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High-dimensional data analysis   HW1 

1. Prove 𝑿𝑻𝑨𝑿 = ∑ ∑ 𝑎𝑖𝑗𝑥𝑖𝑥𝑗
𝑝
𝑗=1

𝑝
𝑖=1  

Pf:  

[𝑥1, 𝑥2, … , 𝑥𝑝] [

𝑎11 𝑎12 … 𝑎1𝑝

⋮ ⋱ ⋮
𝑎𝑝1

𝑎𝑝2 … 𝑎𝑝𝑝

] [

𝑥1

𝑥2

⋮
𝑥𝑝

] 

= [𝑥1, 𝑥2, … , 𝑥𝑝] [

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯+ 𝑎1𝑝𝑥𝑝 

𝑎21𝑥1 + 𝑎22𝑥2 + ⋯+ 𝑎2𝑝𝑥𝑝

𝑎𝑝1𝑥1 + 𝑎𝑝2𝑥2 + ⋯+ 𝑎𝑝𝑝𝑥𝑝

] 

= (𝑎11𝑥1 + 𝑎12𝑥2 + ⋯+ 𝑎1𝑝𝑥𝑝)𝑥1 + (𝑎21𝑥1 + 𝑎22𝑥2 + ⋯+ 𝑎2𝑝𝑥𝑝)𝑥2

+ (𝑎𝑝1𝑥1 + 𝑎𝑝2𝑥2 + ⋯+ 𝑎𝑝𝑝𝑥𝑝)𝑥𝑝 

= ∑ (𝑎𝑖1𝑥𝑖 + 𝑎𝑖2𝑥𝑖 + ⋯+ 𝑎𝑖𝑝𝑥𝑝)𝑥𝑖

𝑝

𝑖=1
 

= ∑ ∑ (𝑎𝑖𝑗𝑥𝑗)𝑥𝑖

𝑝

𝑗=1

𝑝

𝑖=1
= ∑ ∑ 𝑎𝑖𝑗𝑥𝑖𝑥𝑗

𝑝

𝑗=1

𝑝

𝑖=1
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2. Prove 
𝝏𝑿𝑻𝑨𝑿

𝝏𝑿
=

[
 
 
 
 
𝝏𝑿𝑻𝑨𝑿

𝝏𝑥1

⋮
𝝏𝑿𝑻𝑨𝑿

𝝏𝑥𝑝 ]
 
 
 
 

= 2𝑨𝑿 

Pf: 

From 1. 𝑿𝑻𝑨𝑿 = ∑ ∑ 𝑎𝑖𝑗𝑥𝑖𝑥𝑗
𝑝
𝑗=1

𝑝
𝑖=1 = ∑ 𝑎𝑖𝑖𝑥𝑖

2𝑝
𝑖=1 + ∑∑ 𝑎𝑖𝑗𝑖≠𝑗 𝑥𝑖𝑥𝑗  

For 𝑖 = 1 

𝝏𝑿𝑻𝑨𝑿

𝝏𝑥1
= 2𝑎11𝑥1 + ∑ 𝑎1𝑗𝑥𝑗

𝑗≠1
+ ∑ 𝑎𝑗1𝑥𝑗

𝑗≠1
= 2∑ 𝑎1𝑗𝑥𝑗

𝑝

𝑗=1
 

Similarly, 

𝝏𝑿𝑻𝑨𝑿

𝝏𝑥𝑖
= 2𝑎𝑗𝑗𝑥𝑗 + (∑ 𝑎𝑖𝑗𝑥𝑗

𝑝

𝑗=1
− 𝑎𝑗𝑗𝑥𝑗) + (∑ 𝑎𝑗𝑖𝑥𝑗

𝑝

𝑗=1
− 𝑎𝑗𝑗𝑥𝑗)

= 2∑ 𝑎𝑖𝑗𝑥𝑗

𝑝

𝑗=1
 

Therefore, 

𝝏𝑿𝑻𝑨𝑿

𝝏𝑿
=

[
 
 
 
 
 
𝝏𝑿𝑻𝑨𝑿

𝝏𝑥1

⋮
𝝏𝑿𝑻𝑨𝑿

𝝏𝑥𝑝 ]
 
 
 
 
 

=

[
 
 
 
 2∑ 𝑎1𝑗𝑥𝑗

𝑝

𝑗=1

⋮

2∑ 𝑎𝑖𝑗𝑥𝑗

𝑝

𝑗=1 ]
 
 
 
 

= 2 [

𝑎11 𝑎12 … 𝑎1𝑝

⋮ ⋱ ⋮
𝑎𝑝1

𝑎𝑝2 … 𝑎𝑝𝑝

] [

𝑥1

𝑥2

⋮
𝑥𝑝

] = 2𝑨𝑿 


