Introduction (regression models)

Accelerated Failure Time Model (AFT model)
X : survival time
Y =1InX
Y=u+y'Z+oW ,W ~random error

Proportional Hazards model (PH model)
h(x|2) = hy(x) exp(872)

The Cox model 1s a special case of PH model

when h(x) 1s unspecified (nonparametric)



various forms of AFT and Cox models

(1) AFT : S(x]z)=S,(xexp -y 2)

Cox : S(x|z) =[S, (x)]™"7 "
Q)% AFT : Y=u+y'Z+oW

Cox : (n[-tn S(x|z)|= Tz + (n]-ln S (x)]
(3) AFT : h(x|z) = h,(xe” *)exp(-y z)

v Cox : h(x|z)=h,(x)exp(B' 2)
Cox model : easy todo inference but hard to interpret



/A\The Cox model

Cox(1972)
h(t|z)=h,(t)exp ' z h,(?) : Not specified|— Nonparametric

h(tlz = h (1 !
(lz — S1) = o (1)exp ﬂ;fl =exp B’ (£, —<,) = This ratio is constant
h(rz=¢,) hy(t)exp f° ¢, So Cox model also called PH model.

=1 Mal
? =0 Feileale aTe sl me) men s

M relative risk to F
log h(f‘Z — é’]) — log h:::(r) +)8§1
log h(I‘Z — g:::) — ll’)g h:::(r) +)8§:::

log h(#|z=¢,)




/A Partial likelihoods for distinct event time data

Suppose that there are no ties between event times

Lett, <t, <---- <ty denote the ordered event
and Z 1s a covariate.
R(t.) : risk set at time t,
(The set of allindividuals who are still under study at time just prior to t.)
()

0 for continuous time
Hazard function = ()
P(X=t , ,

h(t) = lim DU =X =AU X >0 PX=t|X2>t) = ( )for discrete time

- At P(X > t)

1n
o o f [T f(t)
Likelihood function : i=1

1~ﬁ}%X=n)
i=1

Nonparameﬂtric methods treat time as discrete A
= L(B) =[] | P(X, =t,) = | | p(individual i die at t,) =[We can not handle this
=1

=1




However we can handle for individual 1
= p(individual 1 died at t, |one died at t,)

_ p(individual 1died at t; | Survival to t,)
p(one death at t. | Survival to t.)

_ h(t; [7)
> h(t;z))
JER(t;)
_ he)exp s expfE
Z ho(t)exp fz, Z exp [z,
JER(L;) JeR(t;)
D
L(pP) = H eXp [z, (We call 1t partial likelthood function
i Y exp [E, not full likelihood function)

JER(1,)



Ex:

[
1 X
2 ’ .
3 " i : R(tl) = { 1/ 2/ 3; 4}
4 o R(t2) =1{1,2, 4}
: I : R(t3) = { 1; 2}
t1 <t <tz < 1y R(ty4) ={2}
_ exp fz; ,
L(’B) - exp Bzi+exp Lz,+ exp Bzz+ exp [z,
exp Bzs exp Bz exp Bz

exp Bzi+exp Bz,+ exp Lz, . exp fzi+exp Bz, exp Lz,



Ex:

i
1 X
2 ’ .
3 )g( : R(tl) = { 1/ 2/ 3; 4}
4 —° R(t2) ={1, 2}
' R(t3) =1{ 2}
tq ty t3
L(B) = exp fz3 exp fz, _exp Pz,

exp Bzi+exp Lz,+ exp Bzz+ exp [z, .

exp Bz,+exp Lz,

exp fz;



Obtaining

Let U(B) = 2245

1B) =57
= [+ = (k) 1(’3(16))(](’3(16))

Starting value k =0 = set 3% = ¢
B0+ _p(K)

When 50

< g, stop




3 tests based on likelihood function

Hy: = By
Wald test:

X2 = (B~ Bo) 1(B)(B — Bo)
Score test:

st — U(,Bo)TI(,Bo)U(,Bo)
LR test:

XI?R = Z[IOQL(B) — lOgL(,Bo)]




/\ When ties are present = Efron(1977) , Brelsow(1974) , Cox(1972)
correction

/\ Testing proportional hazards

S(tlz) = [So(D)]**PF?

. log|—log S(t|z)] = log|—log Sy(t)] + B2z
Graphic :>{ log H(t) = log Hy(t) +(,)BZ

test Cox.zph

h(t|z) = ho(t) exp(zB(D))
B(t) = B = PH holds

) limitation:

@ Failure to detect non-proportionality
Ex: f(t) qudratic shape
@ Sample size can not be too small!




/\ Strategies for nonproportional data

(i)cox.zph test (Schoenfeld residual plot)
(ii) Diagnostic technique

suppose that {

gives strong evidence of nonproportionality for one or more covariates
What should we do?
@ It does not matter (little effect)
@ It 1s not real (outliers)

But if the proportionality is large and real , what then?

S1. Stratification:
hi(t|lz) = hyj(t)expfz , j=1,2,..,s #ofstrata

n1+n2+‘”+nS=Tl



S2. Partition the time axis

Iog-logS(tlz)“

60 L

coxph(Surv(time,censor) ~Z; + Z, , subset (time < 60) , data = data)

S3. Model nonproportionality by time-dependent covariates
B(t)Z = BZ*(t) limitation : need to specify functional form of g(t) (SAS)



S4. Use a different model
Accelerated Failure Time model(AFT)
Additive hazards model , ....

/\ The Cox model with time-dependent covariates

Fixed covariate : h(t|z) = hy (t) exp [z
L(B)= T, 22

b
=2 Yjerqe;) eXPBZj

Time-dependent covariates : h(t|z(t)) = hy (t) exp fz(t)

L _ l.)_ exp.BZi(ti)
(B)= 11i=1 Y jer(t;) XPBZj(t)




id

futime

1925

1925

1925

1925

1925

1925

1925

status

death

trt

age

54.74059

54.74059

54.74059

54.74059

54.74059

54.74059

54.74059

Sex

372

729

1254

1462

1824

372

729

1254

1462

1824

stop ascites hepato spiders

188 0 1 1
372 0 1 1
729 0 1 1
1254 0 1 1
1462 0 0 1
1824 0 1 1
1925 1 1 1

edema

0.5

0.5

0.5

bili

1.8

1.6

1.7

32

3.7

5.3



