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100 year-old Death Study end=1980 

Japanese centenarians data: Sibuya M, Hanayama N (2004)  
•     n = 662 Japanese male centenarians 
       ascertained before year 1980 
• Age at death = X 
• Age at study end = Y  
Truncation criterion:    

available  is  Sample             YX

Right-truncated survival data 
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Birth Entry Death 

Channing House data (Hyde, 1977, 1980) 
Channing house is a retirement center in California  
•     n = 97 elderly residents in the Channing house   
• Age at entry = X 
• Age at death = Y  ( possibly right-censored ) 
Left-truncation criterion:    

Left-truncated survival data 

available  is  Sample             YX



• Lifetime Y      left-truncated by X 
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Left-truncated survival data 
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• Hyde (1980) assumed: 
      knowing the person’s entry age will provide no additional  
      information about prospects for survival 
•  This means 
       (   X: Age at entry   Y:  Age at death ) 

YX 

Death = 777 
(AGE = 65) 

Entry = 751 (AGE = 63) 



X 

Completely missing 

jj

jj

YX

njYX







  subject to 

},...,1);,{(

data truncated-Left

)|,  P(from  i.i.d.

                     

YXyYxX 



Y 

)()()|,   Pr(:H

)1990 Tsai,(  assumption  ceindependen-Quasi

0 ydFxdFYXyYxX YX



Left-truncated survival data 
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Estimating survival 
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• Product-limit estimator of               

    ( Lynden-Bell 1971 )  
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Estimating survival 



Product-limit Estimates of  

1094 month 
(AGE = 91 ) 

869 month 
(AGE = 72 ) 

10 year survival  = 61 % 
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Testing quasi-independence 

Testing quasi-independence 
 

 

Available test statistics: 

1. Chen et al. (1996 JASA)     

    - Based on the conditional Peason-correlation 

2. Tsai (1990 Biometrika); Martin & Betensky (2005 JASA)  

    -Based on the conditional Kendall’s tau 

3. Emura & Wang (2010 JMVA)   - Based on weighted-logrank test 

    (Optimal weight choice) 

)()()|,   Pr(:H0 ydFxdFYXyYxX YX



Testing quasi-indpendence 
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Table 4 of Emura and Wang (2010). 

 Tests of quasi-independence for the Channing House data. 

 Logrank test 

1L  
Tsai test 

Marting & Betensky 

test 

P-value 0.048 0.043 0.040 

 

is rejected at 5 % level 



• Quasi-independence is questionable  

      Product-limit estimates of survival probability  

           may be biased 

• In Channing house data, the truncation (entry age) may 
be dependent on survival. 

      Motivate Copula modeling for dependent truncation 

         Chaieb, Rivest, Abdous (2006, Biometrika) 

            Beaudoin and Lakhal-Chaieb (2008 Stat. Med.), 

            Emura and Wang (2010, JMVA)  

            Emura, Wang and Hung (2011 Sinica) 

            Emura and Wang (2012, JMVA) 

            Ding (2012 Lifetime Data Analysis) 
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Copula model for dependent 
truncation 
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Chaieb et al (2006): Plug in 
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Estimating equation 
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Chaieb et al. (2006) use some algebraic techniques 
of Rivest and Wells (2001, JMVA) to get solutions: 
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Estimating equation 
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In this research: 
I propose an new algorithm to solve the estimating 
equation 
•New algorithm is easier to understand 
   (straightforward derivation) 
•New algorithm yields the same solution as  
  Chaieb et al. (2006) 
 



Proposed algorithm 
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Solving: 
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FX (t1) 

FX (t2) 

FX (t4) 

SY (t3) 

SY (t5) 

SY (t6) 
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× 
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× 

At  t1 = 1st Entry,  nobody die   SY (t1) = 1  
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Table 1: Results of performing Step 1 of the proposed algorithm for a small dataset: 

)3,1(),( 11 YX , )5,2(),( 22 YX  and )6,4(),( 33 YX . 
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Solution of the proposed algorithm 
 
•1) Under the Clayton copula 
 
 
 
 
•2) Under the quasi-independence 
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Proposed method 
 
Proposed algorithm   Explicit formula 
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Proposed vs. Chaieb et al. 
1) Proposed 

 
 
 

2) Chaieb et al. (2006) 
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Proposed vs. Chaieb et al. 
 
 
 

 

Two estimators (Proposed vs. Chaieb et al.) are the same 
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Extension for right-censoring   
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Birth Entry Death 

Channing House data (Hyde, 1977, 1980) 
n = 97 elderly residents in the Channing house   
• Age at entry = X 
• Age at death = Z = min (Y, C) 
       ( possibly right-censored by withdrawal)    
Data:    

Data analysis (I) 

jjjjj ZXnjZX    subject to   ,...,1);,,( 



Estimated survival function 

Copula-based estimator 

1094 month 
(AGE = 91 ) 

869 month 
(AGE = 72 ) 
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100 year-old Death Study end=1980 

Japanese centenarians data: Sibuya M, Hanayama N (2004)  
•     n = 662 Japanese male centenarians 
       ascertained before year 1980 
• Age at death = X 
• Age at study end = Y  
Data structure:    

Data analysis (II) 

jjjj YXnjYX    subject to   ,...,1);,(



Estimated Distribution of Japanese male centenarians 

(AGE = 116 ) 



Summary 
• The product-limit estimator for survival function relies on the 

quasi-independence (Tsai 1990) 

• Quasi-independence is rejected for the Channing house data 
(Emura and Wang 2010).   

• Copula models relax the quasi-independence by introducing 
the dependence between survival and truncation  

     (Chaieb et al., 2006).  

• In this research, I propose a new algorithm to solve the 
estimating equation of Chaieb et al. (2006). R depend.truncation 

package http://cran.r-project.org/web/packages/depend.truncation/index.html   

• Copula approaches yield high survival probability for elderly 
residents in the Channing house residents than the product 
limit estimator does.    
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