e .
SE{Q(G)}—\/{%Q(G)} X{—aﬂaﬂﬁn(ﬂ)} ><%9(9)

e (1-«)100% confidence interval

[9(0)-2Z,,,-SE{9(0)}}, 9(8)+Z,,,-SE{g(8)}].

*Example: Mean failure time
9(0)=E(X)= | xf (x; 0y )dx



Goodness-of-fit test

« Cramer-von Mises type or K-S statistic
CM :”n{ Fy (LX) =Fy (1, %,0)/c(0) ¥dF(l, x)

I<x

KS =sup| F_ (I, X) = Fx (1, %,8)/c(0)|
1) Nonparametric estimate
FLx (1) =22 1L <1, X <)/

2) Parametric estimate
F . (1,%0)/c(0)

Theorem 2: The truncated distribution function is expressed as the univariate integrals

Fx (1) Fx ()
Frox (1,,0)=Pr(L<l, X <x,L<X)= [H(v;0)dv+ [h{F (I),v}dv.
0

Fx (1)



Goodness-of-fit test

* Null hypothesis ,

Ho iR (L x)=C[F (150, ), F(Xx0,)] «,0, ,0,
« A parametric Bootstrap test similar to

Emura and Konno (20123, b)

Stepl. Compute CM (Cramér-von-Mises) or K-S type statistics).

Step2. (L®, X®) ~ C,[F (1;0,),F,(x;0,)]/¢c(0),for b=12,..B, k=12..,n.

Step3. CM “@ =3 { RO (LY, X )= C o [FL(LY: 00 ) R (X5 037)1/c(6®) ¥
k

Step4. Approximate p-valuesis )  (CM"® >CM )/B.

* Approximate p-value < 0.05 =» Reject



F_parametric

1.0

08

086
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02

0o

R package
depend.truncation

0.0 02 04 0.6 08 1.0

F_empirical

> PMLE.Clayton.Weibull(l.trunc,x.trunc)

Salpha
Estimate
0.2417720
Slambda_L
Estimate
0.019245463
Slambda_X
Estimate
0.0001256100
Snu_L
Estimate
1.4567607
Snu_X
Estimate
2.1628590
Smean_X
Estimate
56.345513

SE
0.1968614

SE
0.006887897

SE
0.0001038773

SE
0.1160334

SE
0.1860137

SE
2.937671

SCM 0.09483959
SKS 0.07892345
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Simulation setting
» Weibull model with the Clayton copula
Pr(L<I, X <x)
=[{l-ep(= 41" )} +H{l-ep(-Ax> )} -1
where o =2 st. (r=0.5)

Parameters (A4, A,,v,,vy ) chosen to be
c(0)>05,¢c(0)=05,0rc(0)<05

eTarget: (a, A, A,V ,Vy )
sy =E(X)=T(1+1/v, )I(24"™)
o Generate{(L;, X;);J=12,...,n} subjectto L; < X,



Simulation results under Weibull models with

the Clayton copula based on 1000 replications

¢(6) n E(@ EW) E(4) E@G) EW) Al
True: 0.804 100 2.065 2.040 1.031 1.007 1.003 6.8
o=2 | 200 2.037 2.017 1.009 1.003 1.004 6.1
( T = 05) 300 2.029 2.012 1.008 1.001 1.002 6.1
0.500 100 2.167 1.023 1.130 0992 0.979 65.2
200 2.086 1.014 1.052 0.993 0990 8.7
300 2.057 1.009 1.032 099 0.995 8.2
0.387 100 2.064 0.971 1.169 2.123 1.025 69.9
200 2.020 0.986 1.050 2.044 1.018 54.2
300 2.003 0.986 1.019 2.036 1.019 50.0
Al = The average number of /IX =V, = 1
Newton-Raphson iterations ( True )

until convergence



Simulation results under Weibull models with

the Clayton copula based on 1000 replications

¢(0) n |SD(@) E{SE(a&)} 95%Cov | SD(&, ) E{SE (i, )} 95%Cov

0.804 100 | 0.428 0.448 0954 | 0.117 0.112 0.947
200 | 0.305 0.312 0951 | 0.077 0.076 0.948
300 | 0.250 0.254 0.949 | 0.062 0.062 0.960
0.500 100! 0.576 0.552 0944 | 0.232 0.198 0.916
200 | 0.348 0.351 0946 | 0.157 0.145 0.928
300 | 0.268 0.279 0948 | 0.123 0.118 0.941
0.387 100 | 1.009 0.894 0921 | 0.344 0.308 0.919
200 | 0.607 0.585 0.940 | 0.232 0.230 0.952
300 | 0.474 0.456 0.934 | 0.190 0.187 0.958

95%Cov = Coverage rates for the 95% confidence intervals.
sy =E(X)=T(1+1/v, )I(24"™)



Car brake pads data
(Kalbfleisch and Lawless,1992 JQT)

e X : The number of kilometers driven until failure
® | : The number of kilometers driven until the study start

. @ New: The car had been sold at the time.
i $8 Failure: The time when the brake pad of the car 1s broken.
Not observed |
Car 0 ; X (kmdriven)

L
( _ Car 1 \‘

L (krrRlT*iven)i

i‘. ......... 12 months ........... ’E
Study start

Observations: {(L;, X;); J=12,...,n} subjectto L, <X,




Scatter plot of the brake pads data

{(L;, X;)1=L2,...,n},n=98, subjectto L, <X,

X(kilometer)

100 150

50

Nothing observed

I I
100 150

L(kilometer)
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Weibull lifetime

Clayton copula

. Exponential lifetime |

Clayton copula

Lognormal lifetime

Gaussian copula

Copula

parameter

& =0.242 (SE=0.197)
959%Cl: [0.049, 1.193]

. 4=0.000 (SE=0.006) !
95%CI: Not available

5=0.209 (SE=0.112)
95%Cl: [-0.011, 0.429]

>arameters for L

A

4 =0.019 (SE=0.007)

p, =1.457 (SE=0.116)

A

A =0.054

(SE=0.008)
v =1 (fixed)

. 4, =238 (SE=0.097)

. 52=0.722 (SE= 0.124)

Yarameters for X

A

A, =0.00013

(SE=0.0001)
v, =2.163 (SE=0.186)

Accept at 10%

A

1, =0.022

(SE=0.002)
v, =1 (fixed)

" [, =3.92 (SE=0.054)

o2 =0.266
(SE=0.039)

KS test
CVvM test

K =0.079 (P=0.200)
C =0.095 (P=0.113)

" K =0.189 (P= 0.000) |
- C=1.066 (P=0.000)

K = 0.066 (P=0.494)
C = 0.099 (P=0.094)

SE=Standard Error;

KS test=Kolmogorov-Smirnov test for goodness-of-fit;

CvM

test=Crameér-von Mises test for goodness-of-fit; P=P-value based on the parametric
bootstrap; 95%CI=95% Confidence Interval (it is not available if & =0)



F_parametric

Weibull is the best model

=2 - Marginal = Weibull = - Marginal = Exponential
Copula = Clayton Copula = Clayton
P=0.200 (K2) = P=0.000 (K5)
P=0.113 (Cvi} P=0.000 (Cvi)
o oo
L} o
@ | g 9 _ It
L} = o =
L ]
E E
e o
] 1]
- 4« “
= (I'R = L
L . o
L} o
Lo} ,," ]
= =
T T T T T T T T T T T T
0.0 0.2 04 08 0.8 1.0 0.0 0.2 04 08 0.& 1.0
F_empirical F_empirical

1.0

s

05

0.4

nz

0.a

Marginal = Lognormal
Copula = Normal
P=0.494 (KS)
P=0.094 (CvM)

0.0

| | | |
02 04 08 08

F_empirical

Figure 4. Goodness-of-fit tests for the brake pad lifetime data (Kalbfleisch and Lawless
1992). KS=Kolmogorov-Smirnov test; CvM=Crameér-von Mises test;

P=P-value based on the parametric bootstrap.
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X(kilometer)

Parameter estimates under the Weibull model

E(L)=T@+1/v )/ A" =23.33

- Dependence parameter
S E(L) n
© o =0.3321
7 (£=0.1424)
S :D%Q )
- SOSDEC I
"-;-5?%5;_05--'0 ---------- E(XXy
S S, O E(X)=T(L+1/7,)/ A, —64.82
l:ll EID ﬂ:l]D 1;0

L(kilometer)
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hazard function

0.05 010 015 0.20 0.25

0.00

Estimated survival functions for
marginal distributions: Weibull models

, S~
- Hazard function of L "\ \\ ---- survival function of L
— — Hazard function of X ® ' \ — — survival function of X
| \
5 ' \
r _E g _ “ \
2 [ \
™ 1 \
=
’ = 9|
i : \
\
o ' \
» o | \

«" % \ -~
_p__—d—'_'-_—-—._ g_ ............... -:. - I = N,
I I I l l l l [ [ [
0 10 20 30 40 50 0 50 100 150

1000 km 1000 km

Estimates: 1, =2.89x107,

oY

VI =

2.4927; A1, =3.09x10°°, and v, =2.4193.



Extension to doubly truncation
o( L, X,R) : apair of random variables

el: left-truncation time

e X: failure time
eR: right-truncation time
Sample inclusion criterion:
If L<X <R , thesample is available
Doubly-truncated samples

{(L;, X,,R;);J=L2,...,n} subjectto L, <X, <R,

Existing inference methods are developed under (L,R) L X

Efron and Petrosian (,1999), Shen (2010, 2011, 2017), Emura and Hu
(2015), Moreira and Alvarez (2010, 2012), Moreira and Van Keilegom
(2013), Dorre (2017), Frank and Dorre (2017)



Extension to doubly truncation

«Joint distribution:
Pr(L<I], X <X, R<r)=C_[F (I),F (x),F(r)]

Copula: C,:[0,1T° —[0,1],
o € R: dependence parameters
Continuous parametric margins

F (1)=P(L<l), F (x)=P(X<x), F.(r)=P(R<r)

Theorem 3: Let h(u,v,w)=0C_(u,v,w)/v
Pr(L< X <R) =

jh[ FALF(V), v,l]dv—jh[ FALFC(V), v, F{F i (v)]dv.




More developments for dependent double-
truncation are necessary and remain to be done

Thanks for listening



