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Bivariate competing risks

T,, - Failure time of Event 1
T, - Failure time of Event 2

C,: Censoring time Observed
failure time

Ti = min(Til,Ti21 Ci ) }

Start of experiment C



Bivariate competing risks models

* Bivariate Weibull models (Moeschberger 1974; David and Moeschberger1978)
* Bivariate Marshall-Olkin Weibull model (Fan et al. 2019)
* Bivariate Pareto model (Sankaran and Kundu 2014; Shih et al. 2019)
- Bivariate normal model
(Nédas 1971; Moeschberger 1974; Basu and Ghosh 1978)
* Independent Lindley model (Mazucheli and Achcar 2011)
- Bivariate frailty model (Liu 2012; Lo et al. 2017)
* Bivariate copula models (Hsu et al. 2017; Emura et al. 2017

1
Emura and Michimae 2017; Zhou et al. 2018)

We propose a hybrid (frailty + copula) model




Frailty model (Liu 2012, Technometrics)

* Conditional hazard function

th|z(t‘Z): ZX{hO('[) T/ Baseline (Z =1)

Gamma distribution

-Heterogeneity parameter: . Z ~ 1,(2)
n=Var(Z) 3 |- -
f(2)
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Frailty model (Liu 2012)

-Conditional independence given z

2
Pr(T,>t,T,>t,|z)=]|Pr(T, >t |2)
i=1

- Marginal Weibull model _

Pr(T, >t]2) =S, ,(t]2) =exp z{ t

- Integrating out unobserved z
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Motivated by a joint frailty-copula model

(Emura et al. 2017):
we relax the conditional independence by a copula

Sy, (tt,12)=C,| S (12), S, (t,]2) |

|

[Dependence parameter ]

Gumbel copula

Co(u,v)=exp[ -{(-logu)”™ +(—logv)”™}""]

6=04

Independence copula Ce( u,v)=uv



Proposed model

Gamma-Gumbel model
Pr(T,>t,T,>t,|z)= STH,Ti2|Zi (t,t,]z)
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Integrating out unobserved frailty

STil’TiZ ( tl’ t2 ) - Iooo STillTi2|Zi (tl’ t2|Z ) fZ (Z)dz

( - . S (0+1)e; HO) Ny
>y J

=| 1+n . J >

=1 | exp( M ) )

L - /

Parameters: (u, u,,0,,0,,1,0)

(4, 1y, 00,0,,1)

> 0 = Fixed

|dentifiability issue




Proposed model: properties

 Three-parameter Burr XII model (Burr 1942).

B 1/o; -7
t
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Competing risks data

T.y: failure time due to cause 1

Ti2: failure time due to cause 2

C, : independent censoring time

T. =min(T,,T.,,C. ): observed failure time
o.=1(T,<T,, T, <C.) :indicator of failure cause 1
S =I1(T,<T,T,<C, ): indicator of failure cause 2

Our datais (T;, 0,0, ), for i=1,2,---,n.



Maximum likelithood inference

* The log-likelihood function
0ty 11y, 03, 05,7,0) =38, l0g £(T,,1)+ > 5 log F(T,, 2)
i=1 i=1

+>2(1-6,-57)l0gS, 1 (T, T,).
» Sub-density -
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Goodness-of-fit (Parametric vs. Nonpar)

» Sub-distribution functions

t

0

F(t, §)=] f(u,j)du

« Parametric estimation of sub-distribution function
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Goodness-of-fit(Parametric vs. Nonpar)

« Nonparametric estimation

_ _d
F(t,j)= 2. S(t)n—'_’, 1=12

1T <t
where v
n, I(TZ ) N
11 dizzzjzlé‘il(Tj:T(i))
d; = ZJ (T Tei) ) §(t):Hi:T-st(l_di/ni ).
Q. Z 51 ( T ) (i)

* The Cramér-von Mises statistic

CvM =|| Parametric - Nonparametric ||

:Zn:ai{ F. (T, 1)~ F(T,1)¥ +Zn:5i*{ F.(T,2)-F(T,2)¥.



Simulation design

* Generate samples{ (T, T,,), i=12,..,n}
Step 1: Generate Z ~Gamma(1/7,7).
Step 2: Generate (U,,U,)~C,(u,v), =6
Step 3: Set T, =S,/ (U/?)and T, =S, (U,)?).

* Independent censoring C; ~U(O0,w), 1=12,...n.
/
[ w=14 (20% censoring)]

« Competing risks data

T, :min(Til’TiZ’Ci ) O; = I(Ti =Ty ), 5: — I(Ti =T, ).



Slmulatlon results

Parameter True Mean SD SE CP% ERR%
100 1.0000 1.0108 0.1376 0.1269 0.9091 0.01
1.0000 1.0107 0.1371 0.1269 0.9131 0.01
CEN =20% ;ﬁ 0.5000 0.5031 0.0816 0.0771 0.9313 0.01
T1=40% 02 0.5000 0.5034 0.0815 0.0772 0.9374 0.01
T2 =40% !
o, 0.5000 0.5068 0.3731 0.3435 0.9576 0.01
n 0.2729 0.2846 0.0874 0.0789 0.9192 0.01
boovs 0.8941 0.9054 0.1261 0.1179 0.9273 0.01
o1 2.4741 2.4933 0.2148 0.2034 0.9354 0.01
200 fos. 1.0000 0.9890 0.1873 0.0909 0.9379 0.002
: 1.0000 0.9893 0.1789 0.0909 0.9419 0.002
o, 0.5000 0.4973 0.0572 0.0550 0.9379 0.002
o, 0.5000 0.4972 0.0574 0.0550 0.9399 0.002
n 0.5000 0.5220 0.2573 0.2456 0.9519 0.002
foors 0.2729 0.2796 0.0577 0.0561 0.9439 0.002
:0'1'1 0.8941  0.8969 0.0911 0.0832  0.9539 0.002
oot 2.4741 2.4664 0.1810 0.1433 0.9539 0.002




Sub-distribution

Results (Nonparametric vs. Parametric)
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ARC-1 VHF radio data
(Mendenhall and Hader 1958)

In total, there are n =369 ARC-1 radios

No Does airline report the Yes
ARC-1 radio failure?

The mamtenance
No center checked if the Yes

failure 1s real or not
The radio worked 630
hours and was removed.
The radio 1s classified as The ARC-1 radio 1s The ARC-1 radio is
censored. classified as unconfirmed classified as confirmed
(n—m —m =44 ratios) Sfailure. (m =107 radios) failure. ( m =218 radios).

Figure 11: The ARC-1 VHF radio dataset from Mendenhall and Hader (1958)



Data analysis

* The summary of ARC-1 VHF radio data

Confirmed  Unconfirmed Censored

5 =1 5 =1 3 =6 =0

The number of events (event rate %)  218(59%) 107(29%) 44(12%)
Average (hours) I, =229.61 I,=191.20 C =630 (fxed)

* Fit the model
Pr(Til > 1, Ti2 >1, |2)= STiliTi2|Zi (tl’ L 12)

—~1/(6+1)

(6+1)/ oy (6+1)/ o,
o8 2 ooty | | et |
=exp| —z +
exp( 4, ) exp( 4, )

given =0, 0.33, 1, or 3




Results of Data Aanlysis

Table 3: The fitted results of the gamma-Gumbel copula model to the ARC-1 data.

Parameter estimate (95% CI)

0=0(7*=0) 0=033(c=025) 60=1(=05) 6=3(c"=075)
i, 5.70 5.63 5.56 5.50
(5.46-5.95) (5.40-5.86) (5.34-5.78) (5.29-5.71)
n 6.24 6.04 5.84 5.64
(5.88-6.61) (5.72-6.36) (5.56-6.12) (5.40-5.88)
v 0.65 0.66 0.67 0.69
(0.54-0.79) (0.56-0.80) (0.57-0.80) (0.58-0.82)
v, 0.76 0.75 0.73 0.71
(0.62-0.95) (0.61-0.91) (0.60-0.88) (0.59-0.86)
n 0.65 0.64 0.64 0.62
(0.31-1.34) (0.31-1.33) (0.31-132) (0.30-1.32)
o 14.75 13.16 11.75 10.45
(9.78-22.23) (8.81-19.69) (7.80-17.59) (6.87-15.92)




Goodness-of-fit (Parametric v.s Nonpara)
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Future works

* P-value of goodness-of-fit
- Parametric bootstrap
« Semipar. estimation (e.g. spline) of the sub-distribution function
- Parametric vs. Nonparametric vs. Semiparametric
(%dness-of-fit for a copula
 Covariate
- AFT models (location-scale regression)
* Selection of copula parameter
- Profile likelihood does not work well
- Minimum distance CvM statistics
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