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SUMMARY

In this paper we are concerned with comparing umbrella pattern treatment effects with a control in
1 one-way layout. The problem of testing whether there is at least one treatment that is better than
the control is considered. Distribution-free tests are proposed for both cases where the peak of the
umbrella is known or unknown. Approximate small-sample critical values are presented and the

results of a Monte Carlo power study are discussed.

1. Introduction

Nonparametric procedures for comparing several treatments with a control in a one-way layout have
been extensively studied. For example, Steel (1959) proposed a multiple-comparison rank sum test
based on pairwise rankings for comparing several treatments with a control, whereas Dunn (1964)
suggested a treatment versus control rank sum test based on joint rankings. In their procedures,
however, they did not use any prior information about the pattern of treatment effects. Shirley (1977)
considered a nonparametric version of Williams’ (1971, 1972) test for comparing increasing doses of
asubstance with a control. Her procedure employs the prior information that if there were a response
10 the substance the treatment effects would be monotonically ordered. Moreover, Shirley’s test can
be used to determine the lowest dose level at which there is evidence of a difference from the control.

In a drug study, for instance, increasing dosage levels may be compared with a zero-dose control.
Suppose the investigator believes that if the treatment effects are not identical to the control, then, in
general, the higher the dose of the drug applied, the better (say, higher) will be the resulting treatment
effect. However, it is also known that the subject may actually succu mb to toxic effects at high doses,
thereby decreasing the treatment effects. In this case, an ordering in the treatment effects that is
monotonically increasing up to a point, followed by a monotonic decrease is anticipated. Since this
corresponds to an up-down ordering of the treatment effects, they are said to follow an umbrella
pattern [see, for example, Mack and Wolfe (1981)]. The point that separates the treatment effects
into the two different ordering groups is called the peak of the umbrella. To compare several
treatments with a control in such a setting, test procedures utilizing this information about an
umbrella pattern alternative would be preferred.

In this paper we are concerned with the problem of testing whether there is at least one treatment
that is better than the control when the prior information about the umbrella pattern treatment effects
is available. Suppose that X, ..., Xi, (i=0,1,..., k)are k + 1 independent random samples from
populations with continuous distribution functions Fi(x)=F(x—-40)(i=0,1,...,k), respectively.
The zero population (i = 0) is the control and the other k populations are treatments. Specifically,
we consider testing the null hypothesis Ho: [6o =6, = -+ = 6k] against the alternative hypothesis Hx:
[0, > 6, for at least one i]. In addition, we assume that, under H\, 0, < --- <, = --- 2 f,, for
some p.

Key words: ~ Monte Carlo power study; Nonparametric treatments versus control procedure; One-
way layout; Ordered treatment effects; Umbrella pattern treatment effects; Williams’ test.
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The problem of testing whether treatment effects follow an umbrella pattern has been considered
by Mack and Wolfe (1981), Simpson and Margolin (1986), and Chen and Wolfe (1990), among
others. Note that tests for umbrella alternatives are also applicable to the problem considered in this
paper since the alternative H, of interest here can be regarded as a special case of umbrella alternatives.
In comparing several treatments with a control, however, we are usually more interested in multiple
comparison procedures that can be used to decide which treatments (if any) are better than the
control.

In Section 2 we propose a distribution-free test for comparing umbrella pattern treatment effects
with a control when the peak of the umbrella is known a priori. The estimation of the lowest dose
that is more effective than the control and the highest dose that is still better than the control is also
discussed. In Section 3 we discuss two distribution-free tests for the unknown peak setting based
on the different methods for estimating the umbrella peak suggested by Mack and Wolfe (1981)
and Simpson and Margolin (1986), respectively. In Section 4 we present approximate small-sample
critical values for these test procedures. In Section 5 an illustrative example involving Ames
Salmonella/microsome test data is provided. Section 6 presents the results of a Monte Carlo simulation
investigation of the relative powers of several competing tests for a variety of umbrella pattern
treatment effects configurations.

2. Case of Known Umbrella Peak

Let R; be the rank of X; among the N = $i, n; observations and let R, = ¥, R;/n; be the average
rank of the ith sample, / = 0, 1, ..., k. Suppose that, under H,, the peak of the umbrella is
known to be at group p (1 < p < k). Furthermore, assume that o = cand n, = ... = n, = n. Let
Rig s & R, = ... = R, be the isotonic regression of R,, ..., R, under the restriction , < - .- <
6, = ... = 6. [For a discussion of the algorithm for obtaining Ry, ..., R., see Chen and Wolfe
(1990).] Since, under Hy, 6, > f, is equivalent to §; > 6, for some i, we propose to reject H,, for large
values of

T, = (R, — R)IN(N + 1)/12}(1/n + 1/)]7'~, (1)

From the derivation of R,, we note that

R, = max }E_,‘ R/v—u+1. 2)

Isuspsrsk j=y

Therefore, the statistic 7, becomes

T,= max {‘l,_“, (Ri — Ro)/(v — u + I)}[{N(N + /12§l /n + 1/0)]7'2 (3)

I=suspsvsk

i=u

In particular, the test based on 7} is Shirley’s (1977) test for comparing ordered treatment effects with
a control. Moreover, suppose that N —  in such a way that n/(n + ¢) — p, with 0 < p < 1. From
the results of Miller (1966), we know that, under Hy, the statistic 7}, converges in distribution to the
statistic

Y= max ¥ W/v—u+1) (4)
l=uspsvsk jmy
as N — o, where the random vector (W), ..., W,) has a multivariate normal distribution with
E(W;)=0,var(W;)= l,and cov(W,, W))=p,i#j=1,..., k.

If the test based on T, rejects Hy,, one would wish to determine which dosage levels are more
effective than the control. To answer this question, let ,(a; 1, ¢, k) be the value such that

PriT, = t,(e; n, ¢, k)| Hy} = a.
We then decide that 6, > 6, foru<i<uv,where | su<p=<v<k,if

R, — Ro = t{a; n, ¢, YINN + 1)/12}(1/n + 1/e)]7
and
R, = Ry = t,(; n, ¢, )[{N(N + 1)/12}(1/n + 1/0)]'". (5)

It is obvious that the Type I error rate for this procedure is controlled since
a=Pr{R, — Ry = t,(a; n, ¢, [{N(N + 1)/12)(1/n + 1/)]' | Ho)
2 PriR — Ro = t,(a; n, ¢, OIIN(N + 1)/12)(1/n + /)], i =1, ..., k| Ho}.
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Note that when ties occur in the rankings, a modification of the test based on T, is obtained by
replacing N(N + 1)/12 with N(N + 1)/12 — Seec (13 = )/(12(N — 1)), where G is the set of groups
of ties and £, is the number of observations tied in the gth group.

3. Case of Unknown Umbrella Peak

If, under H,, one expects that the peak group of the umbrella is relatively close to the kth group,
then the method suggested by Simpson and Margolin (1986) can be utilized to estimate the
unknown peak. Let U, be the usual Mann-Whitney statistic corresponding to the number of obser-
vations in sample j that exceed observations in sample i and let Q; = ¥z} U, j=2, ..., k. Set p, =
maxa<iex j: Q; = (j — 1)n?/2}. We then reject H, for large values of

T; = max ][i (Ri — R)/(v — u + 1)}’[?1'\'(1’\’ + 1/12)(1/n + 1/0)]7" (6)

td -
Isusp=vek | i=u

For the more general setting in which no information concerning the location of the peak group is
available, let Z, = iz} U, + 35,00 Uy, j =1, ..., k. Following the suggestions of Mack and Wolfe

(1981), we first choose the group p,, such that Z; = max{Z,j=1, ..., k}. The null hypothesis H,
is then rejected for large values of

T;, = max {E} (R — R)/(v —u+ l)}[{N(N + D/12)1/n + /o)™ (7

I=suspsvsk | j=u

It is noted in Mack and Wolfe (1981) that there is a positive probability to observe two or more
groups tied for the largest Z, sample values. In this situation, let x be the set of groups tied for the
maximum Z;. We then take the value of 7}, to be the average of the 77's for those j in the set x.

Let t; (a; n, ¢, k) and #;, (a; 1, ¢, k) be the upper ath percentiles of the null distributions of 7}; and
T;,, respectively. If the test based on Tj, (or T;,) rejects Hy, a level (1 — a) multiple comparison
procedure similar to that described in Section 2, but employing the critical value 7 (a; 1, ¢, k) [or
;. (a; n, ¢, k)], can be used to determine which treatments are significantly better than the control.
Moreover, when ties occur in the rankings, the procedures based on 7; and T} can be modified by
applying the corrections for ties in the rankings mentioned in Section 2.

4. Small-Sample Null Distribution of T, and T},
In general, the null distribution of a nonparametric test statistic can be computed by evaluating the
statistic for every possible arrangement of the appropriate ranks. However, the required number of
arrangements becomes prohibitively large very rapidly as each of the sample sizes ng, ni, ..., M
gets large. In order to obtain approximate critical values for the tests based on T, and T;, we
simulated the null distributions for number of treatments k = 3, 4, 5 and for equal sample sizes
m=nm=—--=n=n=3NI0.

Each of these simulated distributions was based on 10,000 replications. Therefore, we are guaranteed
a standard error no greater than .003 for estimating tail probabilities at least as small as .10. (In fact,
the standard error is even less for smaller tail probabilities such as .05 or .01.) The necessary uniformly
distributed random numbers in (0, 1] were generated by the International Mathematical and Statistical
Libraries (IMSL) routine RNUN. Note that the statistics 7; and i+ (i =1, ..., k) have the same
distribution under the null hypothesis Ho. Therefore, we simply simulated the null distributions of 7},
for p=[k/2] + 1, ..., k, where [k/2] is the greatest integer less than or equal to k/2. Approximate
critical values for the null distributions for T, and T, corresponding to levels closest to .01, .05, and
.10 are presented in Tables 1, 2, 3, and 4.

5. An Example

In in vitro mutagenicity assays, experimental organisms may succumb to toxic effects at high doses
of the test agent, thereby reducing the number of organisms at risk of mutation and causing a
downturn in the dose-response curve (Margolin, Kaplan, and Zeiger, 1981). The data in Table 5 are
the numbers of visible revertant colonies observed on plates containing Salmonella bacteria of strain
TA98 and exposed to various doses of Acid Red 114. [These data correspond to the third replication
of the Ames test results as given in Simpson and Margolin (1986).]

For testing whether there is at least one treatment that is better than the zero-dose control, 75, is
applied to the data of Table 5. First we find the estimated peak group to be p, = 3 (1,000 pg/ml).
Second, we compute the average ranks, obtaining R, = 5.8, R, = 8, R, = 13.7, R; = 16.8, R, = 10,
and Rs = 2.7. Note that for these data the correction for ties is

{4(2° = 2/1(12)(17)} = .1176.
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Table 1
Approximate critical values for T, whenny=n, = ... =ny=n

p = Peak of the umbrella

n Level 2 3
3 .01 2.265 2.265
.05 1.812 1.755
.10 1.472 1.472
4 .01 2.339 2.302
05 1.782 1.745
10 1.485 1.448
3 01 2.316 2.352
.05 1.791 1.764
.10 1.497 1.461
6 .01 2.368 2.266
.05 1.756 1.735
.10 1.449 1.409
7 .01 2.388 2.339
05 1.755 1.755
10 1.451 1.408
8 .01 2.345 2.372
.05 1.741 1.746
.10 1.452 1.426
9 .01 2.327 2312
.05 1.756 1.734
10 1.443 1.417
10 01 2.362 2.334
.05 1.760 1.741
.10 1.444 1.425

Table 2
Approximate critical values for T, whenno=n= ... =n,=n

p = Peak of the umbrella

n Level 3 4

3 .01 2.282 2.237
.05 1.765 1.765

10 1.483 1.461

4 01 2.331 2.331
05 1.813 1.793

.10 1.494 1.454

5 .01 2.342 2.299
.05 1.826 1.772

10 1.504 1.439

6 .01 2.361 2.328
.05 1.749 1.749

.10 1.459 1.421

7 .01 2.374 2.347
05 1.787 1.761

.10 1.469 1.422

8 01 2.374 2.324
05 1.775 1.738

10 1.461 1.433

9 01 2.333 2.321
05 1.783 1.750

.10 1.463 1.436

10 .01 2.408 2.355
.05 1.818 1.769

10 1.473 1.452
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Table 3
Approximate critical values for T, when ng=n, = --- =ns=n
p = Peak of the umbrella

n Level 3 4 5
3 01 2.294 2.294 2.256
.05 1.810 1.835 1.784
10 1.504 1.504 1.472
4 01 2.325 2.313 2.283
05 1.783 1.800 1.763
10 1.517 1.475 1.463
5 01 2.275 2.335 2.317
.05 1.760 1.769 1.733
10 1.473 1.473 1.437
6 .01 2.366 2.329 2.329
05 1.799 1.781 1.713
A0 1.489 1.480 1.416
7 01 2.364 2.342 2.314
05 1.772 1.786 1.748
.10 1.489 1.487 1.422
8 01 2.357 2.366 2.321
.05 1.774 1.772 1.732
.10 1.476 1.464 1.414
9 01 2.367 2.357 2.317
05 1.790 1.803 1.735
10 1.501 1.498 1.427
10 01 2411 2.394 2.343
05 1.827 1.812 1.752
10 1.494 1.495 1.444

Table 4
Approximate critical values for T when ng=n, = --- =m=n
k = No. of treatments

n Level 3 4 5
3 01 2.378 2419 2.524
05 1.982 2.008 2.027
10 1.642 1.735 1.759
4 01 2.488 2.540 2.650
.05 1.968 2.017 2.025
.10 1.671 1.713 1.733
5 01 2.486 2.578 2.550
.05 1.951 2.019 2.030
.10 1.630 1.719 1.724
6 .01 2.490 2.591 2.576
.05 1.898 2.000 2.041
.10 1.592 1.689 1.726
7 .01 2.567 2.543 2.582
.05 1.933 2.021 2.037
.10 1.625 1.708 1.728
8 .01 2.492 2,588 2.607
.05 1.932 2.010 2.027
.10 1.612 1.700 1.714
9 .01 2.461 2.566 2.592
.05 1.913 2.010 2.060
.10 1.588 1.705 1.745
10 .01 2.474 2.592 2.599
.05 1.922 2.063 2.074
.10 1.616 1.718 1.754
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Table 5
Revertant colonies for Acid Red 114, TA98, hamster liver activation
Dose (ug/ml)
0 100 333 1,000 3,333 10,000
23 27 28 41 28 16
22 23 37 37 21 19
14 21 35 43 30 13

Therefore, we obtain
T;, = (1D)[{(18)(19)/12 — .1176}(2/3)]7"/* = 11/4.3499 = 2.529.

Withk=5and n,=n, = --- = n; = 3, we find from Table 4 that the approximate 1% and 10%
significance critical values for 7, are 2.524 and 1.759, respectively. Thus there is a significant
treatment effect at the high dose levels. Furthermore, since

Ri- — Ry = 7.9 > (1.759)(4.3499) = 7.65,
R;—»— Ry =22<165,

and
Ry — Ry = 4.2 < 7.65,

we conclude, at the 10% significance level, that the dosages between 333 pg/ml and 1,000 pg/ml,
inclusive, are more effective than the zero-dose control.

6. Monte Carlo Power Study

We conducted a Monte Carlo study to examine the relative powers of eight competing distribution-
free test procedures based on joint rankings for comparing general umbrella pattern treatment effects
with a control, namely, Dunn’s (1964) test, D, for comparing general treatment effects with a control;
Shirley’s (1977) test, S, for comparing ordered treatment effects with a control; the Mack-Wolfe
(1981) tests, 4, and A;,_, for umbrella alternatives with known and unknown peak, respectively; the
Simpson-Margolin (1986) test, Si(3), for umbrella alternatives when the umbrella peak is expected
to be relatively close to the kth group; and the tests based on T}, T; , and T}, respectively. The study
was performed for k = 3, 4, and 5 populations, with n, = n, = - -- = n, = 5 observations per sample
in each case, and for a variety of different umbrella pattern treatment effects.

For each of these settings, appropriate normal and exponential deviates were derived by the IMSL
routines RNNOR and RNEXP, respectively. In each case, we used 10,000 replications in obtaining
the various power estimates. Exact critical values were used, when available, in the sample rejection
counts; otherwise, simulated critical values were used. To make the power comparisons meaningful,
we employed randomization to achieve the nominal levels of @ = .05 or .10. The simulated power
estimates for the eight tests considered in the study are presented in Tables 6, 7, and 8. The designated
alternative configurations correspond to values of 6, — f, . . ., i — fo.

We observe from the simulation results that Shirley’s test has excellent power when the treatment
effects have a monotonic ordering. Likewise, the test based on 7, provides excellent power against
umbrella pattern treatment effects when the peak is correctly chosen. This is not surprising since both
tests are designed to detect for their respective special classes of alternatives. From Tables 6, 7, and 8,
however, we also see that the power of Shirley’s test drops sharply when there is a downturn in the
umbrella. Similarly, we would expect the power of the test based on T}, to decline when the peak is
incorrectly selected.

In general, the statistic 7}, provides a better test than does either 7; or D for the unknown peak
setting when the peak group is relatively close to the kth population. When, however, the location of
the peak group is relatively far from the kth population, the test based on T} performs poorly. In
these cases, the tests based on 7 and D, respectively, are both superior to the one based on T,

Note that the power performance of the test based on 7} is similar to that of the test based on D
for comparing general umbrella pattern treatment effects with a control. This is not a surprise since,
in the case of n, = ... = n, = n, the choice of p,, is in fact to select p,, such that R; = max{R;, j=
1, ..., k}. According to the algorithm for‘ deriving the isotonic regression of R, .. ., R, under an
umbrella pattern restriction, we obtain R;, = R; . Therefore, the test based on Tj, is actually
equivalent to Dunn’s (1964) test for testing H, against H.. (The slight differences in the estimated
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Table 6
Monte Carlo power estimates fork=3 andno=n =m=m=>5
8, — A, — fly 33 — b o Tp S Tf’ Tﬁ D AP SM(_;) Aﬁm
a. Normal
0 0 | 05 366 366 .291 239 242 382 279 .168
100 504 504 431 383 389 534 428 .288
0 i5 1 05 397 397 326  .282 287  .507 396 254
.10 .540 .540 476 434 430 648 547 391
] 2 1 .05 414 414 352 329 332 416 322 199
10 557 B57 501 479 A75 .564 472 325
A 1 1 05 453 453 440 418 415 505 438 .308
J0 606 606 599 571 570 648 608 444
1 1 I 05 466 463 470 475 478 388 367 271
.10 635 635 638 641 .640 535 545 407
0 1 0 05 358 096 271 233 242 502 .269 .290
0 499 189 408 376 377 .64 412 407
0 i 5 .05 386 223 292 278 283  .387 314 243
0 525 366 437 426 423 534 478 369
.5 1 0 05 386 .107 309 278 282 514 305 341
.10 531 .50 452 430 431 654 442 471
K-} 1 5 .05 410 241 343 318 326 400 310 259
g0 553 3391 493 471 480 547 473 382
1 0 0 05 372 052 068 .239 241 484 .189 284
A0 514 121 147 377 376 642 .280 402
1 i5 0 05 405 .082 .166 .281  .285  .500 205 338
0 546 185 294 433 429 652 320 463
1 5 ! 05 418 197 220 319 324 274 176 181
0 563 348 365 477 474 415 .299 .290
1 1 5 05 466 .262 382 406 414 274 .296 306

A0 621 433 547 573 573 415 464 433
b. Exponential

0 0 1 .05 49 496 405 338 341 508 361 224
Jd0 0 643 643 565 504 500 673 531 374

0 .5 1 .05 560 560 480 429 431 728 600 432
A0 696 696 628 582 585  .838 741 .586

] 5 1 .05 608 608 541 498 501  .632 .508 362
J0 735 735 676 645 638 755 653 .503

B I 1 .05 628 628 594 574 565 709 618 AT6
Jo 753 753 726 709 711 813 749 .609

1 1 1 .05 612 612 614 612 611 520 462 349
0 748 748 745 744 745 656 625 AT7

0 1 0 .05 493 128 382 341 352 .669 358 .396
Jd0 641 241 540 508 511 8IS 521 547

0 1 i3 .05 560 353 427 428 427 538 .387 325
Jd0 695 506 577 585 585 U705 .563 468

] 1 0 05 559 174 475 428 423 730 482 .526
Jd0 695 311 624 583 581  .843 629 655

5 1 ) 05 616 401 535 502 506 612 453 423
' Jd0 736 552 672 648 642 (753 620 .560

1 0 0 05 513 067 092 341 345 663 254 403
A0 667 146 .18 509 509 814 .356 .549

1 D 0 05 580 .141 274 430 436 720 247 335
J0 718 280 431 589 589 838 383 .665

1 5 5 05 634 330 365 510 510 393 195 .238
Jd0 750 495 516 656 653 574 327 375

1 1 5 05 656 412 563 576 575 .405 .392 442

A 26T 0 599, J02. SFI5 L7077 566 .547 .574

powers for 7 and D reported in Tables 6, 7, and 8 are due to the randomization employed in the
study and the fact that only simulated, not exact, critical values were used for the different tests.) This
implies, for the test based on T, with equal sample sizes, that knowing that the treatment effects
follow an umbrella pattern under the alternative but without any additional information about the
location of the peak group is essentially equivalent to knowing nothing about the pattern of the
treatment effects.

Comparing the tests based on T}, T;, and T (or D) with the corresponding tests for umbrella
alternatives based on A,, Sy(3), and A;_, respectively, we have several observations. First, the test
based on A, generally provides a better test for H, than the one based on T,,. Second, T}, and T}, (or



Table 7
Monte Carlo power estimates for k =4 and no = n, = n, = n; =ns =5

6 —00 G100 s—0o =00 o« T, S T Tw D 4,  S) A
a. Normal
0 0 0 1 05 361 361 260 211 215 345 237 1%
10 507 507 394 3360 338 496 360 228
0 0 5 1 05 384 384 290 246 245 497 383 227
A0 534 534 424 377 377 646 519 349
0 5 1 1.5 05 673 673 562 524 515 .84 758 573
10 804 804 708 669 668 915  .857  .706
5 1 1 1.5 05 703 703 .620 .589 .583 752 656  .465
10 825 825 .753 .730 727 856  .782 610
1 1 1 1 05 487 487 492 493 490 348 345 244
10 656 656 .655 650 .651 493 504 388
0 0 1 0 05 345 .103 231 212 211 450 261 221
10 484  .198 358 331 335 607 396 346
0 3 1 0 05 372 117 272 243 239 549 365 326
10 512 224 409 372 371 695 511 464
0 5 1 5 05 .391 242 283 279 278 468 394 283
A0 537 395 426 415 417 625 546 424
5 5 1 0 05 .383 .125 302 276 279 475 299 .287
J0 525 243 440 413 416 624 441 43T
0 1 1 0 05 405 .140 319 334 321 .6l6 454 44
A0 561 269 491 471 470 755 612 609
0 1 0 0 05 341 061 .208 .214 207 510 .189 255
10 484 134 317 331 327 665 299 400
0 1 5 5 05 381 206 252 273 274 338 266 207
A0 529 343 387 412 416 495 410 344
5 | 5 0 05 .387 .106 .290 273 273 525 271 346
10 539 214 432 416 409 676 414 503
1 0 0 0 05 360 .053 .070 .222 213 441 124 216
A0 502 112 142 336 335 597 196 337
| S5 0 0 05 385 .063 .143 245 245 545 151 313
0 528 (142 249 371 369 .690  .247 456
1.5 1 5 0 05 678 .142 385 517 519 .820 .300  .640
.10 804 290 .557 669 668 904 451 773
1.5 1 1 5 05 713 323 482 586 .587 523 266 .378
A0 829 518 .651 728 725 676 418 542
b. Exponential

0 0 0 1 05 491 491 .390 .290 .287 .438 308  .185
10 645 645 540 445 441 605 453 298
0 0 &5 1 05 550 .550 .428 366 .360 714 586  .399
A0 697 697 .579 517 513 837 725 543
0 k. 1 1.5 05 811 811 723 671 .660 958 917  .810
.10 897 897 830 .792 787 981 962  .885
5 1 1 1.5 05 842 842 770 740 741 907  .847  .699
10 915 915 862 837 842 956 914 797
1 1 | 1 05 641 641 636 .638 .630 460 448 328
10 764 764 756 754 750 .610  .591 470
0 0 1 0 05 473 .131 .321 298 293 598 338 292
10 629 243 474 446 440 769 497 449
0 .5 1 0 05 530 .173 403 359 356 .782 571 520
A0 675 304 560 514 515 886 721  .678
0 =5 1 5 05 582 388 431 430 431 .707 .565 459
10 715 554 579 578 579 832 .7T19  .621
e o] 1 0 05 574 212 473 425 430 696 494 470
10 708 350 .620 575 579 819 633 624
0 1 1 0 05 .545 209 444 421 428 803  .624 615
0 695 373 605 584 584 896  .761 765
0 1 0 0 05 473 075 284 290 .295 .681 257 358
10 631 156 420 444 450 836 393 548
0 1 .5 5 05 573 327 370 429 436 480 340 272
A0 713 492 517 574 579 666  .504 442
S 1 5 0 05 .581 .188 452 428 437 769 416  .564
10 718 326 .604 573 578 878 573 719
1 0 0 0 05 491 059 .083 .290 .291 .597 .164  .296
10 645 124 167 445 442 758 247 488
1 S 0 0 05 548 094 225 361 .363 .781 .198 5AH4
Jd0 691 .193  .360 513 517 .882  .309  .681
1.5 1 3 0 05 813 245 545 669 667 945 307 833
10 897 414 699 790 796 976 475 912
1.5 1 1 5 05 849 489 642 742 739 738 276  .546

A0 913 666 771 843 838 852  .440

699 j‘




Umbrella Pattern Treatments Versus Control 463

Table 8
Monte Carlo power estimates for k=5 and ng=n, = n, = ny = ns = s =

W=ty O—0 0—0p 8,—06 6—-0 o« T, S T T D 4 Su7)  Apm

a. Normal

0 0 0 0 1 05 383 .383 261 .218 .209 311 206 .123
10 521 .521 .397 .335 .324 463 319 195

0 0 .5 1 1.5 05 .693 693 .547 .506 .498 864 777 .598
10 .808 .808 .704 .651 .650 .933 869 .709

0 0] 1 1.5 2 05 .899 .899 810 .779 .775 983 963 872
10 953 953 905 .880 .875 .995 984 923

5 1 1 1.5 2 05 917 .917 .845 .826 .820 948 903 .777
10 961 961 .924 907 .903 .978 953 .855

1 1 1 1 1 05 532 .532 521 525 .528 309 315 241

10 .684 684 683 685 .686 .463 473 366

0 05 373 .15 224 211 .204 401 233 192

10 506 213 .349 334 330 .559 362 289

0 0 o] 1 0 05 .395 .136 259 .248 237 .541 361 .308
10 .531 240 391 372 364 697 502 425
05 678 .238 .533 505 .500 .873 .736 .702
10 795 393 689 652 .644 938 844 807
5 3 1 1.5 2 05 710 .414 569 .555 .549 .765 617 541
10 818 577 713 701 692 .866 761 675

=
wn
—_—
wn
=]

0 0 1 0 0 05 370 071 .184 271 211 480 .192 246
10 505 .145 293 331 329 .641 315 375
0 0 1 5 0 05 .394 .112 217 245 241 491 287 304
10 533 209 345 370 354 644 430 432
0 i3 1 5 0 05 417 .124 260 273 264 .568 344 387
10 553 227 400 .408 397 714 501 527
5 1 1.5 5 0 05 .696 .187 .549 .534 531 .835 572 .697
10 813 332 696 675 .674 915 715 .8ll
0 1 0 0 0 05 .380 .055 .170 .217 213 488 .129 .250
10 .503 .119 270 .333 328 .639 214 375
0 1 ;5 0 0 05 401 072 216 .249 243 574 201 351
10 530 153 334 371 366 713 318 493
1 1.5 1 5 0 05 .680 .166 .437 .497 .563 .851 429 .720
10 794 298 597 648 .707 .923 .600 .83l
1 kS 1 1 3 05 .747 .385 .595 .590 .588 .625 357 488
10 846 .566 .751 .741 .734 761 .523  .630
1 0 0 0 0 05 .384 049 069 218 .212 402 076 .194
10 .519 .106 .144 334 329 .561 .128 287
1.5 1 .5 0 0 05 .693 .09 .372 .507 .496 .878 252 .695
10 .809 210 .538 .654 .642 941 .387 802
2 1.5 1 D 0 05 .899 241 .689 .776 .775 971 357 906
10 954 435 829 879 .875 989 534 952
2 1:5 1 1 5 05 915 .435 .719 821 .812 .833 250 .66l
10 960 633 850 .906 .900 914 393 782

b. Exponential
0 0 0 0 1 05 .496 .49 340 279 .284 408 275 .165
10 652 .652 .507 .424 430 .573 415 260
0 0 5 1 05 .802 802 .681 .626 .632 972 928 .836
10 .893 .893 .808 .755 .757 .990 .963  .900
0 ] 1 1.5 2 05 940 940 .882 .846 853 .997 984 947
10 973 973 943 920 .920 .999 989 .96l
A 1 1 1.5 2 05 956 956 915 .890 .895 992 969 878
10 980 980 .958 .942 .944 996 982  .927
1 1 1 1 1 05 661 .661 646 665 .661 427 412 324
10 772 772 763 775 768 569 563 .450
0 0 0 1 0 05 .483 .138 .289 .283 .288 .518 .296 .250
10 632 240 437 430 433 .694 451 364
0 0 5 1 0 05 534 .179 .364 .339 .345 .759 .559 497
10 675 .297 .520 .484 491 878 712 .630
0 3 1 15 0 05 792 322 674 .632 .634 973 907 .883
10 882 483 798 .755 .762 .990 956 938
:5 5 I 155 3 05 .850 .570 .737 729 734 928 .828 710
10 917 .704 .841 .823 .831 971 908 .B08
0 0 1 0 0 05 .481 .080 .42 282 281 .633 241 320
10 636 .159 .372 422 421 .801 383 484
0 0 1 5 0 05 .532 .156 .284 339 .343 678 382 423

10 673 270 434 482 487 825 546 574
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Table 8
Continued

Bl Bl Bt G By i e & T The DI SR Sk

0 05 579 .192 376 .394 400 806 517 .609

A0 711 313 536 537 540 901 676 743

0 05 .828 292 .710 .683 .687 964 785 .880

.10 903 .451 .825 .796 .802 .986 .872 .939

0 1 0 0 0 05 .495 .062 .210 .281 .282 .651 .l164 323
0
0

A0 .634 128 327 423 432 B80T 265 484
05 .542 100 .292 .342 339 .800 .266 .536
A0 675 .192 437 484 486 898 405 .69l
05 840 310 .717 .699 .698 .967 .556 .891
10 907 481 .832 .810 .813 .987 947 712

1 1.5 1 1 S5 .05 865 .536 .741 .719 720 .B36 448 673
10 919 685 .838 .830 .825 916 .607 .798
1 0 0 0 0 .05 .502 .052 .080 .280 .284 526 .090 .243
0 654 (114 (163 421 432 702 149 366
1.5 1 5 0 0 05 809 .I51 .505 .625 .632 973 .263 .888
10 896 .280 .665 .761 762 .992 421 940
2 13 1 L] 0 05 944 358 .785 .848 .847 .996 344 973
A0 974 547 883 921 919 999 .521 988
2 1.5 1 1 5 .05 959 575 .824 891 890 .940 233 846

10 981 733 903 943 .940 962 373 912

D) can be viewed as competitors to SM{%) and A;_, respectively. In particular, when the treatment
effects are all greater than the control, the test based on 7, (or D) is superior to the one based on
Aj,,. Finally, for the widespread umbrella corresponding to iy < 6, = - - - = by, the powers of the tests
based on T, T}, and T}, (or D) are similar. In this case, they all do better than the tests for umbrella
alternatives.

Although tests for umbrella alternatives based on A4,, Su(3), and A;, can be used for testing the
alternative hypothesis H, considered in this paper, they only provide single tests. In comparing several
umbrella pattern treatment effects with a control, however, experimenters usually prefer procedures
that can be used to determine which treatments (if any) are more effective than the control. Therefore,
as a direct consequence of the simulation results, we have several recommendations. When the prior
information that the treatment effects have an umbrella pattern under the alternative is available, the
test based on T}, should be used if one is relatively confident of the location of the peak group. The
test based on T, is recommended if the peak group of the umbrella is unknown, but is believed to be
relatively close to the kth population. For the case where no information about the location of the
peak group is available, Dunn’s test D is suggested since it is computationally less complicated than
the test based on T, and the two procedures are equivalent when the sample sizes are equal.
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RESUME

Cet article traite de la comparaison des effets de traitement disposés “en parapluie” avec un controle
i une voie. Le probléme est de tester s'il y a au moins un traitement qui soit meilleur que la référence.
Des tests indépendants des distributions sont proposés dans les deux cas ou le sommet du parapluie
est connu et inconnu. Les approximations des seuils critiques sont donnés et les résultats d’une étude
basée sur les méthodes de Monte Carlo sont discutés.
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