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(P125)	Exercise	14.	

This	problem	focuses	on	the	collinearity	problem.	

(a) Perform	the	following	commands	in	R:	

	

The	last	line	corresponds	to	creating	a	linear	model	in	which	y	is	a	function	of	x1	and	x2.	Write	out	the	

form	of	the	linear	model.	What	are	the	regression	coefficient?	

(b) What	is	the	correlation	between	x1	and	x2?	Create	a	scatterplot	displaying	the	relationship	between	

the	variables.	

(c) Using	this	data,	fit	a	least	squares	regression	to	predict	y	using	x1	and	x2.	Describe	the	results	obtained.	
What	are	 𝛽",	 𝛽#,	and	𝛽%?	How	do	these	relate	to	the	true	 𝛽",	 𝛽#,	and	 𝛽%?	Can	you	reject	the	null	
hypothesis	 𝐻" ∶ 	𝛽# 	= 	0?	How	about	the	null	hypothesis	 𝐻" ∶ 	𝛽% 	= 	0?	

(d) Now	fit	a	least	squares	regression	to	predict	y	using	only	x1.	Comment	on	your	results.	Can	you	reject	

the	null	hypothesis	 𝐻" ∶ 	𝛽# 	= 	0?	

(e) Now	fit	a	least	squares	regression	to	predict	y	using	only	x2.	Comment	on	your	results.	Can	you	reject	

the	null	hypothesis	 𝐻" ∶ 	𝛽# 	= 	0?	

(f) Do the results obtained in (c)–(e) contradict each other? Explain your answer. 

(g) Now	suppose	we	obtain	one	additional	observation,	which	was	unfortunately	mismeasured.	

	

Re-fit	the	linear	models	from	(c)	to	(e)	using	the	new	data.	What	effect	does	this	new	observation	have	

on	the	each	of	the	models?	In	each	model,	is	this	observation	an	outlier?	A	high-leverage	point?	Both?	

Explain	your	answers.	

Solution:	

(a) The	linear	model	is	𝑦 = 𝛽" + 𝛽#𝑥# + 𝛽%𝑥% + 𝜖,	where	𝛽" = 2, 𝛽# = 2, 𝛽% = 0.3.	

(b) Correlation	between	x1	and	x2	is	 𝜌#% =
789 :;,:<
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= 0.8351	



	

(c) model: 𝑦 = 𝛽" + 𝛽#𝑥# + 𝛽%𝑥% + 𝜖	

	
𝛽" = 2.1305, 𝛽# = 1.4396, 𝛽% = 1.0097	 	
𝑦 = 2.1305 + 1.4396𝑥# + 1.0097𝑥%	 	

The	 𝛽"	 and	 𝛽#	 close	to	the	true	value,	but	 𝛽%	 is	far	from	the	true	value.	

	 𝐻":	𝛽# = 0	𝑣𝑠. 𝐻#: 𝛽# ≠ 0	 𝐻":	𝛽% = 0	𝑣𝑠. 𝐻#: 𝛽% ≠ 0	

p-value	 0.0487	<	0.05	 0.3754	>	0.05	

result	 Reject	 𝐻"	 at	 𝛼 = 0.05	 Do	not	reject	 𝐻"	 at	 𝛼 = 0.05	

	

	

	

	

	

	

	

	

	

	

Correlation	is	positive!	



(d) model: 𝑦 = 𝛽" + 𝛽#𝑥# + 𝜖	

	

𝛽" = 2.1124, 𝛽# = 1.9758	 	
𝑦 = 2.1124 + 1.9758𝑥#	 	

	 𝐻":	𝛽# = 0	𝑣𝑠. 𝐻#: 𝛽# ≠ 0	

p-value	 2.66e-06	<	0.05	

result	 Reject	 𝐻"	 at	 𝛼 = 0.05	

	

(e) model: 𝑦 = 𝛽" + 𝛽#𝑥% + 𝜖	

	

𝛽" = 2.3899, 𝛽# = 1.8996	 	
𝑦 = 2.3899 + 1.8996𝑥%	 	

	 𝐻":	𝛽# = 0	𝑣𝑠. 𝐻#: 𝛽# ≠ 0	

p-value	 1.37e-06	<	0.05	

result	 Reject	 𝐻"	 at	 𝛼 = 0.05	

	

(f) When	we	use	all	of	variables	(x1	and	x2)	to	fit	the	model,	the	coefficient	of	x2	is	not	significant.	

When	we	use	only	x1	or	only	x2	to	fit	the	model,	the	coefficients	of	x1	and	x2	are	all	significant.	

So,	x1	and	x2	maybe	collinearity.	And	we	have	to	check	the	VIF.	

	 𝑉𝑎𝑟 𝛽 	of	multiple	regression	 𝑉𝑎𝑟 𝛽 	of	simple	regression	

𝑥#	 0.7212%	 0.3963%		

𝑥%	 1.1337%	 0.6330%	



	

𝑉𝐼𝐹# =
abc(d;|fghij)

abc(d;
k |ljmnho)

= ".p%#%<

".qrsq<
= 3.3118 < 5	 	

𝑉𝐼𝐹% =
abc(d<|fghij)

abc(d<
k |ljmnho)

= #.#qqp<

".sqq"<
= 3.2077 < 5	 	

Hence,	x1	and	x2	are	not	collinearity.	 	

(g) (c)	model: 𝑦 = 𝛽" + 𝛽#𝑥# + 𝛽%𝑥% + 𝜖	

	
𝛽" = 2.2267, 𝛽# = 0.5349, 𝛽% = 2.5146	 	
𝑦 = 2.2267 + 0.5349𝑥# + 2.5146𝑥%	 	

	 𝐻":	𝛽# = 0	𝑣𝑠. 𝐻#: 𝛽# ≠ 0	 𝐻":	𝛽% = 0	𝑣𝑠. 𝐻#: 𝛽% ≠ 0	

p-value	 0.36458	>	0.05	 0.00614	<	0.05	

result	 Do	not	Reject	 𝐻"	 at	 𝛼 = 0.05	 Reject	 𝐻"	 at	 𝛼 = 0.05	

𝜎% = 1.1556	are	not	larger	than	 c ,and	𝑅% = 0.2029	are	not	smaller	then	 c .	 	

	 The	new	observation	in	full	is	not	outlier.	

ℎjj = 𝑋j{ 𝑋{𝑋 @#𝑋j = 0.1 0.8 0.2078 −0.3523
−0.3523 0.6962

0.1
0.8 = 0.3913 > %

~
= 0.0198.	So	the	new	

observation	is	a	leverage	points.	

	 (d)	 model: 𝑦 = 𝛽" + 𝛽#𝑥# + 𝜖	



	
𝛽" = 2.2569, 𝛽# = 1.7657	 	
𝑦 = 2.2569 + 1.7657𝑥#	 	
	

	

	

𝜎% = 1.234	is	larger	than	 d ,and	𝑅% = 0.1477	is	smaller	than	 d .	 	
The	new	observation	in	this	model	is	outlier.	

ℎj =
:?@: <

:?@: < =
".#@".�#qp <

p.%s#�
= 0.0236 > %

~
= 0.0198	 	

The	new	observation	in	this	model	is	leverage	point.	

	 (e)	model: 𝑦 = 𝛽" + 𝛽#𝑥% + 𝜖	

	 𝐻":	𝛽# = 0	𝑣𝑠. 𝐻#: 𝛽# ≠ 0	

p-value	 4.29e-05	<	0.05	

result	 Reject	 𝐻"	 at	 𝛼 = 0.05	



	
𝛽" = 2.4351, 𝛽# = 3.1190	 	
𝑦 = 2.3451 + 3.1190𝑥%	 	
	

	

	

	
𝜎% = 1.1535	not	larger	than	 d ,and	𝑅% = 0.2042	not	smaller	than	 d .	 	
The	new	observation	in	this	model	is	not	outlier.	

ℎj =
:?@: <

:?@: < =
".�@".%s%� <

q.#s"#
= 0.0914 > %

~
= 0.0198	 	

The	new	observation	in	this	model	is	leverage	point.	

	

	 	

	 𝐻":	𝛽# = 0	𝑣𝑠. 𝐻#: 𝛽# ≠ 0	

p-value	 1.25e-06	<	0.05	

result	 Reject	 𝐻"	 at	 𝛼 = 0.05	



(P298)	Exercise	2.	

Suppose	that	the	curve	 𝑔	 is	computed	to	smoothly	fit	a	set	of	 𝑛	 points,	using	the	following	formula:	

𝑔 = 𝑎𝑟𝑔𝑚𝑖𝑛 𝑦j − 𝑔 𝑥j
% + 𝜆 𝑔 m 𝑥

%
𝑑𝑥

~

j�#

,		

where	 𝑔(m)	 represents	the	 𝑚th	derivative	of	 𝑔	 and	𝑔(") = 𝑔 .	Provide	example	sketches	of	 𝑔	 in	each	
of	the	following	scenarios.	

(e)	 𝜆 = 0,𝑚 = 3	
solution:	

𝑔(q) = 𝑔��� 𝑥 ,	for	𝜆 = 0	

case1. 𝑔��� 𝑥 %𝑑𝑥 = 0	
𝑔��� 𝑥 = 0 ⟹ 𝑔 𝑥 = 𝑎𝑥% + 𝑏𝑥 + 𝑐	 	
Find	 𝑔	 such	that	 𝑦j −	𝑔(𝑥j) % = 0~

j�# 	 	

Let	𝑋 = 	

1 𝑥# 𝑥#%

1 𝑥% 𝑥%%
⋮ ⋮ ⋮
1 𝑥~ 𝑥q%

, 𝑦 =

𝑦#
𝑦%
⋮
𝑦~

, 𝛽 =
𝑐
𝑏
𝑎
	 	

𝑋{𝑋 =
1 1 … 1
𝑥# 𝑥% … 𝑥~
𝑥#% 𝑥%% … 𝑥~%

1 𝑥# 𝑥#%

1 𝑥% 𝑥%%
⋮ ⋮ ⋮
1 𝑥~ 𝑥~%

=
𝑛 𝑥j~

j�# 𝑥j%~
j�#

𝑥j~
j�# 𝑥j%~

j�# 𝑥jq~
j�#

𝑥j%~
j�# 𝑥jq~

j�# 𝑥j�~
j�#

	 	

𝑋{𝑋 @# =

1

𝑑𝑒𝑡 𝑋𝑇𝑋

𝑥𝑖2
𝑛
𝑖=1 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖3

𝑛
𝑖=1

2 − 𝑥𝑖
𝑛
𝑖=1 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1 𝑥𝑖3

𝑛
𝑖=1 𝑥𝑖

𝑛
𝑖=1 𝑥𝑖3

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1

2

− 𝑥𝑖
𝑛
𝑖=1 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖3

𝑛
𝑖=1 𝑥𝑖2

𝑛
𝑖=1 𝑛 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1

2 − 𝑛 𝑥𝑖3
𝑛
𝑖=1 − 𝑥𝑖

𝑛
𝑖=1 𝑥𝑖2

𝑛
𝑖=1

𝑥𝑖
𝑛
𝑖=1 𝑥𝑖3

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1

2 − 𝑛 𝑥𝑖3
𝑛
𝑖=1 − 𝑥𝑖

𝑛
𝑖=1 𝑥𝑖2

𝑛
𝑖=1 𝑛 𝑥𝑖2

𝑛
𝑖=1 − 𝑥𝑖

𝑛
𝑖=1

2
	 	

𝑋{𝑦 =
1 1 … 1
𝑥# 𝑥% … 𝑥~
𝑥#% 𝑥%% … 𝑥~%

𝑦#
𝑦%
⋮
𝑦~

=
𝑦j	~

j�#
𝑥j𝑦j~

j�#

𝑥j%𝑦j~
j�#

	 	

𝛽 = 𝑋{𝑋 @#𝑋{𝑦 =

#
�oi ���

𝑥j%~
j�# 𝑥j�~

j�# − 𝑥jq~
j�#

%
𝑦j	~

j�# − 𝑥j~
j�# 𝑥j�~

j�# − 𝑥j%~
j�# 𝑥jq~

j�# 𝑥j𝑦j~
j�# + 𝑥j~

j�# 𝑥jq~
j�# − 𝑥j%~

j�#
%

𝑥j%𝑦j~
j�#

− 𝑥j~
j�# 𝑥j�~

j�# − 𝑥jq~
j�# 𝑥j%~

j�# 𝑦j	~
j�# + 𝑛 𝑥j�~

j�# − 𝑥j%~
j�#

%
𝑥j𝑦j~

j�# − 𝑛 𝑥jq~
j�# − 𝑥j~

j�# 𝑥j%~
j�# 𝑥j%𝑦j~

j�#

𝑥j~
j�# 𝑥jq~

j�# − 𝑥j%~
j�#

%
𝑦j	~

j�# − 𝑛 𝑥jq~
j�# − 𝑥j~

j�# 𝑥j%~
j�# 𝑥j𝑦j~

j�# + 𝑛 𝑥j%~
j�# − 𝑥j~

j�#
% 𝑥j%𝑦j~

j�#

	 	

Hence,	

𝑎 = #
�oi ���

𝑥𝑖𝑛
𝑖=1 𝑥𝑖3𝑛

𝑖=1 − 𝑥𝑖2𝑛
𝑖=1

2 𝑦j	~
j�# − 𝑛 𝑥𝑖3𝑛

𝑖=1 − 𝑥𝑖𝑛
𝑖=1 𝑥𝑖2𝑛

𝑖=1 𝑥j𝑦j~
j�# +

𝑛 𝑥𝑖2𝑛
𝑖=1 − 𝑥𝑖𝑛

𝑖=1
2 𝑥j%𝑦j~

j�# 	 	

𝑏 = #
�oi ���

− 𝑥𝑖𝑛
𝑖=1 𝑥𝑖4𝑛

𝑖=1 − 𝑥𝑖3𝑛
𝑖=1 𝑥𝑖2𝑛

𝑖=1 𝑦j	~
j�# + 𝑛 𝑥𝑖4𝑛

𝑖=1 − 𝑥𝑖2𝑛
𝑖=1

2 𝑥j𝑦j~
j�# −

𝑛 𝑥𝑖3𝑛
𝑖=1 − 𝑥𝑖𝑛

𝑖=1 𝑥𝑖2𝑛
𝑖=1 𝑥j%𝑦j~

j�# 	 	

𝑐 = #
�oi ���

𝑥𝑖
2𝑛

𝑖=1 𝑥𝑖
4𝑛

𝑖=1 − 𝑥𝑖
3𝑛

𝑖=1
2 𝑦𝑖	

𝑛
𝑖=1 − 𝑥𝑖

𝑛
𝑖=1 𝑥𝑖

4𝑛
𝑖=1 − 𝑥𝑖

2𝑛
𝑖=1 𝑥𝑖

3𝑛
𝑖=1 𝑥𝑖𝑦𝑖

𝑛
𝑖=1 +



𝑥𝑖
𝑛
𝑖=1 𝑥𝑖

3𝑛
𝑖=1 − 𝑥𝑖

2𝑛
𝑖=1

2 𝑥𝑖
2𝑦𝑖

𝑛
𝑖=1 	 	

Therefore,	 𝑔 = 𝑋𝛽	 	

case2. 𝑔��� 𝑥 %𝑑𝑥 = 1	

𝑔��� 𝑥 = 1 ⟹ 𝑔 𝑥 = #
s
𝑥q + 𝑎𝑥% + 𝑏𝑥 + 𝑐	 	 	

Find	 𝑔	 such	that	 𝑦j −	𝑔(𝑥j) % = 0~
j�# 	 	

𝐿𝑒𝑡	𝑋 =

1 𝑥# 𝑥%%

1 𝑥% 𝑥%%
⋮ ⋮ ⋮
1 𝑥~ 𝑥~%

, 𝑦 =

𝑦# −
#
s
𝑥#q

𝑦% −
#
s
𝑥%q

⋮
𝑦~ −

#
s
𝑥~q

, 𝛽 =
𝑐
𝑏
𝑎
	 	

	 𝑋{𝑋 =
1 1 … 1
𝑥# 𝑥% … 𝑥~
𝑥#% 𝑥%% … 𝑥~%

1 𝑥# 𝑥%%

1 𝑥% 𝑥%%
⋮ ⋮ ⋮
1 𝑥~ 𝑥~%

=
𝑛 𝑥j~

j�# 𝑥j%~
j�#

𝑥j~
j�# 𝑥j%~

j�# 𝑥jq~
j�#

𝑥j%~
j�# 𝑥jq~

j�# 𝑥j�~
j�#

	 	

𝑋{𝑋 @# =

1

𝑑𝑒𝑡 𝑋𝑇𝑋

𝑥𝑖2
𝑛
𝑖=1 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖3

𝑛
𝑖=1

2 − 𝑥𝑖
𝑛
𝑖=1 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1 𝑥𝑖3

𝑛
𝑖=1 𝑥𝑖 𝑥𝑖3

𝑛
𝑖=1

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1

2

− 𝑥𝑖
𝑛
𝑖=1 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖3

𝑛
𝑖=1 𝑥𝑖2

𝑛
𝑖=1 𝑛 𝑥𝑖4

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1

2 − 𝑛 𝑥𝑖3
𝑛
𝑖=1 − 𝑥1

𝑛
𝑖=1 𝑥𝑖2

𝑛
𝑖=1

𝑥𝑖
𝑛
𝑖=1 𝑥𝑖3

𝑛
𝑖=1 − 𝑥𝑖2

𝑛
𝑖=1

2 − 𝑛 𝑥𝑖3
𝑛
𝑖=1 − 𝑥𝑖

𝑛
𝑖=1 𝑥𝑖2

𝑛
𝑖=1 𝑛 𝑥𝑖2 − 𝑥𝑖

𝑛
𝑖=1

2𝑛
𝑖=1

			 	

	

𝑋{𝑦 =
1 1 … 1
𝑥# 𝑥% … 𝑥~
𝑥#% 𝑥%% … 𝑥~%

𝑦# −
#
s
𝑥#q

𝑦% −
#
s
𝑥%q

⋮
𝑦~ −

#
s
𝑥~q

=

𝑦j −
#
s
𝑥jq~

j�#

𝑥j 𝑦j −
#
s
𝑥jq~

j�#

𝑥j% 𝑦j −
#
s
𝑥jq~

j�#

=

𝑦j −
#
s
𝑥jq~

j�#

𝑥j𝑦j −
#
s
𝑥j�~

j�#

𝑥j%𝑦j −
#
s
𝑥j�~

j�#

	 	

	

𝛽 = 𝑋{𝑋 @#𝑋{𝑦 =

#

�oi ���

𝑦j −
#

s
𝑥jq 𝑥j%~

j�# 𝑥j�~
j�# − 𝑥jq~

j�#
% − 𝑥j𝑦j −

#

s
𝑥j� 𝑥j~

j�# 𝑥j�~
j�# − 𝑥j%~

j�# 𝑥jq~
j�# + 𝑦j −

#

s
𝑥jq 𝑥j 𝑥jq~

j�#
~
j�# − 𝑥j%~

j�#
%~

j�#
~
j�#

~
j�#

− 𝑥j𝑦j −
#

s
𝑥j� 𝑥j~

j�# 𝑥j�~
j�# − 𝑥jq~

j�# 𝑥j%~
j�# + 𝑥j𝑦j −

#

s
𝑥j�~

j�# 𝑛 𝑥j�~
j�# − 𝑥j%~

j�#
%~

j�# − 𝑥j%𝑦j −
#

s
𝑥j�~

j�# − 𝑛 𝑥jq~
j�# − 𝑥#~

j�# 𝑥j%~
j�#

𝑦j −
#

s
𝑥jq~

j�# 𝑥j~
j�# 𝑥jq~

j�# − 𝑥j%~
j�#

% − 𝑥j𝑦j −
#

s
𝑥j� 𝑛 𝑥jq~

j�# − 𝑥j~
j�# 𝑥j%~

j�# + 𝑥j%𝑦j −
#

s
𝑥j� 𝑛 𝑥j% − 𝑥j~

j�#
%~

j�#
~
j�#

~
j�#

	 	

Hence,	

𝑎 = #
�oi ���

𝑦j −
#
s
𝑥jq~

j�# 𝑥j~
j�# 𝑥jq~

j�# − 𝑥j%~
j�#

% − 𝑥j𝑦j −
#
s
𝑥j� 𝑛 𝑥jq~

j�# −~
j�#

𝑥j~
j�# 𝑥j%~

j�# + 𝑥j%𝑦j −
#
s
𝑥j� 𝑛 𝑥j% − 𝑥j~

j�#
%~

j�#
~
j�# 	 	

𝑏 = #
�oi ���

− 𝑥j𝑦j −
#
s
𝑥j� 𝑥j~

j�# 𝑥j�~
j�# − 𝑥jq~

j�# 𝑥j%~
j�# + 𝑥j𝑦j −~

j�#
~
j�#

#
s
𝑥j� 𝑛 𝑥j�~

j�# − 𝑥j%~
j�#

% − 𝑥j%𝑦j −
#
s
𝑥j�~

j�# − 𝑛 𝑥jq~
j�# − 𝑥#~

j�# 𝑥j%~
j�# 	 	

𝑐 = #
�oi ���

𝑦j −
#
s
𝑥jq 𝑥j%~

j�# 𝑥j�~
j�# − 𝑥jq~

j�#
% − 𝑥j𝑦j −~

j�#
~
j�#



#
s
𝑥j� 𝑥j~

j�# 𝑥j�~
j�# − 𝑥j%~

j�# 𝑥jq~
j�# + 𝑦j −

#
s
𝑥jq 𝑥j 𝑥jq~

j�#
~
j�# − 𝑥j%~

j�#
%~

j�# 	 	

Therefore,	 𝑔 = 𝑋𝛽	 	
	 	



Appendix	(code)	
set.seed(1)	
x1	=	runif(100)	
x2	=	0.5*x1	+	rnorm(100)/10	
y	=	2	+	2*x1	+	0.3*x2	+	rnorm(100)	
	
plot(x1,x2,	main	='The	scatterplot	of	x1	and	x2',	xlab	=	'x1',	ylab	=	'x2',pch	=	20)	
leastsquare	=	lm(y~x1+x2)	
summary(leastsquare)	
	
onlyx1	=	lm(y~x1)	
summary(onlyx1)	
	
onlyx2	=	lm(y~x2)	
summary(onlyx2)	
	
x11	=	c(x1,	0.1)	
x21	=	c(x2,	0.8)	
y2	=	c(y,	6)	
	
newleast	=	lm(y2~x11+x21)	
summary(newleast)	
resall	=	resid(newleast)	
plot(y2,resall,xlab	=	'y',	ylab	=	'residual',	main	=	'residual	plot',	pch	=	20)	
X	=	cbind(x11,x21)	
XTX_1	=	solve(t(X)%*%X)	
xi	=	matrix(c(0.1,0.8),ncol	=	1,nrow	=2	)	
t(xi)%*%XTX_1%*%xi	
	
newx1	=	lm(y2~x11)	
summary(newx1)	
y_hat	=	2.2569	+	1.7657*x1	
plot(x1,y,pch	=	20,	xlab='x1',ylab='y')	
points(x	=	0.1,	y	=6,	type	=	'p',col	='orange')	
resx1	=	resid(newx1)	
plot(y2,resx1,xlab='y',ylab='residual',main	=	'residual	plot',pch	=	20)	
xbar1	=	mean(x11)	
Sxx1	=	sum((x11-xbar1)^2)	
	
newx2	=	lm(y2~x21)	
summary(newx2)	
plot(x2,y,pch	=	20,xlab='x2',ylab='y',xlim	=	c(-0.2,1))	
points(x	=	0.8,y=6,	type=	'p',col	='orange')	
resx2	=	resid(newx2)	
plot(y2,resx2,xlab	='y',ylab='residual',main	='residual	plot',pch	=	20)	
xbar2	=	mean(x21)	

	 	 Sxx2	=	sum((x21-xbar2)^2)	


