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Literature review



Censored Data (for comparison)

In survival analysis, censoring Is assumed
“independent”

Observe {X; AY;, I(X; <Y;); ]=1...,n}
where X; AY; =min{X,,Y;} and X, LY,

Nelson-Aalen type estimator

_ (X, =u,Y, >u)
dN (u) _ JZ_; J J e PIOX;=uY;2u)  Pr(X; =u)

— dA(u)

Y (u) Zl(XjZU,YJ-ZU) Pr(X; >u,Y; 2u) Pr(X,; >u)
j=1



Truncation vs. Censoring

Truncation data: Y
1(X;,Y;)) () =1,...,n)] ’ <
subjectto X; <Y,

Assumption; X LY

Censored data
{min(X,,Y;), I(X; <Y;); J=1,...,n}



Example: transfusion related AIDS

Lagakos et al. (1988)
Begin End

X\

@ « I

Infection Y AIDS

X
@) ——
Infectjon y‘
YI\
Y

X . Infection to AIDS (interest)
Y : Infection to end of study

*Are X and Y independent?




Example 2: Channing House data
(Hyde, 1977)

Birth Entry Death

Objectuve: wnether living in the retirement center
(Channing house) prolonged the lifetime

= Estimate S(t)=Pr(Y>t)

Only X <Y can be included in the study
Are X and Y independent?



Literature Review on Truncation
Under independence between X and Y

estimate marginal distribution (Lynden-Bell, 1971)

estimate Pr(X <Y) (He and Yang, 1998)

Test quasi-independence
Tsai (1990); Martin & Betensky (2005) *EXRDOHEB;

Emura and Wang (2010, JMVA) 3DNAHEHiRBA

Investigate association between X and Y
Copula-based approach
(Chaieb et al., 2006),
(Emura et al. Accepted to Statistica Sinica)
Bivariate normal approach (Emura & Konno, In revision)



Under complete data

Data: {(X;,Y;);i=1...,n}~F(X,y)

Testing independence:
Hy tF (X, y) = F (X)F (Y)



Pairwise relationship:
without truncation

Concordance indicator
Aij — I{(Xi _Xj)(Yi _Yj) > 0}

Y Y
H v

Concordance X Discordance

A =1 A; =0



Kendall’s tau for typical bivariate data

Definition
Properties
=0 If X LY

-1<7r<1
Estimator

) :(nj Sea,-y ¢ QEERTRIN
2) iS5 MR TE TZ5 (robust test)



Assoclation measure under
Truncation

Truncation data: ¥4
{(Xj,Yj)(jzl,...,n)} 8 «
subjectto X; <Y,

£ IFEEHELA
=N X Ay A

=R ¢ =Pr(A; =1)—Pr(A; =0)=2E[A;]-1
ZitET DL
>0 ewenif X LY



Assoclation measure under

Truncation
Kendall's tau 7 =Pr(A; =1)-Pr(A; =0) =2E[A; ]-1
IS not suitable for truncation data

Tsal (1990, Biometrika) introduced the so called

Conditional Kendall’s tau, suitable for truncation
data (LA D XS4 K TERBA)

Recently, conditional Kendall's tau is a basic tool
for analyzing truncation data
(Martin & Betensky, 2005; Chaieb et al., 2006;
Efron & Petrosian, 1999)



Test quasi-independence (Tsal, 1990)

Corner"b"=(X; v X, Y; AY;)

)Tl




Test quasi-independence (Tsal, 1990)

Comparable condition

Bij ={X. v Xj <Y. /\Yj}

"b"e{(X,y):0<x<y<ow}< B, occurs

Conditional Kendall's tau
T, = 2E(Aij | Bij)—l

Note:
7, =0 1If X LY

YJ‘\

 — O -—4--> comparable




Test quasi-independence (Tsal, 1990)

Definition (Quasi-independence)
Hy :Pr(X <x,Y >y | X <Y)=F (X)S,(y)/c, (X<Y)

F,., S, ; distribution/survival functions
¢y =~ [[dFy (x)dS, (v)

X<y
Remarks:
If H, holds, then 7, =0
If X LY ,then H, holds

As a result,
Rejectz, =0 =» Reject X LY




Test based on Conditional Kendall’s

tau
Non-parametric estimator
Z I{Bij}(ZAij _1)
£y = 7, = 2E[A, | B;]-1
’ > 1{B;}

i<]j

Under quasi-independence,
7, /SD(7,) ~ N(0,1) (by CLT for U-statistics)

Two different way to estimate SD
Based on properties of ranks (Tsal)
Based on properties of U statistics (Martin and Betensky)

Tsai & Marting & Betensky DEW XN BHEEDH !



Our method: two-by-two tables

Consider odds ratio

CPr(X =xY =y|XZY)Pr(X <x,Y >y| X <Y)

0(X,y) =
( y) Pr(XSX’Y:ylxSY)Pr(X:X,Y>y|XSY)

_ dFX (X)dSY (y) ) |:X (X)SY (y) (Under H )
Fx (X)dSY (y)'de (X)SY (Y) ’
=1

Comparison:
Tsai’'s method: 7,=0 when H,
Our method: 6(x,y)=1 when H,



Our method: two-by-two tables
Emura and Wang (2010, J. of Mult. Anal.)

Notation;n Counts
AXY) =D 1(X; =xY, =y), Nyi(xdy)= ZI(X =xY;2Y)

N ZS IO <xY2y) ROGY) = 31X, <X, 2 )

=L Truncation Data

Two-by-two tables forx <y g4

=y >y © -

X=x A(x, J) *'?\"T1. (dﬂf, J) © -

>_

X <x <

N, (x,dv) R(x.y) o
Odds ratio of above table 1s ° | | | | |
Q(X y) — 1 0 2 4 6 8 10



Our method: two-by-two tables

Under quasi-independence

E{A(X, y) | margins}= N.. (dXEaﬁNyﬂ)(x’ dy)

Weighted log-rank statistics

L= [[w(x, y){A(x, y) -

X<y

N, (dX, Y)N,; (X, dy)}
R(X,Yy)

How to choose w(x,y) is important!



Our method: two-by-two tables

Relationship between two statistics

N.. (dx, YN, (%, dy)}
R(X, ¥)

[[ wix y){A(dx, dy) -

XSy

v ~

_ ij ! u) _
- Z,: {B”}R(X Y)(ZA 1)

where B, ={X,v X, <Y, AY,}={X, <V,}

Choice w(X,,Y,)=R(X,.Y,) leads to
Tsai’'s (or Martin & Betensky) statistics



Choices of the weight
weight : 7z(x, y-)” :{R(T; y)}p

N.. (dx, y)N_; (, dy)}
R(X,Y)

L, = [[#(x, y—)p{A(dx, dy) —

Examples
- Log-rank test: p=0
- Tsai’'s (or Marting & Betensky) test: p=1

How to choose a good p?
B AR ILRER(H,) KT
¥ REEZECoupla®TILTERAL




Model Assumption for Score Test
“Semi-survival” copula model (Chaieb et al. 20006)

Hy:z(x, y) =Pr(X <xY > y| X <Y) = ¢, g {F, 00} +4,{S, (V)}]/c

¢_; generator function

Y t-
Example
L.4,(0) =t - /(a-1)
y e Clayton - Copula model

2.¢,(t) =log{(l-a)/(1-a")}

Frank - Copula model




Useful Properties of AC Models

Odds ratio
Pr(X =XY=y[X<Y)Pr(X <x,Y>y| XY
o0 y) = FTC Y| X <Y)Pr( yIX <Y)

Pri(X <x,Y=y| X <Y)Pr(X =x,Y >y| X <Y)

=1 (Under H,)

Under semi-survival copula model
indexed by ¢_(.)

0(x,y)=6_(cz(X,y)) under H,
¢, (1)
¢, (1)

Quasi-independence 6,(n7)=1 If o —1
H,: a=1

0,(n)=-n



Likelihood Construction
Define grid points:

(pz{(x,y)|x£y,Zn:I(Xj SX,YJ.:y):l,anI(Xj = XY, Zy):l}

YJ‘\




Random Variable on a Grid Point
Failure indicator: A(x, y) :Zn:|(xj =x,Y; =)

Number in the “risk set”:
RO Y) =D 1(X; <xY,2y)
=1
Probability property

0. {cz(X,y)}

PAOY) =LIR(GY) =r (oY) eph =0 o s




Conditional likelihood under AC model

Likelihood

(under independence working assumption)
L(a, (X, Y),C)

— H { Qa{Cﬂ(X, y)} T(X’y){ r—1 :|1A(X,y)

oeol ROGY)=1+6 {C(X,Y)} R(x,y)-1+6,{cz(x,y)}

Score function: plug in estimate of nuisance parameter

olog L(«, 7(X,Y),C)
oa
[ 0,{cA(x, y)}{ Ak, y) N (0X VI, (6, ), eA (% y)}}
0,{cA(x, )} R(X, y)—1+6,{c(x, y)}




Score Tests based on conditional
likelihood

Assumption: semi-survival AC models

Score testforH,:a =1
- Log-rank test with a special weight

w(x,y) =limé {cz(x, y-)}

a—1

Suggested weight based on the score test:

Clayton model: w (x,y)=1—p=0

Frank model: w™(x,y) =z2(x,y-) = p=1



Test based on normal approximation

Large sample property

L, —=—>N(0,5?)

0

Reject H, if [L,/6,[>1.96
6 = n/(n—l)Z(L(’j” — L)
J

Consistency of 2 proven by Emura and Wang (2010)



Power comparison for two weights

Under Clayton(n=100)

power

00 02 04 06 08 10




Power comparison for two weights
Under Frank(n=100)

power

00 02 04 06 08 1.0



Comparison

Our method (2 x 2table method)

Take advantage of odds ratio

Optimal weight, relation to the score test
Weight selection via likelihood

Tsal; Martin & Betensky (pairwise method)
Take advantage of conditional Kendall's tau
The value of conditional tau is informative
U-statistics expression, beautiful asymptotics



Data Analysis: AIDS Example

Adults (258 subjects): 7, =0.111

|_ , |_ L , Tsal, M&B tests all reject at 5%
Clayton model has the best fit among three copula models
(maximum likelihood)
> L, isrecommended

Children (37 subjects): 7, =0.117
|_ . and M&B test reject at 10% level of significance,
otfier three tests does not rejects
Clayton model has the best fit among three coupla models
(maximum likelihood)
2> L, isrecommended

Earlier infection time - longer incubation time



Double truncation

Data: {(X;,L;,R;): J=1...,n}
subjectto L;=X; <R,

)
N\

L. X. R

J J j

Right-truncation: L; =0

Quasi-independence
H,: X L, (L,R)

Pr(L<l,X <x,R>r|L<X <R)=F, (X)z(l,r)/c,



Double-truncation

Concordance
AXR(i’ J) — I{(Xj _Xi)(Rj _Ri) >O}
Ay (1, ]) = I{(Xj _xi)(Lj -L;) >0}

Martin & Betensky (2005) define

Ty = E[2Ax (1, J) -1 Qij]
7 r = E[2A, (1, J) -1 Qij]
where  Q ={Li vL, <X;A X, X;vX, <R AR;}
And they show
Tyr =Tx. =0 under H,:X 1, (L,R)



Double-truncation

Empirical estimator

3 1Q, H2A (i, )) -1 > HOH2A, G, ))-1}

<] A _ <]

Fun = S I{Q,} o > O}

i<j <]

CLT for the U-statistics

Ho

’de —2

(ZQXL ) z,:XL )z_l (z/:XL ’ z,:XL )’

'I'I'

X PowerlZEH9 AR EILEIN TULVELY




My current interest

Define odds ratio

Pr(X=x,L=lLR=r)Prl <X <x,L<I,R>r)
Pr(X=x,L<ILR=r)Prl< X <x,L=1l,R=r)

(X, 1,r) =

Measure interaction between x and (L,R)

Properties
h(x|L=1,R=r)
h(x|L<I,R>T)

S(x,I,r)=1 if H, S(x,1,r)=

How to utilize $(x,1.r) to test H,?



Summary (testing quasi-independence)

Truncation datafz#r[Z# 175 Quasi-
indepenenceD W E M ZERAALT-

Pairwisej% (Tsai; Martin & Betensky) &
two-by-two tableix MELV\=ERBALT-

2 DM 3EMDDouble-truncation data~ D
RICDULNTERA LT
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