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𝟏. 𝐒𝐮𝐩𝐩𝐨𝐬𝐞 𝐭𝐡𝐚𝐭 𝐚 𝐜𝐮𝐫𝐯𝐞 𝒈 ̂ 𝐢𝐬 𝐜𝐨𝐦𝐩𝐮𝐭𝐞𝐝 𝐭𝐨 𝐬𝐦𝐨𝐨𝐭𝐡𝐥𝐲 𝐟𝐢𝐭 𝐚 𝐬𝐞𝐭 𝐨𝐟 𝐧 𝐩𝐨𝐢𝐧𝐭𝐬 𝐮𝐬𝐢𝐧𝐠  𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠  

        𝐟𝐨𝐫𝐦𝐮𝐥𝐚 ∶  

�̂� = 𝒂𝒓𝒈 𝒎𝒊𝒏 (𝜮𝒊=𝟏
𝒏 (𝒚𝒊 − 𝒈(𝒙𝒊))

𝟐
+ 𝝀 ∫[𝒈(𝒎)(𝒙)]

𝟐
𝒅𝒙)， 

 𝐰𝐡𝐞𝐫𝐞 𝒈(𝒎) 𝐫𝐞𝐩𝐫𝐞𝐬𝐞𝐧𝐭𝐬 𝐭𝐡𝐞 𝒎𝐭𝐡 𝐝𝐞𝐫𝐢𝐯𝐚𝐭𝐢𝐯𝐞 𝐨𝐟 𝒈 (𝐚𝐧𝐝 𝒈(𝟎) = 𝒈). 𝐏𝐫𝐨𝐯𝐢𝐝𝐞  𝐞𝐱𝐚𝐦𝐩𝐥𝐞 𝐬𝐤𝐞𝐭𝐜𝐡𝐞𝐬  

 𝐨𝐟 �̂� 𝐢𝐧 𝐞𝐚𝐜𝐡 𝐨𝐟 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐬𝐜𝐞𝐧𝐚𝐫𝐢𝐨𝐬 . 

 (e) 𝛌 = 𝟎 , 𝐦 = 𝟑 

 

Solution: 

�̂� = 𝑎𝑟𝑔 𝑚𝑖𝑛 (𝛴𝑖=1
𝑛 (𝑦𝑖 − 𝑔(𝑥𝑖))

2
) 

𝛴𝑖=1
𝑛 (𝑦𝑖 − 𝑔(𝑥𝑖))

2
= 0 , when 𝑔(𝑥𝑖)̂ = 𝑦𝑖 , ∀𝑖 ∈ [1 , 𝑛] 

1. Suppose that  𝑔(𝑥𝑖) = {

𝑦1 ,   𝑥 < 𝑥2

𝑦2 ,   𝑥2 ≤ 𝑥 < 𝑥3

⋮                   
𝑦𝑛 ,   𝑥 ≥ 𝑥𝑛

   ⇒ 𝑔(𝑥𝑖)̂ = 𝑦𝑖  , ∀𝑖 ∈ [1 , 𝑛]   

⇒  𝛴𝑖=1
𝑛 (𝑦𝑖 − 𝑔(𝑥𝑖)̂)

2
= 𝛴𝑖=1

𝑛 (𝑦𝑖 − 𝑦𝑖)2 = 0 

2. Suppose that 𝑔(𝑥𝑖) = 𝛴𝑖=1
𝑛 𝑦𝑖 × 1 = 𝛴𝑖=1

𝑛 𝑦𝑖 ∏
𝑥𝑖−𝑥𝑗

𝑥𝑖−𝑥𝑗

𝑛
𝑗=0,𝑖≠𝑗    

⇒  𝛴𝑖=1
𝑛 (𝑦𝑖 − 𝑔(𝑥𝑖)̂)

2
= 𝛴𝑖=1

𝑛 (𝑦𝑖 − 𝑦𝑖)2 = 0 

 

Exercise 14(Chap 3 , P.125). 

This problem focuses on the collinearity problem.  

(a) Perform the following commands in R:  



 

The last line corresponds to creating a linear model in which y is a function of x1 and x2. Write 

out the form of the linear model. What are the regression coefficients?  

(b) What is the correlation between x1 and x2? Create a scatterplot displaying the relationship 

between the variables.  

(c) Using this data , fit a least squares regression to predict y using x1 and x2 . Describe the 

results obtained. What are  𝜷�̂� , 𝜷�̂� 𝐚𝐧𝐝 𝜷�̂�  ? How do these relate to the 

true𝜷𝟎 , 𝜷𝟏 , 𝐚𝐧𝐝 𝜷𝟐 ？ Can you reject the null hypothesis 𝐇𝟎: 𝜷𝟏 = 𝟎？ How about the null 

hypothesis𝐇𝟎: 𝜷𝟐 = 𝟎？  

(d) Now fit a least squares regression to predict y using only x1. Comment on  

   your results. Can you reject the null hypothesis 𝐇𝟎: 𝜷𝟏 = 𝟎？ 

(e) Now fit a least squares regression to predict y using only x2. Comment on your results. Can 

you reject the null hypothesis 𝐇𝟎: 𝜷𝟏 = 𝟎？ 

(f) Do the results obtained in (c)-(e) contradict each other？ Explain yours answer. 

(g) Now suppose we obtained one additional observation , which was unfortunately mismeasured. 

 

Re-fit the linear models from (c) to (e) using this new data. What effect does this new observation 

have on the each of the models? In each model , is this observation an outlier? A high-leverage  

point? Both? Explain your answers. 

 

Solution:   

(a) 

  𝑦 = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2 + 𝜀, where 𝜀~𝑁(0 , 1) and 𝛽0 = 2 , 𝛽1 = 2 , 𝛽2 = 0.3 

 



(b) 

 𝑟12 =
𝛴𝑖=1

100(𝑥1𝑖−𝑥1̅̅̅̅ )(𝑥2𝑖−𝑥2̅̅̅̅ )

√𝛴𝑖=1
100(𝑥1𝑖−𝑥1̅̅̅̅ )2𝛴𝑖=1

100(𝑥2𝑖−𝑥2̅̅̅̅ )2
=

3.765686

√20.33242
= 0.8351213  

 

high positive correlation between x1 and x2. 

(c) 

  

    ⇒ 𝑦 = 2.13 + 1.44𝑥1 + 1.01𝑥2 , 𝛽0̂ = 2.13 , 𝛽1̂ = 1.44 , 𝛽2̂ = 1.01 

𝛽0̂ ∶  2.13 

𝛽1̂ = 1.44 ∶  When 𝑥1  increase a unit , then y will increase 1.44 

𝛽2̂ = 1.01: When 𝑥2 increase a unit , then y will increase 1.01 

𝛽0̂、𝛽1̂、𝛽2̂  are the roots of minΣi=1
n (𝑦𝑖 − 𝛽0 − 𝛽1𝑥1𝑖 − 𝛽2𝑥2𝑖)

2      

Case 1 :    H0: 𝛽1 = 0  v. s.  H1: 𝛽1 ≠ 0 

𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡1 =
𝛽1̂

𝑠𝑒(𝛽1̂)
=

1.44

0.7211795
= 1.996729 ,  

𝑤𝑖𝑡ℎ 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=97| > |𝑡|) ≈  0.04865697 < 0.05 ⇒ 𝑟𝑒𝑗𝑒𝑐𝑡 H0  

Case 2 :    H0: 𝛽2 = 0  v. s.  H1: 𝛽2 ≠ 0 



𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡2 =
𝛽2̂

𝑠𝑒(𝛽2̂)
=

1.01

1.133723
= 0.8908705 ,  

𝑤𝑖𝑡ℎ 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=97| > |𝑡|) ≈  0.375203 > 0.05 ⇒ 𝑛𝑜𝑡 𝑟𝑒𝑗𝑒𝑐𝑡 H0  

(d) 

 

H0 ∶  𝛽1 = 0  v. s.  H1 ∶  𝛽1 ≠ 0 

𝑥1̅̅̅ =
∑ 𝑥1𝑖

100
𝑖=1

100
= 0.5178471 , �̅� =

∑ 𝑦𝑖
100
𝑖=1

100
= 3.135623 

𝑆𝑥1𝑥1
= ∑ (𝑥1𝑖 − 𝑥1̅̅̅)2

100

𝑖=1
= 7.088559 ,  𝑆𝑥1𝑦 = ∑ (𝑥1𝑖 − 𝑥1̅̅̅)(𝑦𝑖 − �̅�)

100

𝑖=1
= 14.00649 

⇒ 𝛽1̂ =
𝑆𝑥1𝑦

𝑆𝑥1𝑥1

=
14.00649

7.088559
= 1.975929  , 𝛽0̂ = �̅� − 𝛽1̂ × 𝑥1̅̅̅ = 2.112394 

⇒ 𝑠𝑒(𝛽0̂) = �̂�√
1

𝑛
+

𝑥1̅̅̅2

𝑆𝑥1𝑥1

= 0.2307 , 𝑠𝑒(𝛽1̂) = √
�̂�2

𝑆𝑥1𝑥1

=  0.3963 

⇒ 𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡0 =
𝛽0̂

𝑠𝑒(𝛽0̂)
= 9.155 , 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=198| > |𝑡|) ≈ 8.27 × 10−15 < 0.05 

𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡1 =
𝛽1̂

𝑠𝑒(𝛽1̂)
= 4.986, 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=98| > |𝑡|) ≈ 2.66 × 10−6 < 0.05 

⇒ reject H0 , it means 𝛽1 ≠ 0 

 

 



(e)  

 

H0 ∶  𝛽1 = 0  v. s.  H1 ∶  𝛽1 ≠ 0 

𝑥2̅̅ ̅ =
∑ 𝑥2𝑖

100
𝑖=1

100
= 0.2571656 , �̅� =

∑ 𝑦𝑖
100
𝑖=1

100
= 3.135623 

𝑆𝑥2𝑥2
= ∑ (𝑥2𝑖 − 𝑥2̅̅ ̅)2

100

𝑖=1
= 2.868343 ,  𝑆𝑥2𝑦 = ∑ (𝑥2𝑖 − 𝑥2̅̅ ̅)(𝑦𝑖 − �̅�)

100

𝑖=1
= 8.317006 

⇒ 𝛽1̂ =
𝑆𝑥2𝑦

𝑆𝑥2𝑥2

=
8.317006

2.868343
= 2.90  , 𝛽0̂ = �̅� − 𝛽1̂ × 𝑥2̅̅ ̅ = 2.39 

⇒ 𝑠𝑒(𝛽0̂) = �̂�√
1

𝑛
+

𝑥1̅̅̅2

𝑆𝑥1𝑥1

= 0.1949 , 𝑠𝑒(𝛽1̂) = √
�̂�2

𝑆𝑥1𝑥1

=  0.6330 

⇒ 𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡0 =
𝛽0̂

𝑠𝑒(𝛽0̂)
= 12.26 , 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=198| > |𝑡|) ≈<  2 × 10−16 < 0.05 

𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡1 =
𝛽1̂

𝑠𝑒(𝛽1̂)
= 4.58, 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=98| > |𝑡|) ≈ 1.37 × 10−5 < 0.05 

⇒ reject H0 , it means 𝛽1 ≠ 0 

 

 

 

 



(f) 

       By (c) we get only 𝑥1 have an effact on y , in (e) we get that 𝑥2 have an effect on y , this     

       phenomenon may be due to the collinearity of 𝑥1 and 𝑥2 , 𝑥2 does not effect y directly , but it    

       have an effect on y through 𝑥1 . 

𝑉𝐼𝐹(𝛽1̂) =
𝑉𝑎𝑟(𝛽1̂|𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒)

𝑉𝑎𝑟(𝛽1̂|𝑠𝑖𝑚𝑝𝑙𝑒)
=

𝑠𝑒2(𝛽1̂|𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒)

𝑠𝑒2(𝛽1̂|𝑠𝑖𝑚𝑝𝑙𝑒)
= (

0.7212

0.3963
)

2

= 3.31179 

𝑉𝐼𝐹(𝛽2̂) =
𝑉𝑎𝑟(𝛽2̂|𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒)

𝑉𝑎𝑟(𝛽2̂|𝑠𝑖𝑚𝑝𝑙𝑒)
=

𝑠𝑒2(𝛽2̂|𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒)

𝑠𝑒2(𝛽2̂|𝑠𝑖𝑚𝑝𝑙𝑒)
= (

1.1337

0.633
)

2

= 3.207664 

 

(g) 

 If fit a least squares regression to predict y using x1 and x2 

 

     Case 1 :    H0: 𝛽1 = 0  v. s.  H1: 𝛽1 ≠ 0 

𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡1 =
𝛽1̂

𝑠𝑒(𝛽1̂)
= 0.318 ,  

𝑤𝑖𝑡ℎ 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=97| > |𝑡|) ≈  0.751 > 0.05 ⇒ 𝑛𝑜𝑡 𝑟𝑒𝑗𝑒𝑐𝑡 H0 , it means 𝛽1 = 0 

Case 2 :    H0: 𝛽2 = 0  v. s.  H1: 𝛽2 ≠ 0 

𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡2 =
𝛽2̂

𝑠𝑒(𝛽2̂)
= 4.073,  

𝑤𝑖𝑡ℎ 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=97| > |𝑡|) ≈  0.0000937 < 0.05 ⇒  𝑟𝑒𝑗𝑒𝑐𝑡 H0 , it means 𝛽2 ≠ 0 

 



 

 

 

The data 101 does not label in residual plot and qqplot may not be an outlier but it have high leverage  

in the plot residual. 

 

The leverage statistics for 101 points 



 

The leverage statistic with 101th =0.41472837 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 If fit a least squares regression to predict y using only x1 

 

H0 ∶  𝛽1 = 0  v. s.  H1 ∶  𝛽1 ≠ 0 

𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡1 =
𝛽1̂

𝑠𝑒(𝛽1̂)
= 3.687, 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=98| > |𝑡|) ≈ 0.000369 < 0.05 

⇒ reject H0 , it means 𝛽1 ≠ 0 

 

 



 

The data 101 does label in residual plot and qqplot be an outlier but it not have high leverage  

    in the plot residual. 

 If fit a least squares regression to predict y using only x2 

 

H0 ∶  𝛽1 = 0  v. s.  H1 ∶  𝛽1 ≠ 0 

𝑡 − 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 𝑡1 =
𝛽1̂

𝑠𝑒(𝛽1̂)
= 5.7, 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 𝑃𝑟(|𝑡𝑑𝑓=98| > |𝑡|) ≈ 1.21 × 10−7 < 0.05 

⇒ reject H0 , it means 𝛽1 ≠ 0 

 



 

 

The data 101 does not label in residual plot and qqplot may not be an outlier but it have high leverage  

in the plot residual. 

 

 Outlier leverage 

𝑦 = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2 + 𝜀 × ∨ 

𝑦 = 𝛽0 + 𝛽1𝑥1 + 𝜀 ∨ × 

𝑦 = 𝛽0 + 𝛽2𝑥2 + 𝜀 × ∨ 

 

 

 

 



Appendix 

R-code 

########P.125########EX14######## 

rm(list=ls()) 

#####a##### 

set.seed(1) 

x1=runif(100) 

x2=0.5*x1+rnorm(100)/10 

y=2+2*x1+0.3*x2+rnorm(100) 

#####b##### 

r12=sum((x1-mean(x1))*(x2-mean(x2)))/(sum((x1-mean(x1))^2)*sum((x2-mean(x2))^2))^0.5 

r12 

library(ggplot2) 

f=lm(y~x1+x2) 

ggplot(f,aes(x=x1,y=x2))+geom_point(shape=1)+geom_smooth(method=lm,se=FALSE) 

#####c##### 

f=lm(y~x1+x2) 

f 

summary(f) 

#####d##### 

lm(y~x1) 

summary(lm(y~x1)) 

#####e##### 

lm(y~x2) 

summary(lm(y~x2)) 

#####g##### 

x1=c(x1,0.1) 



x2=c(x2,0.8) 

y=c(y,6) 

gc=lm(y~x1) 

summary(gc) 

par(mfrow=c(1,2)) 

plot(gc,las=1) 

gd=lm(y~x2) 

summary(gd) 

par(mfrow=c(1,2)) 

plot(gd,las=1) 

ge=lm(y~x1+x2) 

summary(ge) 

par(mfrow=c(1,2)) 

plot(ge,las=1) 

 


