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Real-time hazard assessment for large aftershocks from a major earth-
quake is usually needed for disaster relief and rescue efforts. In this paper,
we employ the Reasenberg-Jones (RJ) model to describe the time-magni-
tude distribution of aftershocks after the Chi-Chi earthquake (M = 7.3, 1999/
9/21). Both the maximum likelihood estimated RJ model and the Bayesian
estimated RJ model are used to compute the probability of having at least
one future M ≥ 5.0 aftershock. A probabilistic aftershock hazard map
(PAHM) is also constructed for estimating the likely spatial distribution of
M ≥ 5.0 aftershocks over the study region. This map gives then alarming
for potential hazardous area of future M ≥ 5.0 aftershocks. Finally, we
evaluate the association between the future M ≥ 5.0 aftershocks and the
alarming obtained from the maximum likelihood estimated PAHM and
Bayesian estimated PAHM, denoted by LPAHM and BPAHM, respectively.
The results suggest that the LPAHM-based alarming is superior to the
BPAHM-based one for locating future M ≥ 5.0 aftershocks after the
Chi-Chi earthquake.

(Key words: Aftershock hazard, Bayesian estimate, Conjugate prior distribution,
Maximum likelihood estimate)

1. INTRODUCTION

Real-time information about the hazard of large aftershocks is often urgent for ongoing
emergency services to reduce loss of life, especially, in a short time after a disastrous mainshock
over a region near the mainshock epicenter. To fulfill the purpose, Reasenberg and Jones
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(1989, 1994) combined the modified Omori’s law (Utsu 1961) and the Gutenberg-Richter
(1944) relationship to describe the time-magnitude distribution of aftershocks in a specific
region. The analysis of aftershocks through the Reasenberg-Jones model, referred as R-J model
hereafter, is then suggested based on the maximum likelihood estimates (MLE) of the associ-
ated parameters computed from the current aftershock sequence.

When previous aftershock sequences are available, however, Reasenberg and Jones (1989)
proposed to build up prior distributions of the parameters in their model. To adjust the prior
information about the aftershock hazard based on current aftershocks, Reasenberg and Jones
(1989) further recommend, for the California aftershock hazard, use of Bayesian estimates of
the parameters in the R-J model with conjugate normal prior distributions.

Notice that the aftershock occurrence is usually heterogeneous over the study region. To
portray spatial hazard of large aftershocks in a region during a time period after the mainshock,
Wiemer (2000) applied the gridding technique (Wiemer and Wyss 2000) and obtained a proba-
bilistic aftershock hazard map (PAHM) based on the maximum likelihood estimated R-J model.
Wiemer (2000) also explored the rough relationship between the probability and the associ-
ated peak ground acceleration.

In this paper, we employ the dense spatial grids at nodes spaced at distance of 10 km in a
100 km × 100 km study region near the Chi-Chi epicenter. We find the maximum likelihood
estimated R-J model based on the reported M ≥ 4.0 aftershocks in each grid centered at a node
with 20 km in radius. We also find the Bayesian estimated R-J model in each grid based on the
current Chi-Chi aftershocks and previous aftershock sequences with mainshock epicenters in
the northeastern and western Taiwan. We then obtain the maximum likelihood-based and Baye-
sian-based probabilistic aftershock hazard maps over the study region, denoted by LPAHM
and BPAHM, respectively. Moreover, based on both maps, we consider issuing alarms for
M ≥ 5.0 aftershocks in the Chi-Chi sequence. Finally, we calculate the odds ratio of the after-
shocks in the alarming area for evaluating the association between the alarming area and the
future M ≥ 5.0 Chi-Chi aftershocks.

2. MODELS AND METHODS

In general, the frequency-magnitude relationship (Gutenberg and Richter 1944) states
that the magnitude of earthquakes is distributed according to a left-truncated exponential dis-
tribution with survival function

S M M M Mc( ) exp ( )= { } = − −{ }Prob Magnitude > β , (1)

where Mc is the cut-off magnitude and β  is a constant. Notice that β  = b ln10, where b is the
usual b-value which, in general, depends on the heterogeneous of materials (Mogi 1962) and
ln denotes natural logarithm. However, the occurrence of aftershocks is usually described as a
non-stationary Poisson process with hazard decaying in time according to the modified Omori’s
law (Utsu 1961):
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λ( ) /( )t K t c p= + , (2)

where λ( )t  is the intensity or hazard of aftershocks at time t after the mainshock, and K, c, and
p are constants. Notice that the parameter K generally depends on the amount of aftershocks,
while the parameter p may be related to the frictional heat (Wiemer and Katsumata 1999).
Furthermore, Reasenberg and Jones (1989, 1994), combining the modified Omori’s law and
the Gutenberg-Richter relationship, proposed a hazard model to describe the intensity of after-
shocks with magnitude M or larger at time t after the mainshock as

λ λ( ) ( ) ( )t M t S M, = , (3)

Hence, the probability P of at least one aftershock with magnitude M or larger occurring in the
time period ( )T T1 2,  after the mainshock is given by

P S M t dtT
T= − ∫[ ]1
1

2exp ( ) ( ) λ . (4)

Suppose that the records of a sequence of aftershocks with different occurrence times and
magnitudes are ( )t M M M ti i i c i, :  , 0 < T, i =1, 2, ..., n≥ <{ } . Then, the MLE of (K, c, p) can

be obtained by using an iteration algorithm in Ogata (1983, 1988) and the MLE of β  is given

by ( )M Mc− −1, where M M ni
i

n
= ∑

=
/

1
 (Gutenberg and Richter 1944). Therefore, the probability

P in (4) can be estimated, denoted by PL , by replacing the parameters K, c, p and β  with the

related MLE.
However, to make a near real-time assessment for aftershock distribution based on both

the previous aftershock sequences and the available current aftershock data, Reasenberg and
Jones (1989) suggested a Bayesian estimated RJ model. Notice that the maximum likelihood
estimated R-J model was obtained for each of the 62 previous aftershock sequences in Califor-
nia with mainshock magnitude 5.5 or larger. The empirical distribution of each involved MLE
suggests the normal prior distribution with mean θ0 and variance σ 0

2  for each parameter θ ,
that is K, c, p or β , in the R-J model. Reasenberg and Jones (1989) then obtained Bayesian
estimated R-J model based on the conjugate normal prior distributions. In other words, the
Bayesian estimate of each parameter is the mean of the associated posterior distribution given
by
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and the posterior variance is
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where θ̂  is the MLE of θ  and s2 is the estimated variance of θ̂ . Replacing the Bayesian
estimates of K, c, p and β  into the probability P in (4), we then obtain the Bayesian estimated
probability of at least one aftershock with magnitude M or larger occurring in a time period,
denoted by PB .

3. DATA ANALYSIS AND RESULTS

We investigate the hazard of M ≥ 5.0 aftershocks post to the Chi-Chi earthquake (M = 7.3,
1999/9/21, 23.85°N, 120.78°E) in the region (23.4°N, 24.4°N) × (120.5°E, 121.5°E) (Fig. 1).
We compute the minimum magnitude for complete reporting, denoted by Mc , of Chi-Chi
aftershocks from the Central Weather Bureau (CWB) in the study region based on the 90%
goodness-of-fit for the Gutenberg-Richter relationship (Wiemer and Wyss 2000). The results
show that the minimum magnitude is less than 3.05 and apparently decreases in time (Fig. 2a).

Fig. 1. Previous 8 aftershock sequences and the Chi-Chi aftershocks. (a) Black
stars 1-8 locate the epicenters of previous mainshocks during 1983 - 1998.
(b) Black dots represent M ≥ 4.0 aftershocks within 7 days after the Chi-
Chi earthquake in the study region covering the rectangular area of
(23.4°N, 24.4°N) × (120.5°E, 121.5°E).
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Moreover, applying a two-dimensional gridding over the study region where overlapping 20-
km-radius circles have centers located on a grid with 10-km in distance, we obtain, in total,
121 circles. A survey of spatial-varying minimum magnitude of complete record of after-
shocks in T days after the Chi-Chi earthquake over the gridding region (Fig. 2b) further indi-
cates that, for T = 2, 5 and 7, the available minimum magnitudes are all less than 4.0.  Notice
that, in practice, only large aftershocks are available in a short time after a major earthquake.
Therefore, we used herein the M ≥ 4.0 aftershocks to fit the R-J model for a more reliable near
real-time assessment of M ≥ 5.0 Chi-Chi aftershock hazard. Notice that, when the number of
recorded aftershocks is less than 30 or the 90% goodness-of-fit is not reachable, we simply
ignore the corresponding grids for future study.

To obtain a priori information about the distribution of Chi-Chi aftershocks, a survey of
the earthquake catalog during 1983 - 1998 from the CWB in Taiwan yields 8 distinct after-
shock sequences marked by their mainshock epicenters in Fig. 1. We also identified the Mc

for each of the 8 aftershock sequence based on, again, the 90% goodness-of-fit for the Gutenberg-
Richter relationship (Wiemer and Wyss 2000). The R-J model was then fitted to each after-
shock sequence and the mean and variance of the 8 MLE for each parameter were reported in
Table 1. These mean and variance are finally taken to be the parameters, θ0 and σ 0

2 , in the
normal prior distribution.

The maximum likelihood estimated R-J models were computed based on the current
M ≥ 4.0 aftershocks available at day T after the Chi-Chi mainshock, for T = 2, 3, 5 and 7. The

Fig. 2. The minimum magnitude of the complete reported Chi-Chi aftershocks.
(a) The time varying of the minimum magnitude of the complete report
Chi-Chi aftershocks in the study region. (b) The spatial varying of the
minimum magnitude of the complete report aftershocks in 5 days after
the Chi-Chi earthquake, where the blue star locates the epicenter of the
Chi-Chi earthquake.
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Bayesian estimated RJ models were then obtained by the input of relevant MLE and the prior
normal parameters into (5) and (6). All the estimated parameters and the associated standard
deviation, as well as the probability, PL  and PB , of the occurrence of at least one M ≥ 5.0
aftershock in the following week are finally reported in Table 2.

Table 2. The estimated parameters and the associated standard errors in the
Reasenberg-Jones model for M ≥ 4.0 aftershocks of size n in T days
after the Chi-Chi earthquake.

Table 1. The maximum likelihood estimates of the parameters in the Reasenberg-
Jones models for previous complete aftershock sequences during 1983-
1998.
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To further investigate the spatial distribution of M ≥ 5.0 Chi-Chi aftershocks over the
study region, we estimated the R-J model based on the M ≥ 4.0 aftershocks in each related grid
within the first T days after the Chi-Chi earthquake. The corresponding probabilities, PL and
PB , were then computed for evaluating the hazard of M ≥ 5.0 aftershocks occurring in the
period of (T, T + 7) days, for T = 2, 3, 5 and 7. The LPAHM and BPAHM based on PL  and PB ,
respectively, were finally constructed for mapping the likely spatial distribution of M ≥ 5.0 after-
shocks in the following one week for T = 2, 3, 5 and 7. Figure 3 shows, in particular, the
LPAHM and BPAHM for T = 5. Notice that we computed the probability only for the grids
with at least 20 aftershocks of magnitude 4.0 or larger.

Fig. 3. The (a) LPAHM and (b) BPAHM constructed at day 5 after the Chi-Chi
earthquake for M ≥ 5.0 aftershocks in the following week. The blue star
locates the epicenter of the Chi-Chi earthquake and the black dots denote
the M ≥ 5.0 aftershocks during 5 - 12 days after the Chi-Chi earthquake.

We consider set up the alarm of the hazardous area for future large aftershocks by choos-
ing a reasonable probability threshold, denoted by P0 , on the available probabilistic aftershock
hazard map. A future M ≥ 5.0 aftershock is then classified into the alarming area, if its epicen-
ter is relatively closed to the node where the associated grid has the probability higher than the
given probability threshold. If, however, the closest node corresponds to a grid with probabil-
ity lower than the given probability threshold, the aftershock is then assigned into the non-
alarming area. Finally, we computed the odds of future M ≥ 5.0 aftershocks in the alarming
and non-alarming areas, respectively. The ratio of the two odds, termed conventionally as
odds ratio of M ≥ 5.0 aftershocks in the alarming area for any given P0  between 0.50 - 0.80
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were then obtained (Fig. 4). For example, using the LPAHM-based alarming with P0  = 0.70,
the odds ratio of 9.5 indicates that the future M ≥ 5.0 aftershocks has 9.5 times more frequently
to occur in the alarming area than does in the non-alarming area during 5 - 12 days to the Chi-
Chi earthquake.

Notice that the LPAHM-based odds ratios are larger than 5 at P0  between 0.70 - 0.80 for
T = 2 and 5, and are saturated between 5.0 and 6.0 at P0  ≥ 0.65 for T = 3, but when T = 7, the
associated odds ratio drops down to 2.2 at P0  = 0.70. The BPAHM-based odds ratio for T = 2
increases in P0  and attains it maximum of 5.1 at P0  = 0.80. When T =3, the BPAHM-based
odds ratios lie between 5.0 and 6.0 for 0.70 ≤ P0  ≤ 0.75. When T = 5, the maximum BPAHM-
based odds ratio of 7.1 occurs at P0  = 0.70, but the odds ratio decreases to 2.3 at P0  = 0.75.
However, for T = 7, the maximum of the BPAHM-based odds ratio appears at P0  = 0.60, the
odds ratio then drops down to about 3.9 at P0  = 0.65, and finally turns up to about 8.0 at
P0  = 0.80. As a comparison between the LPAHM and BPAHM, Figure 5 indicates that the
LPAHM-based odds ratio is larger than the corresponding BPAHM-based one for T = 2 and 5.

Fig. 4. The odds ratios of M ≥ 5.0 Chi-Chi aftershocks in the probability thresh-
old-based alarming areas based on (a) LPAHM and (b) BPAHM,
respectively.

4. DISCUSSIONS AND CONCLUSIONS

The probabilistic aftershock hazard maps based on both the Bayesian estimated and the
maximum likelihood estimated R-J models are constructed in a short time after the Chi-Chi
earthquake. These maps, reflecting somehow the local structures, are of practical use since
they describe the likely spatial distribution of the large aftershocks in a very short time post to
an important mainshock. Therefore, we suggest alarming future large aftershocks on the basis
of these probabilistic aftershock hazard maps with reasonable probability threshold.
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According to the analysis of the M ≥ 4.0 aftershocks post to the Chi-Chi earthquake, it is
found that the probabilistic aftershock hazard map based on the maximum likelihood esti-
mated R-J model, or LPAHM, is, in general, better than the BPAHM for locating M ≥ 5.0 Chi-
Chi aftershocks in short terms. This may be due to the unreasonable assumption about the
normal time-magnitude distribution of aftershocks inherent into the Bayesian analysis based
on normal conjugate prior distribution (Rydelek 1990). In fact, for the 8 aftershock sequences
in the Taiwan area, the p-values of the Anderson-Darling normal tests for the parameters K, c,
p and β  are 0.018, 0.001, 0.515 and 0.305, respectively. The testing results indicate that the
normal distribution assumption are reasonable for the parameters p and β , but it is not suitable
for the parameters K and c. Therefore, when more current aftershocks are introduced into the
Bayesian analysis, the more evident we have for the non-normal time-magnitude distribution
of the aftershocks and, hence, the worse the BPAHM for alarming the following M ≥ 5.0 Chi-
Chi aftershocks.

Finally, the odds ratio of the M ≥ 5.0 aftershocks in the alarming area suggests, within one
week after the Chi-Chi earthquake, use of probability threshold of 0.65 - 0.80 is reasonable for
alarming the M ≥ 5.0 aftershocks in the following week based on the LPAHM. However,
alarming the M ≥ 5.0 aftershocks in the following week at day 7 after the Chi-Chi earthquake
based on the LPAHM, it would be better to use the probability threshold between 0.55 - 0.65.
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Fig. 5. The odds ratios of M ≥ 5.0 aftershocks in the probability threshold-based
alarming areas based on LPAHM and BPAHM, respectively, at (a) day 2
and (b) day 5 after the Chi-Chi earthquake.
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