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Derive the MLE (�̂�) under DE(μ, λ) . 

 

Solution: 

𝑋1, … , 𝑋𝑛 be iid DE(μ, λ), μ ∈ ℝ, λ > 0 

f(x; μ, λ) =
1

2𝜆
exp (−

|𝑥 − 𝜇|

𝜆
) 

L(μ, λ) =∏f(x𝑖; μ, λ)

𝑛

𝑖=1

=∏
1

2𝜆
exp(−

|𝑥𝑖 − 𝜇|

𝜆
)

𝑛

𝑖=1

= (2λ)−𝑛 exp(−
∑ |𝑥𝑖 − 𝜇|
𝑛
𝑖=1

𝜆
) 

ln L(μ, λ) = −𝑛 ln(2𝜆) −
∑ |𝑥𝑖 − 𝜇|
𝑛
𝑖=1

𝜆
 

Fixed λ, then max𝜇{ln L(μ, λ)} ⇔ min𝜇 ∑ |𝑥𝑖 − 𝜇|
𝑛
𝑖=1  

Let g(μ) = ∑ |𝑥𝑖 − 𝜇|
𝑛
𝑖=1 = ∑ [(𝑥𝑖 − 𝜇)𝐼(𝑥𝑖 > 𝜇) + (𝜇 − 𝑥𝑖)𝐼(𝑥𝑖 < 𝜇)]

𝑛
𝑖=1  

⟹
𝑑

𝑑𝜇
𝑔(𝜇) =∑[(−1)𝐼(𝑥𝑖 > 𝜇) + (1)𝐼(𝑥𝑖 < 𝜇)]

𝑛

𝑖=1

= (−1)∑𝐼(𝑥𝑖 > 𝜇)

𝑛

𝑖=1

+∑𝐼(𝑥𝑖 < 𝜇)

𝑛

𝑖=1

= 0 (𝑠𝑒𝑡) 

⟹∑𝐼(𝑥𝑖 > 𝜇)

𝑛

𝑖=1

=∑𝐼(𝑥𝑖 < 𝜇)

𝑛

𝑖=1

⟹ �̂� = 𝑀𝑛 

Where, 𝑀𝑛 is median of 𝑋1, … , 𝑋𝑛. 

Case1: n = 2m+ 1, ∀ m ∈ ℕ 

∵
𝑑

𝑑𝜇
𝑔(𝜇) =

{
 
 

 
 
𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑓 𝜇 ≥ 𝑋

(
𝑛+1
2
+1)

𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑓 𝜇 ≤ 𝑋
(
𝑛+1
2
−1)

0 𝑖𝑓 𝜇 = 𝑋
(
𝑛+1
2
)
= 𝑀𝑛

 

∴ g(�̂�) 𝑖𝑠 min
𝜇
∑|𝑥𝑖 − 𝜇|

𝑛

𝑖=1

 

 

 

Case2: n = 2m, ∀ m ∈ ℕ 



∵
𝑑

𝑑𝜇
𝑔(𝜇) =

{
 
 

 
 

𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑓 𝜇 ≥ 𝑋
(
𝑛
2
+1)

𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑓 𝜇 ≤ 𝑋
(
𝑛
2
)

0 𝑖𝑓 𝜇 =
𝑋
(
𝑛
2
+1)

+ 𝑋
(
𝑛
2
)

2
= 𝑀𝑛

 

∴ g(�̂�) 𝑖𝑠 min
𝜇
∑|𝑥𝑖 − 𝜇|

𝑛

𝑖=1

 

Take μ = �̂� in to ln L(μ, λ) 

ln L(λ) = −𝑛 ln(2𝜆) −
∑ |𝑥𝑖 − �̂�|
𝑛
𝑖=1

𝜆
 

Let k = ∑ |𝑥𝑖 − �̂�|
𝑛
𝑖=1  

ln L(λ) = −𝑛 ln(2𝜆) −
𝑘

𝜆
 

⟹
𝑑

𝑑𝜆
ln L(λ) =

−𝑛

𝜆
+
𝑘

𝜆2
= 0 (set) ⟹ �̂� =

𝑘

𝑛
=
∑ |𝑥𝑖 − �̂�|
𝑛
𝑖=1

𝑛
 

𝑑2

𝑑𝜆2
ln L(λ)|

𝜆=�̂�

=
𝑛

𝜆2
−
2𝑘

𝜆3
|
𝜆=�̂�

=
𝑛3

𝑘2
−
2𝑛3𝑘

𝑘3
= −

𝑛3

𝑘2
< 0 

 

The MLE of (μ, λ)is {

μ̂ = Mn

λ̂ =
∑ |xi − μ̂|
n
i=1

n

 


