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Bivariate competing risks 
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• Bivariate Weibull models (Moeschberger 1974; David and Moeschberger1978) 

• Bivariate Marshall-Olkin Weibull model (Fan et al. 2019) 

• Bivariate Pareto model (Sankaran and Kundu 2014; Shih et al. 2019) 

• Bivariate normal model 

   (Nádas 1971; Moeschberger 1974; Basu and Ghosh 1978) 

• Independent Lindley model (Mazucheli and Achcar 2011) 

• Bivariate frailty model (Liu 2012; Lo et al. 2017) 

• Bivariate copula models (Hsu et al. 2017; Emura et al. 2017 

    Emura and Michimae 2017; Zhou et al. 2018)  

We propose a hybrid  (frailty + copula) model 

Bivariate competing risks models 





• Conditional hazard function 

 

 

-Heterogeneity parameter: 

 

 

Frailty model (Liu 2012, Technometrics) 

| 0( | ) ( )
jT Zh t z z h t 

Baseline ( 1 )Z 

( )Var Z 

Normal High-risk Low-risk 

~ ( )ZZ f z

[ ] 1E Z 

1/ 1

1/

( )

1
exp

(1/ )

Zf z

z
z 

  

  
  
  



   -Conditional independence given z 

 

 

  -  Marginal Weibull model 

  

 

   -  Integrating out unobserved z 

 

 

Frailty model (Liu 2012) 
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Gumbel copula 

 

 

 

Independence copula 

Motivated by a joint frailty-copula model 
(Emura et al. 2017):  
we relax the conditional independence by a copula 
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Gamma-Gumbel model  

 

 

 

 

 

 

 

 

 

 

Proposed model 
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Reduce to Liu (2012)’s model 
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Integrating out unobserved frailty 
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Parameters: 
Fixed 

Identifiability issue 



• Three-parameter Burr XII model (Burr 1942). 

 

 

 

• The p-quantile: 

 

 

• Mean & Variance exists 

Proposed model: properties 
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   : failure time due to cause 1 

   : failure time due to cause 2 

   : independent censoring time 

                                  : observed failure time 

                                        : indicator of failure cause 1 

                                        : indicator of failure cause 2 

 

Our data is                    , for  

Competing risks data 
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• The log-likelihood function 

 

 

 

• Sub-density 

Maximum likelihood inference 
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• Sub-distribution functions 

 

 

• Parametric estimation of sub-distribution function 

Goodness-of-fit (Parametric vs. Nonpar) 
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• Nonparametric estimation 

 

   where 

 

 

 

• The Cramér-von Mises statistic 

Goodness-of-fit(Parametric vs. Nonpar) 
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Simulation design 

• Generate samples                                        

   Step 1: Generate                                . 

   Step 2: Generate                              

   Step 3: Set                      and                      .  

 

• Independent censoring  

 

• Competing risks data 
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Simulation results 

CEN 20%

T1 40%

T2 40%







n Parameter True Mean SD SE CP% ERR% 

100 1.0000 1.0108 0.1376 0.1269 0.9091 0.01 

1.0000 1.0107 0.1371 0.1269 0.9131 0.01 

0.5000 0.5031 0.0816 0.0771 0.9313 0.01 

0.5000 0.5034 0.0815 0.0772 0.9374 0.01 

0.5000 0.5068 0.3731 0.3435 0.9576 0.01 

0.2729 0.2846 0.0874 0.0789 0.9192 0.01 

0.8941 0.9054 0.1261 0.1179 0.9273 0.01 

2.4741 2.4933 0.2148 0.2034 0.9354 0.01 

200 1.0000 0.9890 0.1873 0.0909 0.9379 0.002 

1.0000 0.9893 0.1789 0.0909 0.9419 0.002 

0.5000 0.4973 0.0572 0.0550 0.9379 0.002 

0.5000 0.4972 0.0574 0.0550 0.9399 0.002 

0.5000 0.5220 0.2573 0.2456 0.9519 0.002 

0.2729 0.2796 0.0577 0.0561 0.9439 0.002 

0.8941 0.8969 0.0911 0.0832 0.9539 0.002 

2.4741 2.4664 0.1810 0.1433 0.9539 0.002 
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Results (Nonparametric vs. Parametric) 



ARC-1 VHF radio data 
(Mendenhall and Hader 1958) 



Data analysis 

• The summary of ARC-1 VHF radio data 

 

 

 

 

 

 

• Fit the model 
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given  0,  0.33,  1,  or  3 



Results of Data Aanlysis 



Goodness-of-fit (Parametric v.s Nonpara) 

|(a) 0 ( 0 )Z

   |(b) 3 ( 0.75 )Z

  



• P-value of goodness-of-fit 

   - Parametric bootstrap 

• Semipar. estimation (e.g. spline) of the sub-distribution function 

   - Parametric vs. Nonparametric vs. Semiparametric 

 

                                                    Goodness-of-fit for a copula 

• Covariate 

   - AFT models (location-scale regression) 

• Selection of copula parameter 

   - Profile likelihood does not work well 

   - Minimum distance CvM statistics 
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