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In this paper we are concerned with comparing umbrella pattern treatment effects with a control in 
a one-way layout. The problem of testing whether there is at least one treatment that is better than 
the control is considered. Distribution-free tests are proposed for both cases where the peak of the 
umbrella is known or unknown. Approximate small-sample critical values are presented and the 
results of a Monte Carlo power study are discussed. 

1. Introduction 
Nonparametric procedures for comparing several treatments with a control in a one-way layout have 
been extensively studied. For example, Steel (1959) proposed a multiple-comparison rank sum test 
based on painvise rankings for comparing several treatments with a control. whereas Dunn (1964) 
suggested a treatment versus control rank sum test based on joint rankings. In their procedures. 
however, they did not use any prior information about the pattern of treatment effects. Shirley (1977) 
considered a nonparametric version of Williams' (1 97 1, 1972) test for comparing increasing doses of 
a substance with a control. Her procedure employs the prior information that if there were a response 
to the substance the treatment effects would be monotonically ordered. Moreover, Shirley's test can 
be used to determine the lowest dose level at which there is evidence of a difference from the control. 

In a drug study, for instance. increasing dosage levels may be compared with a zero-dose control. 
Suppose the investigator believes that if the treatment effects are not identical to the control, then. in 
general. the higher the dose of the drug applied, the better (say, higher) will be the resulting treatment 
effect. However, it is also known that the subject may actually succumb to toxic effects at high doses. 
thereby decreasing the treatment effects. In this case, an ordering in the treatment effects that is 
monotonically increasing up to a point, followed by a monotonic decrease is anticipated. Since this 
corresponds to an up-down ordering of the treatment effects, they are said to follow an umbrella 
pattern [see, for example, Mack and Wolfe (1981)l. The point that separates the treatment effects 
into the two different ordering groups is called the peak of the umbrella: To  compare several 
treatments with a control in such a setting, test procedures utilizing this information about an 
umbrella pattern alternative would be preferred. 

In this paper we are concerned with the problem of testing whether there is a t  least one treatment 
that is better than the control when the prior information about the umbrella pattern treatment effects 
is available. Suppose that X, , .  . . . .X,,,,( i  = 0, 1.  . . . . k) are k + 1 independent random samples from 
populations with continuous distribution functions F,(.r) = F ( x  - 0,) ( i  = 0, 1. . . . , k). respectively. 
The zero population (i  = 0) is the control and the other k populations are treatments. Specifically. 
we consider testing the null hypothesis Ho: [O0 = 8,= . . . = O i l  against the alternative hypothesis H,: 
[B, > Bo for at least one i].  In addition. we assume that. under HA, 0, < . . . < 0, 3 . . . 3 B k .  for 
some p. 

Kej, 1t~ord.s: Monte Carlo power study; Nonparametric treatments versus control procedure; One- 
way layout; Ordered treatment effects; Umbrella pattern treatment effects; Williams' test. 
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The problem of testing whether treatment effects follow an umbrella pattern has been considered 
by Mack and Wolfe (1981). Simpson and Margolin (1986), and Chen and Wolfe (1990), among 
others. Note that tests for umbrella alternatives are also applicable to the problem considered in this 
paper since the alternative H A  of interest here can be regarded as a special case of umbrella alternatives. 
In comparing several treatments with a control, however, we are usually more interested in multiple 
comparison procedures that can be used to decide which treatments (if any) are better than the 
control. 

In Section 2 we propose a distribution-free test for comparing umbrella pattern treatment effects 
with a control when the peak of the umbrella is known a priori. The estimation of the lowest dose 
that is more effective than the control and the highest dose that is still better than the control is also 
discussed. In Section 3 we discuss two distribution-free tests for the unknown peak setting based 
on the different methods for estimating the umbrella peak suggested by Mack and Wolfe (1981) 
and Simpson and Margolin (1986), respectively. In Section 4 we present approximate small-sample 
critical values for these test procedures. In Section 5 an illustrative example involving Ames 
Salmonella/microsome test data is provided. Section 6 presents the results of a Monte Carlo simulation 
investigation of the relative powers of several competing tests for a variety of umbrella pattern 
treatment effects configurations. 

2. Case of Known Umbrella Peak 
Let R,, be the rank of X,, among the hr= z!=, n, observations and let R, = z ; i ~ ,  R,,/n, be the average 
rank of the ~ t h  sample, 1 = 0, 1, . . . , k. Suppose that. under HA, the peak of the umbrella is 
known to b e a t  group p (1 < p s k). Furthermore, assume that no = c and n l  = . . . = nk = n. Let 
R ,  < . . . s R,, s . . . s R A  be the isotonic regression of 8 , ,  . . . , El; under the restriction 0, < . . . S 

0, s . . . 3 0 , .  [For a discussion of the algorithm for obtaining R I ,  . . . , RA, see Chen and Wolfe 
(1990).] Since, under HA, 0, > Oo is equivalent to 0, > 0" for some i, we propose to reject Hofor large 
values of 

From the derivation of RI1.we note that 
i 

R,, = max 2 R,/(u - u + 1). 
I<2,<,?<t G ,  , = 2 ,  

Therefore, the statistic TI, becomes 

In particular, the test based on T, is Shirley's (1977) test for comparing ordered treatment effects with 
a control. Moreover, suppose that hr-+ co in such a way that n/(n + c) -+ p. with 0 < p < 1. From 
the results of Miller (1966), we know that, under Ho, the statistic TI, converges in distribution to the 
statistic 

Y, = max 2 U:/(u - zi + 1) (4) 
IS,~C/ISL=SA, = i t  

as N -. co. where the random vector (W, .  . . . , WA) has a multivariate normal distribution with 
E(W7#)= 0, var(W,) = 1.  and cov(U:, Pi;) = p, i # J = 1, . . . , k. 

If the test based on TI, rejects Ho.one would wish to determine which dosage levels are more 
effective than the control. T o  answer this question, let t,,(a: n, e, k) be the value such that 

We then decide that 0 ,  > 0, for 14 s i s u,  where 1 < 11 s p s u < k, if 

R,, - Ros t,(a; n, C. k)[[hr(N+ 1)/12)(l/n + l/c)]1/2 

and 

R, - & s t,,(a: n. c, k)[[N(N + 1)/12)(1/n + 1 / ~ ) ] ~ / ~  

It is obvious that the Type I error rate for this procedure is controlled since 

a = P~{R,,- & 3 t,,(a;n. c. k ) [{hr (N+ 1)/12](l/n + l / c ) l l / ' / H o ]  
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Note that when ties occur in the rankings, a modification of the test based on T ,  is obtained by 
replacing N(N + 1)/12 with N(N + 1)/12- c , , ~( t j  - tR)/(12(N- 1 ) ) .  where G is the set of groups 
of ties and t, is the number of observations tied in the gth group. 

3. Case of Unknown Umbrella Peak 
If, under HA. one expects that the peak group of the umbrella is relatively close to the kth group. 
then the method suggested by Simpson and Margolin (1986) can be utilized to estimate the 
unknown peak. Let C;, be the usual Mann-Whitney statistic corresponding to the number of obser- 
vations in sample j that exceed observations in sample i and let Qj = ~ { z lC',,.j = 2, . . . , k. Set j ,  = 

maxzqGA( j :  Q, 3 ( j- l )n2 /2 ) .We then reject Ho for large values of 

(R,- Ro)/(u- z4 + 1 )  [(hT(hT+ 1)/12]( l /n+ l /c)]-I/ ' .  (6)  

For the more general setting in which no information concerning the location of the peak group is 
available. let Z, = r{;I C;, + ~ t = ~ + ,  = 1 ,  . . . , k. Following the suggestions of Mack and Wolfe C',, j 
(1981),we first choose the group j,,, such that Zj,,> = max(Z,, j = 1 .  . . . . k ] .The null hypothesis Ho 
is then rejected for large values of 

It is noted in Mack and Wolfe (1981)that there is a positive probability to observe two or more 
groups tied for the largest Z, sample values. In this situation, let x be the set of groups tied for the 
maximum Zj . We then take the value of Ti,z,>to be the average of the T,'s for those j in the set X. 

Let ti,s(a:n, c. k )  and tj,,,(a: n, C, k )  be the upper a t h  percentiles of the null distributions of TiJsand 
respectively. If the test based on Ti,$(or Ti,,,,)rejects Ho, a level ( 1  - a )  multiple comparison 

procedure similar to  that described in Section 2, but employing the critical value ti,,(a: n. c. k )  [or 
&_(a;n, c, k ) ] ,  can be used to determine which treatments are significantly better than the control. 
Moreover, when ties occur in the rankings. the procedures based on Ti,,and Ti,,,,can be modified by 
applying the corrections for ties in the rankings mentioned in Section 2. 

4. Small-Sample Null Distribution of T, and Ti-
In general, the null distribution of a nonparametric test statistic can be computed by evaluating the 
statistic for every possible arrangement of the appropriate ranks. However. the required number of 
arrangements becomes prohibitively large very rapidly as each of the sample sizes no, n l ,  . . . , nA 
gets large. In order to obtain approximate critical values for the tests based on T,, and TbS,we 
simulated the null distributions for number of treatments k = 3, 4, 5 and for equal sample sizes 
no= n,  = . . . = = n = 3(1)10. 

Each of these simulated distributions was based on 10,000 replications. Therefore, we are guaranteed 
a standard error no greater than ,003 for estimating tail probabilities at least as small as .lo. (In fact. 
the standard error is even less for smaller tail probabilities such as .05 or .Ol.)The necessary uniformly 
distributed random numbers in (0. 1 1  were generated by the International Mathematical and Statistical 
Libraries (IMSL) routine RNUN.  Note that the statistics T, and Tk-,+,( i  = 1, . . . , k )  have the same 
distribution under the null hypothesis Ho.Therefore, we simply simulated the null distributions of T, 
for p = [k/2]+ 1, . . . , k. where [k /2]is the greatest integer less than or equal to k/2. Approximate 
critical values for the null distributions for T,, and Ti,,corresponding to levels closest to .01, .05, and 
.10 are presented in Tables 1 ,  2, 3. and 4. 

5. An Example 
In in vitro mutagenicity assays. experimental organisms may succumb to toxic effects at high doses 
of the test agent, thereby reducing the number of organisms at risk of mutation and causing a 
downturn in the dose-response curve (Margolin. Kaplan, and Zeiger. 198 1). The data in Table 5 are 
the numbers of visible revertant colonies observed on plates containing Salmonella bacteria of strain 
TA98 and exposed to various doses of Acid Red 114. [These data correspond to the third replication 
of the Ames test results as given in Simpson and Margolin (1986).] 

For testing whether there is at least one treatment that is better than the zero-dose control, Tis is 
applied to the data of Table 5. First we find the estimated peak group to be j, = 3 (1.000 pg/ml). 
Second, we compute the average ranks, obtaining Ro= 5.8. R, = 8 .  R2= 13.7. R3= 16.8. = 10, 
and R5= 2.7. Note that for these data the correction for ties is 



Biometries. Jzine 1993 

Table 1 

Approximate critical values for T, when no = n ,  = . . . = n3 = n 

p = Peak of the umbrella 


n Level 2 3 


Table 2 

Approximate critical valuesfor T, when no = n ,  = . . . = n4 = n 


p = Peak of the umbrella 


n Level 3 4 
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Table 3 

Approximate critical values for T, when no = n ,  = . . . = n5 = n 

p = Peak of the umbrella 


n Level 3 4 5 


Table 4 

Approximate critical values for Tjrwhen no = n ,  = . . . = nk = n 


k = No. of treatments 


n Level 3 4 5 
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Table 5 
Revertant colonies,for Acid Red 1 14. TA98, harnster liver activation 

Therefore, we obtain 

With k = 5 and no = n l  = . . . = ns = 3, we find from Table 4 that the approximate 1% and 10% 
significance critical values for are 2.524 and 1.759. respectively. Thus there is a significant 
treatment effect at the high dose levels. Furthermore, since 

and 

we conclude, a t  the 10% significance level, that the dosages between 333 pg/ml and 1.000 pg/ml. 
inclusive. are more effective than the zero-dose control. 

6. Monte Carlo Power Study 
We conducted a Monte Carlo study to examine the relative powers of eight competing distribution- 
free test procedures based on joint rankings for comparing general umbrella pattern treatment effects 
with a control, namely, Dunn's (1964) test, D, for comparing general treatment effects with a control; 
Shirley's (1977) test, S, for comparing ordered treatment effects with a control; the Mack-Wolfe 
(198 1) tests, A, and A,,,,, for umbrella alternatives with known and unknown peak. respectively; the 
Simpson-Margolin (1986) test, sir(+),for umbrella alternatives when the umbrella peak is expected 
to be relatively close to  the kth group: and the tests based on TI,,Ti,,, and Ti,,?,,respectively. The study 
was performed for k = 3, 4. and 5 populations. with no = n1= . . . = nk = 5 observations per sample 
in each case, and for a variety of different umbrella pattern treatment effects. 

For each of these settings. appropriate normal and exponential deviates were derived by the IMSL 
routines RNNOR and RNEXP, respectively. In each case, we used 10,000 replications in obtaining 
the various power estimates. Exact critical values were used, when available. in the sample rejection 
counts; otherwise, simulated critical values were used. T o  make the power comparisons meaningful. 
we employed randomization to achieve the nominal levels of a = .05 or . lo .  The simulated power 
estimates for the eight tests considered in the study are presented in Tables 6. 7. and 8. The designated 
alternative configurations correspond to values of 0 1  - 00, . . . , 0~ - 00. 

We observe from the simulation results that Shirley's test has excellent power when the treatment 
effects have a monotonic ordering. Likewise, the test based on T, provides excellent power against 
umbrella pattern treatment effects when the peak is correctly chosen. This is not surprising since both 
tests are designed to detect for their respective special classes of alternatives. From Tables 6, 7, and 8, 
however. we also see that the power of Shirley's test drops sharply when there is a downturn in the 
umbrella. Similarly. we would expect the power of the test based on TI,to decline when the peak is 
incorrectlv selected. 

In general. the statistic Ti,, provides a better test than does either Ti,,?,or D for the unknown peak 
setting when the peak group is relatively close to the kth population. When. however, the location of 
the peak group is relatively far from the kth population, the test based on Tjsperforms poorly. In 
these cases, the tests based on Ti,,,,and D, respectively, are both superior to the one based on Ti,,. 

Note that the power performance of the test based on Ti,,,is similar to that of the test based on D 
for comparing general umbrella pattern treatment effects with a control. This is not a surprise since, 
in the case of nl  = . . . = ni. = n. the choice of j,,, is in fact to  select j,,, such that &,,, = max(R,, J = 

1, . . . , k) .  According to the algorithm for deriving the isotonic regression of R , ,  . . . , RAunder an 
umbrella pattern restriction, we obtain R,,,, = &,,,. Therefore, the test based on Ti,,,,is actually 
equivalent to Dunn's (1964) test for testing Ho against HA. (The slight differences in the estimated 
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Table 6 
Monte Carlo power estitnates for k = 3 and no = n ,  = n2 = n3 = 5 

82 - 80 83 - 80 a T,, 

,466 
,621 

,496 
,643 
,560 
,696 
,608 
,735 
,628 
,753 
,612 
,748 
,493 
,641 
,560 
,695 
,559 
,695 
,616 
,736 
.5 13 
,667 
.580 
,718 
,634 
,750 
,656 
,767 

S Ti, 6 D A, ~ d f )  
a. Normal 
,366 ,291 

,504 ,431 

,397 ,326 

,540 ,476 

,414 ,352 

,557 ,501 

,453 ,440 

,606 ,599 

,463 ,470 

,635 ,638 

,096 ,271 

,189 .408 


,262 ,382 

,433 ,547 


b. Exponential 
,496 .405 
,643 ,565 
,560 ,480 
,696 ,628 
,608 ,541 
,735 ,676 
.628 ,594 
,753 ,726 
,612 .614 
,748 .745 
,128 ,382 
,241 ,540 
,353 ,427 
,506 ,577 
,174 .475 
.3 1 1  ,624 
,401 ,535 
,552 ,672 
,067 ,092 
,146 ,188 
,141 ,274 
,280 ,431 
,330 ,365 
,495 ,516 
,412 ,563 
,590 ,702 

powers for Ti,,>and D reported in Tables 6, 7. and 8 are due to the randomization employed in the 
study and the fact that only simulated, not exact, critical values were used for the different tests.) This 
implies. for the test based on Ti,,,>with equal sample sizes, that knowing that the treatment effects 
follow an umbrella pattern under the alternative but without any additional information about the 
location of the peak group is essentially equivalent to knowing nothing about the pattern of the 
treatment effects. 

Comparing the tests based on T,, qs,and Tj,,,(or D) with the corresponding tests for umbrella 
alternatives based on A,,, S,,,(i).and Ai,,,,,respectively. we have several observations. First, the test 
based on A, generally provides a better test for HA than the one based on T,].Second. Tjsand q:,,,(or 



Table 7 
Monte Carlo power estimates.for k = 4 and no = n ,  = nz = n, = n4 = 5 

TP S 
a. Normal 

,539 ,214 ,432 
,360 ,053 ,070 
.502 .1 12 ,142 
,385 ,063 ,143 
,528 ,142 ,249 
,678 ,142 ,385 
,804 ,290 ,557 
,713 ,323 ,482 
,829 ,518 ,651 

b. Exponential 
,491 .491 ,390 
,645 ,645 ,540 
,550 ,550 ,428 
,697 ,697 ,579 
.81 1 ,811 ,723 
.897 ,897 ,830 
,842 ,842 ,770 
.9 15 ,915 ,862 
,641 ,641 ,636 
.764 ,764 ,756 
,473 ,131 ,321 
,629 ,243 ,474 
,530 ,173 ,403 
,675 ,304 ,560 
,582 ,388 .431 
,715 ,554 ,579 
.574 ,212 ,473 
,708 ,350 ,620 
,545 ,209 ,444 
,695 ,373 ,605 
,473 ,075 ,284 

A,' 

,345 
,496 
,497 
,646 
.84 1 
.9 15 
,752 
,856 
,348 
,493 
,450 
.607 
,549 
,695 
,468 
,625 
,475 
,624 
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Table 8 
Monte Carlo power estimates jbr k = 5 and no = n,  = nZ= n3 = n4 

a. Normal 
.05 ,383 ,383 
.I0 ,521 ,521 
.05 ,693 ,693 
.I0 ,808 ,808 
.05 ,899 ,899 

.05 .9 15 .435 

.I0 ,960 ,633 

b. Exponential 
.05 ,496 ,496 
.I0 ,652 ,652 
.05 ,802 ,802 
.I0 ,893 ,893 
.05 ,940 ,940 
.I0 ,973 ,973 
.05 ,956 ,956 
.10 ,980 ,980 
.05 ,661 ,661 
.I0 ,772 ,772 
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Table 8 
Continzled 

D )  can be viewed as competitors to s,,,(+) respectively. In particular, when the treatment and 
effects are all greater than the control, the test based on T,;,,,(or D )  is superior to the one based on 
A,;",.Finally, for the widespread umbrella corresponding to 00 < 0 ,  = . . . = O k ,  the powers of the tests 
based on TI,, Tis, and Ti,,,>(or D) are similar. In this case, they all do better than the tests for umbrella 
alternatives. 

Although tests for umbrella alternatives based on A,,, ~ , , ( f ) .and Ai,,,,can be used for testing the 
alternative hypothesis HA considered in this paper, they only provide single tests. In comparing several 
umbrella pattern treatment effects with a control, however, experimenters usually prefer procedures 
that can be used to determine which treatments (if any) are more effective than the control. Therefore, 
as a direct consequence of the simulation results. we have several recommendations. When the prior 
information that the treatment effects have an umbrella pattern under the alternative is available, the 
test based on TI,should be used if one is relatively confident of the location of the peak group. The 
test based on Ti,$is recommended if the peak group of the umbrella is unknown, but is believed to be 
relatively close to the kth population. For the case where no information about the location of the 
peak group is available, Dunn's test D is suggested since it is computationally less complicated than 
the test based on Ti,,,and the two procedures are equivalent when the sample sizes are equal. 

We thank the referees for many suggestions which improved the presentation in this paper. We also 
thank the National Central University for generously providing computing facilities. 

Cet article traite de la comparaison des effets de traitement disposes "en parapluie" avec un contr6le 
a une voie. Le problkme est de tester s'il y a au moins un traitement qui soit meilleur que la refkrence. 
Des tests independants des distributions sont proposes dans les deux cas ou le sommet du parapluie 
est connu et inconnu. Les approximations des seuils critiques sont donnes et les rksultats d'une etude 
bake  sur les mkthodes de Monte Carlo sont discutes. 
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