










Ex: i
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𝑡1 <  𝑡2 <  𝑡3 <    𝑡4

R(𝑡1) = { 1, 2, 3, 4}
R(𝑡2) = { 1, 2, 4}
R(𝑡3) = { 1, 2}
R(𝑡4) = { 2}

𝐿 𝛽 =
𝑒𝑥𝑝 𝛽𝑧3

𝑒𝑥𝑝 𝛽𝑧1+𝑒𝑥𝑝 𝛽𝑧2+ 𝑒𝑥𝑝 𝛽𝑧3+ 𝑒𝑥𝑝 𝛽𝑧4
∙

𝑒𝑥𝑝 𝛽𝑧4

𝑒𝑥𝑝 𝛽𝑧1+𝑒𝑥𝑝 𝛽𝑧2+ 𝑒𝑥𝑝 𝛽𝑧4
∙

𝑒𝑥𝑝 𝛽𝑧1

𝑒𝑥𝑝 𝛽𝑧1+𝑒𝑥𝑝 𝛽𝑧2
∙
𝑒𝑥𝑝 𝛽𝑧2

𝑒𝑥𝑝 𝛽𝑧2
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Ex:
i
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x
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o

𝑡1 𝑡2 𝑡3

R(𝑡1) = { 1, 2, 3, 4}
R(𝑡2) = { 1, 2}
R(𝑡3) = { 2}

𝐿 𝛽 =
𝑒𝑥𝑝 𝛽𝑧3

𝑒𝑥𝑝 𝛽𝑧1+𝑒𝑥𝑝 𝛽𝑧2+ 𝑒𝑥𝑝 𝛽𝑧3+ 𝑒𝑥𝑝 𝛽𝑧4
∙

𝑒𝑥𝑝 𝛽𝑧1

𝑒𝑥𝑝 𝛽𝑧1+𝑒𝑥𝑝 𝛽𝑧2
∙
𝑒𝑥𝑝 𝛽𝑧2

𝑒𝑥𝑝 𝛽𝑧2
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Obtaining 𝛽

Let 𝑈 𝛽 =
𝜕 𝑙𝑜𝑔 𝐿 𝛽

𝜕𝛽

𝐼 𝛽 =
𝜕 𝑈 𝛽

𝜕𝛽

⇒ መ𝛽 𝑘+1 = መ𝛽 𝑘 − 𝐼−1 መ𝛽 𝑘 𝑈 መ𝛽 𝑘

Starting value 𝑘 = 0 ⇒ set መ𝛽 0 = 𝑐

When
𝛽 𝑘+1 −𝛽 𝑘

𝛽 𝑘 < 𝜀 , stop
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3 tests based on likelihood function

𝐻0: 𝛽 = 𝛽0

Wald test:

𝑋𝑤
2 = መ𝛽 − 𝛽0

𝑇
𝐼 መ𝛽 መ𝛽 − 𝛽0

Score test:

𝑋𝑠
2 = 𝑈 𝛽0

𝑇𝐼 𝛽0 𝑈 𝛽0

LR test:

𝑋𝐿𝑅
2 = 2 𝑙𝑜𝑔𝐿 መ𝛽 − 𝑙𝑜𝑔𝐿 𝛽0

𝑛 → ∞ , ቐ

𝑋𝑤
2

𝑋𝑠
2

𝑋𝐿𝑅
2

→ 𝜒𝑝
2
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△ When ties are present ⇒ Efron(1977) , Brelsow(1974) , Cox(1972)

△ Testing proportional hazards

𝑆 𝑡 𝑧 = 𝑆0(𝑡)
𝑒𝑥𝑝𝛽𝑧

Graphic ⇒ቊ
𝑙𝑜𝑔 −𝑙𝑜𝑔 𝑆 𝑡 𝑧 = 𝑙𝑜𝑔 −𝑙𝑜𝑔 𝑆0(𝑡) + 𝛽𝑧

𝑙𝑜𝑔 𝐻 𝑡 = 𝑙𝑜𝑔 𝐻0 𝑡 + 𝛽𝑧

test     Cox.zph

ℎ 𝑡 𝑧 = ℎ0 𝑡 𝑒𝑥𝑝 𝑧𝛽 𝑡

𝛽 𝑡 = 𝛽 ⇒ PH holds

(𝛽)

t

limitation:

 Failure to detect non-proportionality

Ex: 𝛽 𝑡 qudratic shape

 Sample size can not be too small!

correction



△ Strategies for nonproportional data

suppose that ቊ
(i)cox.zph test (Schoenfeld residual plot)

(ii)Diagnostic technique

gives strong evidence of nonproportionality for one or more covariates

What should we do?  

 It does not matter (little effect)

 It is not real (outliers)

But if the proportionality is large and real , what then?

S1. Stratification:

ℎ𝑗 𝑡 𝑧 = ℎ0𝑗 𝑡 𝑒𝑥𝑝𝛽𝑧 , 𝑗 = 1,2,… , 𝑠 # of strata

𝑛1 + 𝑛2 +⋯+ 𝑛𝑠 = 𝑛



S2. Partition the time axis

coxph(Surv(time,censor) ~𝑍1 + 𝑍2 , subset (time < 60) , data = data)

S3. Model nonproportionality by time-dependent covariates
𝛽 𝑡 𝑍 = 𝛽𝑍∗ 𝑡 limitation : need to specify functional form of  𝛽 𝑡 (SAS)

log-logS t z

t60



S4.  Use a different model

Accelerated Failure Time model(AFT)

Additive hazards model , ….

△ The Cox model with time-dependent covariates

Fixed covariate : h 𝑡 𝑧 = ℎ0 t exp 𝛽𝑧

L(𝛽)= ς𝑖=1
𝐷 𝑒𝑥𝑝𝛽𝑍𝑖

σ𝑗∈𝑅(𝑡𝑖)
𝑒𝑥𝑝𝛽𝑍𝑗

Time-dependent covariates : h 𝑡 𝑧(𝑡) = ℎ0 t exp 𝛽𝑧(𝑡)

L(𝛽)= ς𝑖=1
𝐷 𝑒𝑥𝑝𝛽𝑍𝑖(𝑡𝑖)

σ𝑗∈𝑅(𝑡𝑖)
𝑒𝑥𝑝𝛽𝑍𝑗(𝑡𝑖)



id futime status death trt age sex day start stop ascites hepato spiders edema bili

1 4 1925 2 0 1 54.74059 f 0 0 188 0 1 1 0.5 1.8

2 4 1925 2 0 1 54.74059 f 188 188 372 0 1 1 0.5 1.6

3 4 1925 2 0 1 54.74059 f 372 372 729 0 1 1 0.5 1.7

4 4 1925 2 0 1 54.74059 f 729 729 1254 0 1 1 1 3.2

5 4 1925 2 0 1 54.74059 f 1254 1254 1462 0 0 1 1 3.7

6 4 1925 2 0 1 54.74059 f 1462 1462 1824 0 1 1 1 4

7 4 1925 2 2 1 54.74059 f 1824 1824 1925 1 1 1 1 5.3


